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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 143 ]. This is test number [ 32 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3 (64 bit) on windows 10.
. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2

3

4

5. Fricas 1.3.7 on Linux (via sagemath 9.3)

6. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

7. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
8

. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.


https://rulebasedintegration.org

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100.00 (143 ) | % 0.00 (0)
Mathematica | % 100.00 (143 ) | % 0.00 (0)
Maple % 79.02 (113) | % 20.98 ( 30 )
Maxima % 75.52 (108 ) | % 24.48 (35)
Fricas % 79.02 (113) | % 20.98 ( 30 )
Sympy % 32.87 (47 ) | % 67.13 (96 )
Giac %74.13 (106 ) | % 25.87 (37)
Mupad %9231 (132) | %7.69 (11)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf
size.

Integral was solved and antiderivative is optimal in quality but leaf
size is larger than twice the optimal antiderivatives leaf size.

Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.



System % A grade | % B grade | % C grade | % F grade
Rubi 99.30 0.70 0.00 0.00
Mathematica 82.52 4.90 12.59 0.00
Maple 71.33 7.69 0.00 20.98
Maxima 67.83 4.90 2.80 24.48
Fricas 52.45 22.38 4.20 20.98
Sympy 15.38 15.38 2.10 67.13
Giac 62.94 8.39 2.80 25.87
Mupad 0.00 92.31 0.00 7.69

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure
F.
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The second is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 30 100.00 % 0.00 % 0.00 %

Maxima 35 85.71 % 0.00 % 14.29 %

Fricas 30 100.00 % 0.00 % 0.00 %

Sympy 96 100.00 % 0.00 % 0.00 %

Giac 37 89.19 % 0.00 % 10.81 %

Mupad 11 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance
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The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.07 83.41 1.02 38.00 1.00
Mathematica | 0.02 45.29 1.03 40.00 1.00
Maple 0.06 56.69 1.15 32.00 0.86
Maxima 2.25 45.49 1.05 33.50 1.03
Fricas 091 63.31 1.57 43.00 1.21
Sympy 0.52 118.68 2.39 70.00 1.81
Giac 0.51 45.38 1.08 33.00 0.89
Mupad 0.20 39.27 0.84 33.50 0.79

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from

the above table.

251
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Normalized mean size of antiderivative
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Mean time used (seconds)
Lower is better

20F
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1.4 list of integrals that has no closed form an-
tiderivative

{

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}
Mupad {}

1.6 listof integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {}

Mathematica

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.



13

Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
file.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default
'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
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'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
r|| nn
Return the tree size of this expression.
nnn
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:

return 1 + sum(tree size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script &

POST PROCESSOR PROGRAM
Test files from @ Program that

Albert Rich Rubi generates the

using input

from the
Matlab script for Mupad/Symbolic toolbox o result tables
i
HTML
—» Giac bl
SageMath/Python
script to test SageMath —» Fricas

Maxima, Fricas,
Giac .
—» Maxima b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. O if failed.
string. The integral in Latex format o o
string. The input used in CAS own syntax. ngh level overview of the CAS

string. The result (antiderivative) produced by CAS in Latex format independent integration test
string. The optimal antiderivative in Latex format. build System

. integer. 0 or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nesser M. Abbest
14. integer. Number of rules used. Vev, 2021
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi

ot
Qe
g

ONOUV AW

)
= o
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Chapter 2

detailed summary tables of results

2.1 Listofintegralssorted by grade for each CAS

2.1.1 Rubi
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2.1.3 Maple
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[29/49,50, 51,62} 53} 54} 55,56, 57, 58} 59} 60,161} (62 [63), 64} 65,1664 (67 [68, 69 [70, [71},[72} 73}, 78

l@@@@l@llllllllll@tmmmmmmm
[L09) [TT0} [TT1) [TT2}[TT3}[TT4}[TT5)[TT6} [TT7}[TT8) [TTO)[T20} [T21} [122}[123) [124}[128) [129] [130} [131} [138]

)
B grade: { 23,74[75)7677,83[[01, 103 (25126127}

C grade: { }

F grade: {50 T)[52 5359 555 57 55) 590} T )5 5 ) 7 32 133, T34 135,
[136}[137)[139}[140} [141} [142} [143] }

17
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2,14 Maxima

A gradie: {1258 5,678,910 1) T2 13 (141516 [15)19) 20,2122 23,2 25 26,2725
2949 B0} 51} 52 53] 54 55] 56} 57158 B9 60} [611 162} 63} [64} [65) (66} (671 [68), 69} 70}, 72,78} [79}[80), 181}
82][84}[85}[86}[87}[90} 01} [92] 03] 94, 97, 99} [100}, 102} [103} [104} [105} [10¢} (107} [108} [109] 110} 112} 113}
(14 115, 116, 17, 118,119} 120,121} 123} 123} 125} 126} 127} {128} [ 29} 30} 31138

B grade: { (177475787, 83/01))

C grade: (73T 22)

F g | 0)57)59 555075001 ) 6 6 5 355
34,(135[136}[137}1

[132][133][1 39}/140}/141}(142}(143| }

2.1.5 FriCAS

A grade: {I@I@llﬂlﬂl@ll@l@@@
62535455, 56} 57, 68,59} 60, 61} (62} 63} 64} [68,69)[78)79, 81 [82} 86} 88} [89}/91) 2} 93
III_H_H_H_H_lWI_H_H_H_H_H_H_H_H_H_H_H_I}

B grade: {[17}18 D1} P5) p7] 74} [75) 76} 77) 80} 83, [84)[8% 87}[90} 95} 96} 7} 09} 100} 104} 1 T4 115
[T17)[118}[120} [124] 125} 126} [[27][128] [129]}

C grade: { PO, 727322 )

F grade: ([50)5T} 5215354 55| 56} 57} 5% 59} 40} 1 2 43 i) 45,47 48132} 133} 134 135,
[136][137[139] (140} [141}[142} [143]}

2.1.6 Sympy

A grades { Y 5O)51) 52555657/ 5555/ 6068 975 7Y B0 BT B3 9T S P 9 139
B grade: (535361 363776 773 B3 ES 758 E9Y 9095 56 97, 98 99100

C grade: {[86}[101}[102] }

F gradte: {[1210085/8,7)8/9/ 1011133315, 16/17)8)9) 20,21, 22,23 23 2526,
[28,29,80}81] 32} 33} 34} 35| 36} 37,38, 39} A0} A1} 42, 43, 44, [45) 46} A7), 48) [64),[65),[66), 67, 70} 71} 72
[73}[103)[104} [105 [106} [107}[108} [109)} 110} 111} [1T2} 113} [T14} [T15][116} 117 [T18| [119} 120} [T21} [122]
[123}[124)[125} 126} [127)[128} 129 [130} [131} [132}[133} 134} [135} [136} [[37) [139} [140} [L41} [142} [143]}

2.1.7 Giac

A grade: (1123|5878} 310} 1) 12} L3125, 16, 2} 22 23) 29 25 2,27 28] 29} A9 50
51,5253 53 55,56, 571 581 59 60,61 62,63,63,66) 63 69, 78,79, 50, £ 623 153 5,5, 67,65 5%
©0}[01] 02,93} [04}[95 96| [97][98} 99} [100], [102} [103} [104] [105} [106} [107} [108} [109} [T 10} [T12} [T13} [T15]
[[16) 115} L.19,[120, 121}{123, 124,128} 129} (30,131,135}

B grade: { (63747576} 77)83) [01) (14,17} [125)[26,127])

C grade: {[70,[71}[72}[73] }
F grade H’l?ﬂ 33 34, 40| (] 42 43) 4] 45 a6 47 48] 67
132}133](134}(135|(136},(137},(139,(140},[141}[142}[143| }

2.1.8 Mupad
A grade: { }

B grade: {[1}2 34567} B}f} [10}[11} 12} 13} 14} [T} 16} 17} 1} 19 20} 21T} 22 3| P4} 25} 6] 7]
28,129,081} 32} 33|34} 35,36} 37} 38} 39} [0} (A1} 42 43 44} (45, (46, 47 48 49} 50} 51}, 52} 53} 54}, [B5)

[56}57,58,59 (6016162} 63} 164, (65,6667} 68, 69, [0} (7172} 73} [74, 75,76} 77, 78, 79,180} [B1} [82 |83
[84}85] 8611871 [88}[89} 90} 91,92, 93} [94} 95} 96} 798,09} 100} 101} [102} [T03} [104} [105}[106) 107} 108
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[109 110,111} 112113 114115 [116[117[118|[119][120} [12T} 122} [123} [124} [T25| [T26} 127} [128] [T29]
[130]131) 138}

C grade: { }
F grade: {[132}[133}[134} 135} 136} [T37)[139}[140} 141} [142}[143] }
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the
time limit, then it is given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 147 147 142 173 180 258 0 132 151
normalized size | 1 1.00 0.97 1.18 1.22 1.76 0.00 0.90 1.03
time (sec) N/A 0.054 0.223 0.046 1.341 0.703  0.000 0.632 0.735
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 121 121 119 91 130 69 0 1 100
normalized size | 1 1.00 0.98 0.75 1.07 0.57 0.00 0.01 0.83
time (sec) N/A 0.031 0.095 0.118 3.001 0909 0.000 0573 0.292
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 95 95 88 71 103 59 0 1 80
normalized size | 1 1.00 0.93 0.75 1.08 0.62 0.00 0.01 0.84
time (sec) N/A 0.022 0.079 0.093 3.012 0969 0.000 0460 0.298
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 69 69 76 51 76 49 0 1 60
normalized size | 1 1.00 1.10 0.74 1.10 0.71 0.00 0.01 0.87
time (sec) N/A 0.015 0.064 0.118 2.985 1173 0.000 0.610 0.162
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 64 31 49 39 0 1 39
normalized size | 1 1.00 1.49 0.72 1.14 0.91 0.00 0.02 0.91
time (sec) N/A 0.010 0.049 0.105 2.963 0.803 0.000 0.625 0.087
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 101 101 88 82 117 68 0 57 81
normalized size | 1 1.00 0.87 0.81 1.16 0.67 0.00 0.56 0.80
time (sec) N/A 0.028 0.067 0.044 3.058 0.722  0.000 0.471 0.166
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 79 79 78 64 90 58 0 47 63
normalized size | 1 1.00 0.99 0.81 1.14 0.73 0.00 0.59 0.80
time (sec) N/A 0.019 0.047 0.046 2.944 0.690 0.000 0454 0.242
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 57 57 68 46 63 48 0 37 45
normalized size | 1 1.00 1.19 0.81 1.11 0.84 0.00 0.65 0.79
time (sec) N/A 0.013 0.046 0.048 2.898 0.861  0.000 0.523 0.112
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 35 35 58 28 36 38 0 27 26
normalized size | 1 1.00 1.66 0.80 1.03 1.09 0.00 0.77 0.74
time (sec) N/A 0.009 0.032 0.051 2.885 1.010 0.000 0477 0.052
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 35 35 32 28 36 35 0 25 26
normalized size | 1 1.00 0.91 0.80 1.03 1.00 0.00 0.71 0.74
time (sec) N/A 0.010 0.039 0.047 2974 0.726  0.000 0.361 0.048
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 35 35 58 28 36 38 0 27 26
normalized size | 1 1.00 1.66 0.80 1.03 1.09 0.00 0.77 0.74
time (sec) N/A 0.010 0.034 0.045 2.926 1.313 0.000 0435 0.054
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 51 51 44 42 55 43 0 35 39
normalized size | 1 1.00 0.86 0.82 1.08 0.84 0.00 0.69 0.76
time (sec) N/A 0.010 0.063 0.043 2.888  0.857 0.000 0.543 0.194
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 35 35 40 33 41 32 0 33 29
normalized size | 1 1.00 1.14 0.94 1.17 0.91 0.00 0.94 0.83
time (sec) N/A 0.007 0.027 0.046 1418  0.838 0.000 0.520 0.199
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 37 37 48 33 43 32 0 33 29
normalized size | 1 1.00 1.30 0.89 1.16 0.86 0.00 0.89 0.78
time (sec) N/A 0.007 0.036 0.045 1.314 0710 0.000 0.517  0.109
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 39 39 46 33 43 36 0 37 29
normalized size | 1 1.00 1.18 0.85 1.10 0.92 0.00 0.95 0.74
time (sec) N/A 0.007 0.026 0.048 1.349  0.872 0.000 0415 0.195
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 83 83 70 75 111 105 0 74 96
normalized size | 1 1.00 0.84 0.90 1.34 1.27 0.00 0.89 1.16
time (sec) N/A 0.018 0.021 0.048 1.343 0803 0.000 0492 0271
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A B B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 53 10 21 19 0 0 19
normalized size | 1 1.00 3.31 0.62 1.31 1.19 0.00 0.00 1.19
time (sec) N/A 0.006 0.012 0.105 2932 0937 0.000 0.000 0.276
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 26 26 24 21 28 39 0 0 20
normalized size | 1 1.00 0.92 0.81 1.08 1.50 0.00 0.00 0.77
time (sec) N/A 0.003 0.005 0.102 1372 0.813 0.000 0.000 0.045
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 36 42 55 62 0 0 31
normalized size | 1 1.00 0.68 0.79 1.04 1.17 0.00 0.00 0.58
time (sec) N/A 0.007 0.010 0.099 1.368  1.030 0.000 0.000 0.124
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F(-2) B
verified N/A Yes Yes TBD TBD TBbD TBD TBD TBD
size 79 79 48 62 82 82 0 0 40
normalized size | 1 1.00 0.61 0.78 1.04 1.04 0.00 0.00 0.51
time (sec) N/A 0.012 0.012 0.101 1.370  0.811 0.000 0.000 0.286
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 12 12 40 9 8 19 0 8 8
normalized size | 1 1.00 3.33 0.75 0.67 1.58 0.00 0.67 0.67
time (sec) N/A 0.006 0.012 0.043 2953 0943 0.000 0.498 0.106
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 22 22 21 25 28 29 0 29 18
normalized size | 1 1.00 0.95 1.14 1.27 1.32 0.00 1.32 0.82
time (sec) N/A 0.002 0.005 0.051 1.344 0960 0.000 0.507 0.136
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 45 45 31 35 55 46 0 39 28
normalized size | 1 1.00 0.69 0.78 1.22 1.02 0.00 0.87 0.62
time (sec) N/A 0.006 0.009 0.044 1363 0967 0.000 0.408 0.032
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 67 67 51 45 82 61 0 49 73
normalized size | 1 1.00 0.76 0.67 1.22 0.91 0.00 0.73 1.09
time (sec) N/A 0.012 0.013 0.047 1.366 0923 0.000 0.504 0.195
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 12 12 47 35 21 27 0 15 42
normalized size | 1 1.00 3.92 292 1.75 2.25 0.00 1.25 3.50
time (sec) N/A 0.008 0.013 0.072 2916 0943 0.000 0.520 0.312
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 24 24 45 37 29 27 0 36 36
normalized size | 1 1.00 1.88 1.54 1.21 1.12 0.00 1.50 1.50
time (sec) N/A 0.008 0.017 0.052 1.375 0.815 0.000 0.546 0.226
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 10 10 14 7 8 18 0 6 6
normalized size | 1 1.00 1.40 0.70 0.80 1.80 0.00 0.60 0.60
time (sec) N/A 0.006 0.008 0.046 3.034 0.598 0.000 0.392 0.109
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 16 16 33 14 17 17 0 18 11
normalized size | 1 1.00 2.06 0.88 1.06 1.06 0.00 1.12 0.69
time (sec) N/A 0.004 0.006 0.041 1.311 0914 0.000 0.540 0.511
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 16 16 33 14 17 17 0 18 11
normalized size | 1 1.00 2.06 0.88 1.06 1.06 0.00 1.12 0.69
time (sec) N/A 0.004 0.012 0.051 1.327 0.825 0.000 0.539 0.529
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 448 448 48 0 0 0 0 0 36
normalized size | 1 1.00 0.11 0.00 0.00 0.00 0.00 0.00 0.08
time (sec) N/A 0.717 0.014 0.852 0.000  0.682 0.000 0.000 0.234
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 387 387 45 0 0 0 0 0 36
normalized size | 1 1.00 0.12 0.00 0.00 0.00 0.00 0.00 0.09
time (sec) N/A 0.449 0.009 0.547 0.000  0.874 0.000 0.000 0.173
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 322 322 43 0 0 0 0 0 36
normalized size | 1 1.00 0.13 0.00 0.00 0.00 0.00 0.00 0.11
time (sec) N/A 0.394 0.011 0.767 0.000  1.001  0.000 0.000 0.215
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 384 384 47 0 0 0 0 0 36
normalized size | 1 1.00 0.12 0.00 0.00 0.00 0.00 0.00 0.09
time (sec) N/A 0.457 0.011 0.750 0.000  0.727  0.000 0.000 0.249
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 448 448 50 0 0 0 0 0 36
normalized size | 1 1.00 0.11 0.00 0.00 0.00 0.00 0.00 0.08
time (sec) N/A 0.510 0.012 1.260 0.000  1.051 0.000 0.000 0.275
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 842 842 48 0 0 0 0 0 36
normalized size | 1 1.00 0.06 0.00 0.00 0.00 0.00 0.00 0.04
time (sec) N/A 1.058 0.013 0.759 0.000 0909 0.000 0.000 0.181
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 781 781 45 0 0 0 0 0 36
normalized size | 1 1.00 0.06 0.00 0.00 0.00 0.00 0.00 0.05
time (sec) N/A 0.947 0.009 0.708 0.000  1.190 0.000 0.000 0.160
Problem 37] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 715 715 45 0 0 0 0 0 36
normalized size | 1 1.00 0.06 0.00 0.00 0.00 0.00 0.00 0.05
time (sec) N/A 0.860 0.010 0.701 0.000  0.759 0.000 0.000 0.200
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 773 773 45 0 0 0 0 0 36
normalized size | 1 1.00 0.06 0.00 0.00 0.00 0.00 0.00 0.05
time (sec) N/A 0.947 0.011 0.882 0.000 0973 0.000 0.000 0.231
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 838 838 50 0 0 0 0 0 36
normalized size | 1 1.00 0.06 0.00 0.00 0.00 0.00 0.00 0.04
time (sec) N/A 1.036 0.012 1.336 0.000 0923 0.000 0.000 0.245
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 119 119 48 0 0 0 0 0 36
normalized size | 1 1.00 0.40 0.00 0.00 0.00 0.00 0.00 0.30
time (sec) N/A 0.046 0.014 0.625 0.000  0.898 0.000 0.000 0.190
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 90 90 45 0 0 0 0 0 36
normalized size | 1 1.00 0.50 0.00 0.00 0.00 0.00 0.00 0.40
time (sec) N/A 0.034 0.012 0.740 0.000  1.039 0.000 0.000 0.169
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Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 90 90 45 0 0 0 0 0 36
normalized size | 1 1.00 0.50 0.00 0.00 0.00 0.00 0.00 0.40
time (sec) N/A 0.033 0.009 0.570 0.000 0962 0.000 0.000 0.172
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 58 58 45 0 0 0 0 0 36
normalized size | 1 1.00 0.78 0.00 0.00 0.00 0.00 0.00 0.62
time (sec) N/A 0.023 0.010 0.723 0.000  1.060 0.000 0.000 0.199
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 59 59 43 0 0 0 0 0 36
normalized size | 1 1.00 0.73 0.00 0.00 0.00 0.00 0.00 0.61
time (sec) N/A 0.023 0.009 0.723 0.000 0761  0.000 0.000 0.189
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 83 83 45 0 0 0 0 0 36
normalized size | 1 1.00 0.54 0.00 0.00 0.00 0.00 0.00 0.43
time (sec) N/A 0.032 0.011 0.918 0.000 0968 0.000 0.000 0.224
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 115 115 50 0 0 0 0 0 36
normalized size | 1 1.00 0.43 0.00 0.00 0.00 0.00 0.00 0.31
time (sec) N/A 0.044 0.011 1.370 0.000  0.856  0.000 0.000 0.256
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 146 146 50 0 0 0 0 0 36
normalized size | 1 1.00 0.34 0.00 0.00 0.00 0.00 0.00 0.25
time (sec) N/A 0.060 0.012 0.768 0.000  1.107 0.000 0.000 0.288
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 55 55 45 0 0 0 0 0 48
normalized size | 1 1.00 0.82 0.00 0.00 0.00 0.00 0.00 0.87
time (sec) N/A 0.010 0.009 0.503 0.000 0952 0.000 0.000 0.316
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 51 51 51 44 43 43 49 43 43
normalized size | 1 1.00 1.00 0.86 0.84 0.84 0.96 0.84 0.84
time (sec) N/A 0.017 0.002 0.041 1.313 0725 0.070 0.389  0.026
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 35 35 35 32 31 31 32 31 31
normalized size | 1 1.00 1.00 091 0.89 0.89 0.91 0.89 0.89
time (sec) N/A 0.011 0.002 0.040 1.348 0.753  0.070 0.529  0.039
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 25 25 25 22 21 21 22 21 21
normalized size | 1 1.00 1.00 0.88 0.84 0.84 0.88 0.84 0.84
time (sec) N/A 0.007 0.001 0.038 1.364 0.728  0.063 0.432 0.029
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 12 12 12 11 10 10 8 10 10
normalized size | 1 1.00 1.00 0.92 0.83 0.83 0.67 0.83 0.83
time (sec) N/A 0.002 0.000 0.042 1.293 0.708 0.062 0.352 0.017
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 24 24 24 16 15 67 53 15 16
normalized size | 1 1.00 1.00 0.67 0.62 2.79 221 0.62 0.67
time (sec) N/A 0.005 0.009 0.040 2.902 0.814 0.141 0395 0.066
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Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 45 45 45 36 35 120 78 35 33
normalized size | 1 1.00 1.00 0.80 0.78 2.67 1.73 0.78 0.73
time (sec) N/A 0.010 0.024 0.047 3112  0.827 0223 0417 0.143
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 62 62 55 51 58 188 105 45 55
normalized size | 1 1.00 0.89 0.82 0.94 3.03 1.69 0.73 0.89
time (sec) N/A 0.016 0.033 0.049 2987 0873 0339 0339 0.162
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 84 84 76 66 58 146 97 63 37
normalized size | 1 1.00 0.90 0.79 0.69 1.74 1.15 0.75 0.44
time (sec) N/A 0.022 0.108 0.044 1.380  0.818 4.426 0359 0.204
Problem 57] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 65 65 65 51 43 124 70 49 37
normalized size | 1 1.00 1.00 0.78 0.66 1.91 1.08 0.75 0.57
time (sec) N/A 0.014 0.080 0.044 1.303 0956 3.008 0427 0.157
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 46 46 49 36 28 94 41 37 35
normalized size | 1 1.00 1.07 0.78 0.61 2.04 0.89 0.80 0.76
time (sec) N/A 0.009 0.019 0.043 1357 0932 1907 0399 0.127
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 25 21 13 59 17 23 20
normalized size | 1 1.00 1.00 0.84 0.52 2.36 0.68 0.92 0.80
time (sec) N/A 0.005 0.006 0.042 1390 0994 1.051 0406 0.187
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Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 16 16 16 15 14 23 17 14 14
normalized size | 1 1.00 1.00 0.94 0.88 1.44 1.06 0.88 0.88
time (sec) N/A 0.002 0.004 0.044 1253 0740 0.647 0476 0.032
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 39 39 29 26 31 47 95 27 28
normalized size | 1 1.00 0.74 0.67 0.79 1.21 2.44 0.69 0.72
time (sec) N/A 0.006 0.008 0.045 1.020 0713 0.862 0.511 0.192
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 58 58 40 37 46 69 413 41 44
normalized size | 1 1.00 0.69 0.64 0.79 1.19 7.12 0.71 0.76
time (sec) N/A 0.010 0.010 0.043 1313  1.085 1461 0456 0.193
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 77 77 51 48 61 91 1265 55 61
normalized size | 1 1.00 0.66 0.62 0.79 1.18 1643 0.71 0.79
time (sec) N/A 0.016 0.013 0.046 1.350  0.698 2203 0410 0.205
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 23 23 20 35 30 19 0 45 19
normalized size | 1 1.00 0.87 1.52 1.30 0.83 0.00 1.96 0.83
time (sec) N/A 0.003 0.037 0.046 2957  1.038 0.000 0.393 0.049
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 23 23 25 25 30 9 0 26 19
normalized size | 1 1.00 1.09 1.09 1.30 0.39 0.00 1.13 0.83
time (sec) N/A 0.003 0.005 0.044 2.858 0987 0.000 0377 0.046
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Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 29 29 26 23 6 8 0 25 14
normalized size | 1 1.00 0.90 0.79 0.21 0.28 0.00 0.86 0.48
time (sec) N/A 0.005 0.005 0.048 2.830 0.791 0.000 0.286 0.283
Problem 67} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 20 17 9 14 0 0 21
normalized size | 1 1.00 0.80 0.68 0.36 0.56 0.00 0.00 0.84
time (sec) N/A 0.003 0.005 0.046 2.892 0.957  0.000 0.000 0.170
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 23 23 25 25 30 9 8 26 13
normalized size | 1 1.00 1.09 1.09 1.30 0.39 0.35 1.13 0.57
time (sec) N/A 0.003 0.009 0.045 3.010 0960 0.075 0.346 0.113
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 29 29 26 23 6 8 7 15 14
normalized size | 1 1.00 0.90 0.79 0.21 0.28 0.24 0.52 0.48
time (sec) N/A 0.005 0.008 0.050 2.969 0.868 0.078 0.456 0.353
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A C F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 23 23 27 27 30 9 0 26 18
normalized size | 1 1.00 1.17 1.17 1.30 0.39 0.00 1.13 0.78
time (sec) N/A 0.003 0.007 0.047 3.015 0.723  0.000 0.375 0.327
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C C F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 29 29 28 25 6 6 0 23 15
normalized size | 1 1.00 0.97 0.86 0.21 0.21 0.00 0.79 0.52
time (sec) N/A 0.005 0.006 0.049 2.898 1.108  0.000 0.447 0.245
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Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A C F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 23 23 27 27 30 9 0 26 18
normalized size | 1 1.00 1.17 1.17 1.30 0.39 0.00 1.13 0.78
time (sec) N/A 0.003 0.006 0.045 2.962 0.855 0.000 0.407 0.067
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C C F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 29 29 28 25 6 6 0 23 15
normalized size | 1 1.00 0.97 0.86 0.21 0.21 0.00 0.79 0.52
time (sec) N/A 0.006 0.004 0.049 2.777 0.857  0.000 0.345 0.295
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 109 109 207 636 234 233 253 334 184
normalized size | 1 1.00 1.90 5.83 2.15 2.14 2.32 3.06 1.69
time (sec) N/A 0.140 0.030 0.039 1.413 0.790 0.194 0429 0314
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 109 109 207 636 234 235 250 334 184
normalized size | 1 1.00 1.90 5.83 2.15 2.16 2.29 3.06 1.69
time (sec) N/A 0.137 0.041 0.045 1.521 0919 0.199 0412 0.331
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 109 109 199 636 234 227 253 334 176
normalized size | 1 1.00 1.83 5.83 2.15 2.08 2.32 3.06 1.61
time (sec) N/A 0.142 0.028 0.039 1.409 0962 0202 0450 0.337
Problem 77] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 109 109 207 636 234 235 248 334 184
normalized size | 1 1.00 1.90 5.83 2.15 2.16 2.28 3.06 1.69
time (sec) N/A 0.140 0.042 0.040 1.400 0950 0.196 0.526 0.316
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 18 18 18 17 16 16 22 16 16
normalized size | 1 1.00 1.00 0.94 0.89 0.89 1.22 0.89 0.89
time (sec) N/A 0.011 0.009 0.042 2955  1.055 0.114 0369 0.139
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 12 12 12 9 8 8 7 8 8
normalized size | 1 1.00 1.00 0.75 0.67 0.67 0.58 0.67 0.67
time (sec) N/A 0.009 0.013 0.099 2975 0900 0.164 0410 0.272
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 19 19 34 17 27 39 39 31 15
normalized size | 1 1.00 1.79 0.89 1.42 2.05 2.05 1.63 0.79
time (sec) N/A 0.019 0.019 0.043 2953 0885 0119 0458 0.209
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 13 13 13 14 13 13 10 15 8
normalized size | 1 1.00 1.00 1.08 1.00 1.00 0.77 1.15 0.62
time (sec) N/A 0.005 0.003 0.049 1.327  1.037 0.103 0.507 0.082
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 21 21 21 16 15 15 14 17 8
normalized size | 1 1.00 1.00 0.76 0.71 0.71 0.67 0.81 0.38
time (sec) N/A 0.006 0.003 0.050 1314  1.051 0113 0464 0.091
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A B B B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 6 17 17 14 13 13 12 15 6
normalized size | 1 2.83 2.83 2.33 217 217 200 250 1.00
time (sec) N/A 0.004 0.003 0.048 1288  1.063 0.104 0330 0.176
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Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 27 27 27 24 38 50 76 40 23
normalized size | 1 1.00 1.00 0.89 1.41 1.85 2.81 1.48 0.85
time (sec) N/A 0.019 0.008 0.056 1314  1.034 0223 0346 0.359
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 27 27 29 26 39 51 76 45 23
normalized size | 1 1.00 1.07 0.96 1.44 1.89 2.81 1.67 0.85
time (sec) N/A 0.019 0.008 0.050 1326 0990 0233 0.383 0.386
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 31 31 28 27 41 87 27 23
normalized size | 1 1.00 1.00 0.90 0.87 1.32 2.81 0.87 0.74
time (sec) N/A 0.020 0.008 0.049 1317 0797 0196 0482 0.381
Problem 87] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 27 27 29 26 39 51 76 45 23
normalized size | 1 1.00 1.07 0.96 1.44 1.89 2.81 1.67 0.85
time (sec) N/A 0.018 0.007 0.051 1.441 0927 0234 0532 0418
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 38 38 38 35 0 113 124 34 46
normalized size | 1 1.00 1.00 0.92 0.00 2.97 3.26 0.89 1.21
time (sec) N/A 0.034 0.010 0.062 0.000 0925 0221 0432 0.229
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 35 35 34 35 0 124 100 30 33
normalized size | 1 1.00 0.97 1.00 0.00 3.54 2.86 0.86 0.94
time (sec) N/A 0.027 0.009 0.064 0.000 1.106 0232 0.365 0.273
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Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 32 32 41 31 49 67 102 55 28
normalized size | 1 1.00 1.28 0.97 1.53 2.09 3.19 1.72 0.88
time (sec) N/A 0.025 0.010 0.072 2910 0.899 0255 0445 0.227
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 43 37 36 45 39 36 33
normalized size | 1 1.00 1.00 0.86 0.84 1.05 091 0.84 0.77
time (sec) N/A 0.015 0.022 0.037 2.274 0909 0.150 0.580 0.038
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 62 37 47 68 58 51 34
normalized size | 1 1.00 1.44 0.86 1.09 1.58 1.35 1.19 0.79
time (sec) N/A 0.016 0.024 0.055 2.807 0.851 0.151 0522 0.163
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 34 34 33 32 34 53 31 36 34
normalized size | 1 1.00 0.97 0.94 1.00 1.56 0.91 1.06 1.00
time (sec) N/A 0.008 0.010 0.053 1.316 0.925 0.140 0454 0.200
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 42 42 42 32 34 53 32 36 34
normalized size | 1 1.00 1.00 0.76 0.81 1.26 0.76 0.86 0.81
time (sec) N/A 0.009 0.013 0.049 1.347 1.069 0.151 0.318 0.080
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 71 71 70 68 0 334 265 67 119
normalized size | 1 1.00 0.99 0.96 0.00 4.70 3.73 0.94 1.68
time (sec) N/A 0.040 0.058 0.056 0.000 1.079 0589 0404 0.171
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Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 72 72 72 86 0 317 230 75 107
normalized size | 1 1.00 1.00 1.19 0.00 4.40 3.19 1.04 1.49
time (sec) N/A 0.036 0.044 0.048 0.000 0948 0548 0.514 0.320
Problem 97] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 69 69 78 84 97 171 218 90 100
normalized size | 1 1.00 1.13 1.22 1.41 2.48 3.16 1.30 1.45
time (sec) N/A 0.034 0.060 0.052 2839 0965 0.603 0526 0.316
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 62 62 65 111 0 89 212 100 110
normalized size | 1 1.00 1.05 1.79 0.00 1.44 3.42 1.61 1.77
time (sec) N/A 0.157 0.096 0.573 0.000 1260 0982 0570 0.253
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 33 58 34 31 55 63 56 56 38
normalized size | 1 1.76 1.03 0.94 1.67 191 1.70 1.70 1.15
time (sec) N/A 0.036 0.032 0.080 1.389 1285 0292 0527 0.258
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 58 32 31 51 59 56 54 38
normalized size | 1 1.87 1.03 1.00 1.65 1.90 1.81 1.74 1.23
time (sec) N/A 0.029 0.029 0.049 1322 0855 0282 0546 0.135
Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A C B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 17 17 19 33 27 15 165 27 27
normalized size | 1 1.00 1.12 1.94 1.59 0.88 9.71 1.59 1.59
time (sec) N/A 0.018 0.020 0.241 2954 1112 0192 0466 0.117
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Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B A A C A B
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 23 23 56 39 33 21 70 33 42
normalized size | 1 1.00 2.43 1.70 1.43 0.91 3.04 1.43 1.83
time (sec) N/A 0.028 0.039 0.196 3.018 0.867 0588 0466 0.303
Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 38 38 39 29 38 40 0 40 39
normalized size | 1 1.00 1.03 0.76 1.00 1.05 0.00 1.05 1.03
time (sec) N/A 0.011 0.016 0.055 3.042 0905 0.000 0.468 0.080
Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 30 30 30 25 38 53 0 24 23
normalized size | 1 1.00 1.00 0.83 1.27 1.77 0.00 0.80 0.77
time (sec) N/A 0.010 0.013 0.045 2998 0782 0.000 1.604 0.052
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 49 49 49 50 52 40 0 41 39
normalized size | 1 1.00 1.00 1.02 1.06 0.82 0.00 0.84 0.80
time (sec) N/A 0.010 0.015 0.053 2869 0900 0.000 0429 0.210
Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 45 45 46 35 46 58 0 53 48
normalized size | 1 1.00 1.02 0.78 1.02 1.29 0.00 1.18 1.07
time (sec) N/A 0.015 0.017 0.049 3.004 0913 0.000 0456 0.191
Problem 107} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 45 45 46 35 46 60 0 36 35
normalized size | 1 1.00 1.02 0.78 1.02 1.33 0.00 0.80 0.78
time (sec) N/A 0.016 0.017 0.046 2972 0756 0.000 0.470 0.052
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Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 62 62 55 50 58 58 0 54 48
normalized size | 1 1.00 0.89 0.81 0.94 0.94 0.00 0.87 0.77
time (sec) N/A 0.015 0.026 0.047 2975 0955 0.000 0442 0.195
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 44 32 41 60 0 31 30
normalized size | 1 1.00 1.02 0.74 0.95 1.40 0.00 0.72 0.70
time (sec) N/A 0.012 0.019 0.045 3.083 0.877 0.000 0.401 0.150
Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 59 59 53 50 58 58 0 54 48
normalized size | 1 1.00 0.90 0.85 0.98 0.98 0.00 0.92 0.81
time (sec) N/A 0.013 0.019 0.047 2980 0972 0.000 0.489 0.193
Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C C F F B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 59 59 54 46 46 84 0 0 36
normalized size | 1 1.00 0.92 0.78 0.78 1.42 0.00 0.00 0.61
time (sec) N/A 0.016 0.025 0.050 2.894  0.853 0.000 0.000 0.054
Problem 112 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 62 62 55 50 58 58 0 54 48
normalized size | 1 1.00 0.89 0.81 0.94 0.94 0.00 0.87 0.77
time (sec) N/A 0.013 0.025 0.046 3.003 0967 0.000 0445 0.221
Problem 113 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 39 39 40 32 41 60 0 31 30
normalized size | 1 1.00 1.03 0.82 1.05 1.54 0.00 0.79 0.77
time (sec) N/A 0.008 0.018 0.043 3.078 0923 0.000 0.526 0.052
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Problem 114 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 14 14 14 9 8 20 0 20 20
normalized size | 1 1.00 1.00 0.64 0.57 1.43 0.00 1.43 1.43
time (sec) N/A 0.007 0.005 0.044 2948  0.899 0.000 0.631 0.199
Problem 115 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 10 10 14 7 8 33 0 6 6
normalized size | 1 1.00 1.40 0.70 0.80 3.30 0.00 0.60 0.60
time (sec) N/A 0.007 0.006 0.046 3.011 1.050 0.000 0518 0.132
Problem 116 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 24 30 22 20 0 21 20
normalized size | 1 1.00 0.96 1.20 0.88 0.80 0.00 0.84 0.80
time (sec) N/A 0.006 0.005 0.045 2.991 0936 0.000 0575 0.218
Problem 117} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 18 18 18 15 16 38 0 33 26
normalized size | 1 1.00 1.00 0.83 0.89 2.11 0.00 1.83 1.44
time (sec) N/A 0.010 0.006 0.049 2877 0964 0.000 0.616 0.225
Problem 118 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 19 19 19 15 16 40 0 16 16
normalized size | 1 1.00 1.00 0.79 0.84 2.11 0.00 0.84 0.84
time (sec) N/A 0.010 0.006 0.046 2927 0955 0.000 0.818 0.137
Problem 119 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 35 35 28 30 28 38 0 34 26
normalized size | 1 1.00 0.80 0.86 0.80 1.09 0.00 0.97 0.74
time (sec) N/A 0.008 0.005 0.041 3.010 0900 0.000 0.802 0.236
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Problem 120 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 17 17 17 12 11 40 0 11 11
normalized size | 1 1.00 1.00 0.71 0.65 2.35 0.00 0.65 0.65
time (sec) N/A 0.007 0.006 0.046 2997  0.847 0.000 0.658 0.170
Problem 121 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 32 32 26 30 28 37 0 34 26
normalized size | 1 1.00 0.81 0.94 0.88 1.16 0.00 1.06 0.81
time (sec) N/A 0.008 0.006 0.043 2987 0867 0.000 0562 0.228
Problem 122 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C C F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 33 33 28 26 16 65 0 0 17
normalized size | 1 1.00 0.85 0.79 0.48 1.97 0.00 0.00 0.52
time (sec) N/A 0.008 0.008 0.039 2910 0931 0.000 0.000 0.136
Problem 123 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 35 35 28 30 28 38 0 34 26
normalized size | 1 1.00 0.80 0.86 0.80 1.09 0.00 0.97 0.74
time (sec) N/A 0.008 0.006 0.043 2927  1.029 0.000 0.731 0.226
Problem 124 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 13 13 13 12 11 40 0 11 11
normalized size | 1 1.00 1.00 0.92 0.85 3.08 0.00 0.85 0.85
time (sec) N/A 0.004 0.006 0.045 3.073  1.021 0.000 0.638 0.164
Problem 125 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 22 22 22 51 16 137 0 46 40
normalized size | 1 1.00 1.00 2.32 0.73 6.23 0.00  2.09 1.82
time (sec) N/A 0.013 0.026 0.076 1402  0.894 0.000 0.754 0.423
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Problem 126 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 23 23 23 44 19 141 0 53 46
normalized size | 1 1.00 1.00 1.91 0.83 6.13 0.00 2.30 2.00
time (sec) N/A 0.013 0.026 0.088 3.084 099 0.000 1.085 0.406
Problem 127} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 20 20 20 44 19 143 0 53 44
normalized size | 1 1.00 1.00 2.20 0.95 7.15 0.00  2.65 2.20
time (sec) N/A 0.011 0.025 0.079 2890 0942 0.000 0.817 0.400
Problem 128 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 19 19 19 24 26 38 0 17 15
normalized size | 1 1.00 1.00 1.26 1.37 2.00 0.00 0.89 0.79
time (sec) N/A 0.002 0.005 0.047 1.340 0.879 0.000 0.828 0.053
Problem 129 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 23 23 23 28 30 41 0 17 17
normalized size | 1 1.00 1.00 1.22 1.30 1.78 0.00 0.74 0.74
time (sec) N/A 0.003 0.006 0.046 1236 1189 0.000 0.774  0.057
Problem 130 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 23 23 23 26 30 29 0 29 19
normalized size | 1 1.00 1.00 1.13 1.30 1.26 0.00 1.26 0.83
time (sec) N/A 0.005 0.052 0.048 1.342 0857 0.000 0.615 0.055
Problem 131 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 31 36 59 49 0 36 29
normalized size | 1 1.00 0.72 0.84 1.37 1.14 0.00 0.84 0.67
time (sec) N/A 0.007 0.009 0.044 1.411 0.889  0.000 0.777  0.035
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Problem 132 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 122 122 126 0 0 0 0 0 -1
normalized size | 1 1.00 1.03 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.036 0.145 1.234 0.000  1.069 0.000 0.000 0.000
Problem 133 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 37 37 37 0 0 0 0 0 -1
normalized size | 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00  -0.03
time (sec) N/A 0.016 0.010 3.092 0.000 0931 0.000 0.000 0.000
Problem 134 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 32 32 32 0 0 0 0 0 -1
normalized size | 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.014 0.007 3.275 0.000  0.887  0.000 0.000 0.000
Problem 135 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 37 37 37 0 0 0 0 0 -1
normalized size | 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.016 0.009 2.552 0.000  0.997 0.000 0.000 0.000
Problem 136 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 21 21 21 0 0 0 0 0 -1
normalized size | 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.010 0.005 3.224 0.000  0.707  0.000 0.000 0.000
Problem 137} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 54 54 48 0 0 0 0 0 -1
normalized size | 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00  -0.02
time (sec) N/A 0.010 0.020 1.017 0.000  1.008  0.000 0.000 0.000
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Problem 138 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 18 18 17 17 16 19 20 16 32
normalized size | 1 1.00 0.94 0.94 0.89 1.06 1.11 0.89 1.78
time (sec) N/A 0.002 0.007 0.043 1.246 0.876  0.063 0.624  0.390

Problem 139 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad

grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 31 26 0 0 0 0 0 -1
normalized size | 1 1.00 0.84 0.00 0.00 0.00 0.00 000 -0.03
time (sec) N/A 0.012 0.006 1.126 0.000  1.059  0.000 0.000  0.000

Problem 140 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad

grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 31 26 0 0 0 0 0 -1
normalized size | 1 1.00 0.84 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.011 0.007 1.116 0.000 1.012  0.000 0.000  0.000

Problem 141 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad

grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 38 38 37 0 0 0 0 0 -1
normalized size | 1 1.00 0.97 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.013 0.009 1.076 0.000 0954 0.000 0.000 0.000

Problem 142 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad

grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 35 35 35 0 0 0 0 0 -1
normalized size | 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.013 0.008 1.035 0.000 0.889  0.000 0.000  0.000

Problem 143 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad

grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 38 38 37 0 0 0 0 0 -1
normalized size | 1 1.00 0.97 0.00 0.00 0.00 0.00 0.00 -0.03

time (sec) N/A 0.013 0.010 1.050 0.000 0.885  0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The

rules column is the number of unique rules used. The integrand size column is the leaf

. . . . number of rules
size of the integrand. Finally the ratio ——————
integrand size

harder the integral was to solve. In this test, problem number [35] had the largest ratio
of [.5385]

is given. The larger this ratio is, the

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized

# grade steps unique antiderivative integrand %

o . e leaf size integrand leaf size
1 A 6 3 1.00 13 0.231
2 A 6 3 1.00 15 0.200
3 A 5 3 1.00 15 0.200
4 A 4 3 1.00 15 0.200
5 A 3 3 1.00 15 0.200
6 A 6 3 1.00 13 0.231
7 A 5 3 1.00 13 0.231
3 A 4 3 1.00 13 0.231
9 A 3 3 1.00 13 0.231
10 A 3 3 1.00 13 0.231
11 A 3 3 1.00 13 0.231
12 A 4 3 1.00 11 0.273
13 A 3 3 1.00 11 0.273
14 A 3 3 1.00 11 0.273
15 A 3 3 1.00 11 0.273
16 A 3 2 1.00 13 0.154
17 A 2 2 1.00 15 0.133
18 A 1 1 1.00 15 0.067
19 A 2 2 1.00 15 0.133
20 A 3 2 1.00 15 0.133
21 A 2 2 1.00 13 0.154
22 A 1 1 1.00 13 0.077
23 A 2 2 1.00 13 0.154
24 A 3 2 1.00 13 0.154
25 A 2 2 1.00 16 0.125
26 A 2 2 1.00 15 0.133
27 A 2 2 1.00 13 0.154

Continued on next page
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number of number of normalized
# grade steps unique antiderivative ntegrand %
L . o leaf size integrand leaf size
28 A 2 2 1.00 11 0.182
29 A 2 2 1.00 11 0.182
30 A 6 5 1.00 13 0.385
31 A 5 5 1.00 13 0.385
32 A 4 4 1.00 13 0.308
33 A 5 5 1.00 13 0.385
34 A 6 5 1.00 13 0.385
35 A 8 7 1.00 13 0.538
36 A 7 7 1.00 13 0.538
37 A 6 6 1.00 13 0.462
38 A 7 7 1.00 13 0.538
39 A 8 7 1.00 13 0.538
40 A 5 4 1.00 13 0.308
41 A 4 4 1.00 13 0.308
42 A 4 4 1.00 13 0.308
43 A 3 3 1.00 13 0.231
44 A 3 3 1.00 13 0.231
45 A 4 4 1.00 13 0.308
46 A 5 4 1.00 13 0.308
47 A 6 4 1.00 13 0.308
48 A 1 1 1.00 11 0.091
49 A 2 1 1.00 9 0.111
50 A 2 1 1.00 9 0.111
51 A 2 1 1.00 9 0.111
52 A 1 0 1.00 7 0.000
53 A 1 1 1.00 9 0.111
54 A 2 2 1.00 9 0.222
55 A 3 2 1.00 9 0.222
56 A 5 3 1.00 11 0.273
57 A 4 3 1.00 11 0.273
58 A 3 3 1.00 11 0.273
59 A 2 2 1.00 11 0.182
60 A 1 1 1.00 11 0.091
61 A 2 2 1.00 11 0.182
62 A 3 2 1.00 11 0.182
63 A 4 2 1.00 11 0.182

Continued on next page
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number of number of normalized
# grade steps unique antiderivative ntegrand %
o . o leaf size integrand leaf size
64 A 1 1 1.00 14 0.071
65 A 1 1 1.00 14 0.071
66 A 2 2 1.00 14 0.143
67 A 1 1 1.00 14 0.071
68 A 1 1 1.00 14 0.071
69 A 2 2 1.00 14 0.143
70 A 1 1 1.00 14 0.071
71 A 2 2 1.00 14 0.143
72 A 1 1 1.00 14 0.071
73 A 2 2 1.00 14 0.143
74 A 3 2 1.00 23 0.087
75 A 3 2 1.00 23 0.087
76 A 3 2 1.00 23 0.087
77) A 3 2 1.00 23 0.087
78 A 2 2 1.00 12 0.167
79 A 2 2 1.00 15 0.133
80 A 2 2 1.00 12 0.167
81 A 3 2 1.00 12 0.167
82 A 3 2 1.00 12 0.167
83 B 3 2 2.83 10 0.200
84 A 2 2 1.00 12 0.167
85 A 2 2 1.00 12 0.167
86 A 2 2 1.00 12 0.167
87 A 2 2 1.00 12 0.167
88 A 2 2 1.00 12 0.167
89 A 2 2 1.00 13 0.154
90 A 2 2 1.00 14 0.143
01 A 3 3 1.00 12 0.250
92 A 3 3 1.00 12 0.250
93 A 4 3 1.00 12 0.250
94 A 4 3 1.00 12 0.250
95 A 3 3 1.00 12 0.250
96 A 3 3 1.00 13 0.231
97 A 3 3 1.00 14 0.214
98 A 2 2 1.00 40 0.050
99 A 3 2 1.76 30 0.067

Continued on next page
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number of number of normalized
# grade steps unique antiderivative ntegrand %
L . o leaf size integrand leaf size
100 A 3 2 1.87 31 0.065
101 A 2 2 1.00 14 0.143
102 A 2 2 1.00 16 0.125
103 A 3 3 1.00 14 0.214
104 A 3 3 1.00 14 0.214
105 A 3 3 1.00 14 0.214
106 A 3 3 1.00 14 0.214
107 A 3 3 1.00 14 0.214
108 A 3 3 1.00 14 0.214
109 A 3 3 1.00 14 0.214
110 A 3 3 1.00 14 0.214
111 A 3 3 1.00 14 0.214
112 A 3 3 1.00 14 0.214
113 A 3 3 1.00 14 0.214
114 A 2 2 1.00 14 0.143
115 A 2 2 1.00 14 0.143
116 A 2 2 1.00 14 0.143
117]| A 2 2 1.00 14 0.143
118 A 2 2 1.00 14 0.143
119 A 2 2 1.00 14 0.143
120 A 2 2 1.00 14 0.143
121 A 2 2 1.00 14 0.143
122 A 2 2 1.00 14 0.143
123 A 2 2 1.00 14 0.143
124 A 2 2 1.00 14 0.143
125 A 2 2 1.00 27 0.074
126 A 2 2 1.00 30 0.067
127]| A 2 2 1.00 28 0.071
128 A 1 1 1.00 12 0.083
129 A 1 1 1.00 14 0.071
130 A 1 1 1.00 16 0.062
131 A 2 2 1.00 14 0.143
132 A 1 1 1.00 12 0.083
133 A 2 2 1.00 12 0.167
134 A 2 2 1.00 12 0.167
135 A 2 2 1.00 12 0.167

Continued on next page
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number of number of normalized
. integrand number of rules

# grade steps unique antiderivative PRS-

. leaf size m egran ear size

used rules leaf size

136 A 2 2 1.00 12 0.167
137 A 1 1 1.00 10 0.100
138 A 1 1 1.00 7 0.143
139 A 2 2 1.00 12 0.167
140 A 2 2 1.00 12 0.167
141 A 2 2 1.00 12 0.167
142 A 2 2 1.00 12 0.167
143 A 2 2 1.00 12 0.167




Chapter 3

Listing of integrals

3.1 f (bx + cx2)7/2 dx

Optimal. Leaf size=147

1 e 3/2 5/2
35b° tanh (ﬁ) 35b5(b + 2cx)Vbx + cx@  35b*(b + 2cx) (bx + cx?) ! 762 (b + 2cx) (bx + cx?) ! (
163840972 - 163844 - 614433 - 3842 -

[Out] 35/6144xb~ 4% (2xc*xx+b)* (c*xx"2+b*x) ~(3/2)/c”~3-7/384*b" 2% (2*xc*xx+b) * (c*xx"2+b*x)
~(5/2)/c”2+1/16% (2*xc*xx+b) * (c*x~2+b*x) ~(7/2) /c+35/16384*xb~8*arctanh (xxc~ (1/2
)/ (cxx™2+b*x) ~(1/2))/c”(9/2)-35/16384*b~ 6% (2*xc*x+b) * (c*xx~2+b*x) ~(1/2)/c"4

Rubi [A] time = 0.05, antiderivative size = 147, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 3, integrand size = 13,

number O 1S _ ().231, Rules used = {612, 620, 206}

integrand size

32 5/2 8 1 Aex
_35b6(b + 2cx)Vbx + cx2 +35194(17 + 2cx) (bx + cxz) _7b2(b + 2cx) (bx + cxz) +35b tanh ( e )
16384c* 6144c3 3842 1638492

Antiderivative was successfully verified.
[In] Int[(bxx + c*xx~2)"(7/2),x]

[Out] (-35%b~6x(b + 2*c*x)*Sqrt[b*x + c*x72])/(16384*c~4) + (35%b~4x(b + 2xc*x)*(
bxx + c*xx72)7(3/2))/(6144*%c”3) - (7*b"2*x(b + 2%c*x)*(b*x + c*x~2)7(5/2))/(3
84xc”2) + ((b + 2xc*xx)*x(b*x + c*x72)7(7/2))/(16%c) + (35%b~8*ArcTanh[(Sqrt[
cl*x)/Sqrt [b*x + c*x72]]1)/(16384*c~(9/2))

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 612

Int[(Ca_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + b*x + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 620

Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[Int[1/(1
- ¢c*x72), x], x, x/Sqrtlb*x + c*x~2]], x] /; FreeQ[{b, c}, x]

49
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Rubi steps
2\? 2 2\%?
f(bx . sz)y/z o (b + 2cx) El:: + cx ) B (7b )f(ba;;;cx ) dx
7b%(b + 2cx) (bx + cxz)5/2 s (b + 2cx) (bx + cx2)7/2 s (35b4) f (bx + cxz)S/2 dx
384¢2 16¢ 768¢2
32 502 7/2
~ 35b*(b + 2cx) (bx + cxz) 7b%(b + 2cx) (bx + cxz) N (b + 2cx) (bx + cxz) (35b6
6144¢3 3842 16c
3566(b + 2cx)Vbx + cx2  35b*(b + 2cx) (bx + cx2)3/2 7b%(b + 2cx) (bx + cx2)5/2 (b
a 16384c% " 61445 ) 384c2 B
3566(b + 2cx)Vbx + cx2  35b*(b + 2cx) (bx + cx2)3/2 7b%(b + 2cx) (bx + cxz)5/2 (b
a 16384c% " 61445 ) 384c2 B
3566(b + 2cx)Vbx + cx2  35b*(b + 2cx) (bx + cx2)3/2 7b%(b + 2cx) (bx + cxz)S/2 (b
o 16384c% " 61445 ) 384c2 B

Mathematica [A] time = 0.22, size = 142, normalized size = 0.97

10561572 sinh ™1 Y&
( b ) +4/c (—105b7 + 70b%cx — 56b°c?x? + 48b*c3x3 + 1088003 c*x* + 25856b%c’x° +
VE,/%+1

x(b + cx)

49152¢92
Antiderivative was successfully verified.

[In] Integratel[(bxx + c*x72)7(7/2),x]

[Out] (Sqrtl[xx(b + c*x)]*(Sqrtlc]*(-105%b~7 + 70xb~6*c*x - 56%b~5xc~2*x"2 + 48*b~
4xc”3*x"3 + 10880*b~"3xc"4*x"4 + 25856*%b"2x%c”5xx"5 + 21504*b*xc”6*x"6 + 6144x%
c7*x77) + (105%b~(15/2)*ArcSinh[(Sqrt [c]*Sqrt [x])/Sqrt[bl])/(Sqrt [x]*Sqrt[

1 + (c*x)/b])))/(49152%c™(9/2))

fricas [A] time = 0.70, size = 258, normalized size = 1.76

105 b8+/c log (2 cx +b+2Vex? + bx \ﬁ) +2 (6144 Bx7 + 21504 be”x® + 25856 b?cOx” + 10880 b3cx* + 48 bt
98304 ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(7/2),x, algorithm="fricas")

[Out] [1/98304*(105%b~8*sqrt(c)*log(2*c*x + b + 2*sqrt(c*x™2 + b*x)*sqrt(c)) + 2%
(6144xc™8%x”7 + 21504*b*c~7*x"6 + 25856*b~2*c”6*x"5 + 10880*b~3*c”"5*xx"4 + 4
8*b~4*cT4*x"3 - 56*%b B*kcT3*x72 + TO0*b~6*c”2%x - 105%b~7*c)*sqrt(ckx~2 + bx*x
))/c”5, -1/49152x(105%b~8*sqrt (-c)*arctan(sqrt(c*x~2 + b*x)*sqrt(-c)/(c*x))

— (6144*%c™8xx"7 + 21504*b*c~7*x"6 + 25856%b~2*c~6*x~5 + 10880*b~3*c~5*x~4
+ 48xb~4*xcT4*x"3 - 56%b75*cT3*x"2 + 70*b"6*cT2%x - 105xb~7*c)*sqrt(cxx~2 +
b*x))/c75]

giac [A] time = 0.63, size = 132, normalized size = 0.90

+8(856° +2 (101

35b810g(|—2(\/5x— cx2+bx)\/E—b|) 1 (105b7 356 75 3 p
el ETRN 2o

g 49152\ 4 c3 c? C

32768 ¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x™2+b*x)~(7/2),x, algorithm="giac")

[Out] -35/32768*b"8*log(abs(-2*(sqrt(c)*x - sqrt(cxx~2 + bxx))*sqrt(c) - b))/c~(9
/2) - 1/49152*%(105*%b~7/c”4 - 2% (35*%b~6/c”3 - 4*(7*b~5/c”2 - 2*%(3*b~4/c + 8x
(85%b73 + 2% (101xb72xc + 12%(2%Cc™3%x + Txb*Cc™2)*X)*X)*X) *X) *x) *x) *sqrt (c*x~

2 + b*x)

maple [A] time = 0.05, size = 173, normalized size = 1.18

b
8 AR S 3 3
35 ln( e Tovex +bx) 35Vex? + bx bx 35Vcex2 + bx b’ 35(cx2+bx)2 b*x 35(cx2+bx)2 r
- —_ + J—

+
; 81923 16384c* 3072¢? 6144c3

32768¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+b*xx)~(7/2),x)

[Out] 1/16*%(2*c*xx+b)*(c*xx~2+b*x)~(7/2)/c-7/192*b~2/c* (c*xx~2+b*x) ~(5/2) *x-7/384*b~
3/c” 2% (cxx™2+b*xx) ~(5/2)+35/3072*b"4/c” 2% (cxx~2+b*x) ~(3/2) *x+35/6144*b"5/c~3

* (c*x™2+b*x) " (3/2)-35/8192%b76/c”3* (c*x™2+b*x) ~(1/2) *x-35/16384*b"7/c”4* (c*
x"2+b*x) ~(1/2)+35/32768%b"8/c”(9/2) *1n((1/2%b+c*x) /c”(1/2) +(c*x"2+b*x) ~(1/2

))

maxima [A] time = 1.34, size = 180, normalized size = 1.22

3 3 8 >
35Vex? + bxbSx 35 (cx + bx)2bx 7 (cx® + bx)?bPx 35b 10g(20x+b+2 Vex + bx -
+

+
3 2 9
8192 ¢ 3072 ¢ 192¢ 30768 3

(cx2 + bx)gx—

| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(7/2),x, algorithm="maxima")

[Out] 1/8%(c*x™2 + b*x)~(7/2)*x - 35/8192*%sqrt(cxx”2 + b*x)*b~6%x/c”3 + 35/3072*(
C*¥X"2 + bxx) 7 (3/2)*b74*x/c”2 - 7/192x(c*x~2 + b*x)~(5/2)*b~2*x/c + 35/32768
*b~8*xlog(2xc*x + b + 2*sqrt(c*x”™2 + b*x)*sqrt(c))/c”(9/2) - 35/16384*sqrt(c

*x"2 + bxx)*b77/c”4 + 35/6144%(c*xx”"2 + b*xx)~(3/2)*b75/c”3 - 7/384*(c*x”2 +

b*xx) " (5/2)*b73/c”2 + 1/16%(c*x"2 + b*x)~(7/2)*b/c

mupad [B] time = 0.74, size = 151, normalized size = 1.03

i ln[zj;x+ ch2+bx]
c
2| o2 x, b\
3b cx +bx(2+4c) YY)
32 /p
5b2 (cx2+bx) (§+cx)_
4c 16¢
5/2
(cx2+bx)/ (g+cx)
7 b2 —
6¢ 24c
712 (p
(cx2 + bx) (5 + cx)
8c 32c¢

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((b*x + c*x~2)"(7/2),x)

[Out] ((b*x + c*xx"2)7(7/2)*(b/2 + c*xx))/(8%c) - (7Txb~2*x(((b*x + c*xx~2)7(5/2)*(b/2
+ c*xx))/(6xc) - (5xb™2x(((b*x + c*x72)7(3/2)*(b/2 + c*x))/(4xc) - (3xb™2x(

(b*xx + c*x72)7(1/2)*(x/2 + b/(4*c)) - (b"2%log((b/2 + c*x)/c”(1/2) + (b*x +
c*x72)7(1/2)))/(8%c™(3/2))))/(16%c)) ) /(24%*c)) )/ (32%c)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

7

f(bx + cxz)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+b*x)**(7/2),%)

[Out] Integral((bxx + c*x**2)**(7/2), x)
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3.2 f (Bix + 4x2)7/2 dx

Optimal. Leaf size=121

. 52 . 32
L g (42 + 3 )7/2 21(8x +3i) (4x2 + 3ix)  945(8x + 3) (4x% + 3ix)  25515(8x + 3i) VA2 + 3ix
— (8x+ + + + +

gg (Bx+3) (427 + 3ix 2048 131072 4194304

[Out] 945/131072*% (3%I+8%x)* (3*I*x+4*xx"2) "~ (3/2)+21/2048% (3*xI+8*x) * (3*xI*xx+4*x"2) " (5
/2)+1/64% (3xI+8*x) * (3*xI*xx+4*xx"2) " (7/2)-229635/16777216*%I*arcsin (-1+8/3*I*x)
+25515/4194304% (3%I+8%x) * (3*xI*xx+4*xx"2)~(1/2)

Rubi [A] time = 0.03, antiderivative size = 121, normalized size of antiderivative

= 1.00, number of steps used = 6, number of rules used = 3, integrand size = 15,
number of riles _ ).200, Rules used = {612, 619, 215}

integrand size

. 52 . L \302
Liga (12243 )7/2+21(8x + 3i) (4x2 + 3ix) +945(8x + 3i) (4x2 + 3ix) 255158 + 3i)VAx2 + 3ix
gg (Ox+31) (427 + 3ix 2048 131072 4194304

Antiderivative was successfully verified.
[In] Int[((3*I)*x + 4*xx~2)"(7/2),x]

[Out] (25515 (3*%I + 8*x)*Sqrt[(3*I)*x + 4*x72])/4194304 + (945%(3*I + 8*x)*((3%I)
xx + 4xx72)7(3/2)) /131072 + (21*(3*I + 8*x)*((3xI)*x + 4%x~2)~(5/2))/2048 +

((3*I + 8xx)*((3*xI)*x + 4xx72)7(7/2))/64 + ((229635%1)/16777216)*ArcSin[1
- ((8%I)/3)*x]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)*(a + b*x + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + b*x + c*x”2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] &% IntegerQ[4*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xa*xc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps
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[ s ] = s e 4 2 [ s )" i
7n 945 [ (3ix+4x2) " dx

. , 2\ 52
21(3i + 8x) (3ix + 4x2) 1 _ ,
= + 6—4(31 + 8x) (3zx + 4x ) +

2048 4096
. . 3/2 . . 5/2
945(3i + 8x) (3ix + 4x2) " 21(3i + 8x) (3ix + 4x?) 5 80 (3ix 4 442) 2
= + + —Gi+ + + -
131072 2048 5231 + 89 (3ix + 42%)

3/2 5/2

25515(3i + 8x)V3ix + 4x2  945(3i + 8x) (3ix + 4x2) 2 2130 + 81) (3ix + 422) !
= + + + -
4194304 131072 2048 |

. . 32 . . 5/2
25515(3i + 8x)V3ix + 4x2  945(3i + 8x) (3ix + 4x2) " 21(3i + 8x) (3ix + 4x?)

+ -
4194304 131072 2048 |
. . 3/2 ) . 5/2
25515(3i + 8x)V3ix + 4x2  945(3i + 8x) (3ix + 4x2) 21(3i + 8x) (3ix + 422)
= =+ + + -
4194304 131072 2048 |

Mathematica [A] time = 0.09, size = 119, normalized size = 0.98

\x(4x + 3i) (2\/3 — 4ix+/x (33554432x7 + 88080384ix° — 79429632x° — 25067520ix* + 82944x> — 72576ix? -

8388608V3 — 4ix \/x

Antiderivative was successfully verified.

[In] Integrate[((3*I)*x + 4xx72)7(7/2),x]

[Out] (Sqrt[x*(3*I + 4*x)]*(2*%Sqrt[3 - (4*xI)*x]*Sqrt[x]* (765451 - 68040*x - (725
T6xI1)*x"2 + 82944xx~3 - (25067520*I)*x~4 - 79429632*x~5 + (88080384%*I)*x"6

+ 33554432%x77) - 229635%(-1)"(1/4)*ArcSin[(1 + I)*Sqrt[2/3]*Sqrt[x]]))/(83
88608*Sqrt[3 - (4*I)*x]*Sqrt[x])

fricas [A] time = 0.91, size = 69, normalized size = 0.57

263135156 (2147483648 x7 + 56371445761 x® — 5083496448 x> — 1604321280i x* + 5308416 x> — 4644864 x? -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4xx~2)~(7/2),x, algorithm="fricas")

[Out] 1/268435456%(2147483648*x"7 + 5637144576%I*x~6 - 5083496448*x~5 - 160432128
0xI*x~4 + 5308416%x~3 - 4644864*I*x~2 - 4354560*x + 4898880*I)*sqrt (4*x~2 +
3xI*x) - 229635/16777216%x1og(-2*x + sqrt(4*x~2 + 3*I*x) - 3/4xI) - 1165671
/268435456

giac [A] time = 0.57, size = 1, normalized size = 0.01

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*xx~2)~(7/2),x, algorithm="giac")

[Out] O



55

maple [A] time = 0.12, size = 91, normalized size = 0.75

3
2

. 8x . 5
2%W%amwm(§+0 (8x + 3i) (4x? + 3ix)? 21 (8x + 3i) (4x? + 3ix)? 945 (8x + 3i) (4a2 + 3ix)? 75t
+ + +—
16777216 " 64 2048 131072

7
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*Ixx+4xx"2)"(7/2),x)

[Out] 1/64*(3%I+8%*x)* (3*xI*xx+4*xx"2)~(7/2)+21/2048% (3*xI+8%x)* (3*xI*x+4*x"2) " (5/2)+94
5/131072% (3%I+8%x) * (3% I*x+4*xx"2) " (3/2)+25515/4194304* (3% I+8%x) * (3*xI*x+4*x"2
)~ (1/2)+229635/16777216*%arcsinh (8/3*x+I)

maxima [A] time = 3.00, size = 130, normalized size = 1.07

3 > 945
i (4x2 +3ix)%+
20481( x? +3ix) 16384

3
= 283

2 © )2
<4x +31.7C) x+ﬁ

x+634i (4x2 + 3ix)§+% (4x2 + 3ix)§x+

7
2

4x% +3ix
( )

| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*xx~2)~(7/2),x, algorithm="maxima"

[Out] 1/8*(4*x"2 + 3xI*x)~(7/2)*x + 3/64*xIx(4*xx"2 + 3*I*x)"(7/2) + 21/256*(4*xx"2
+ 3xIxx) " (5/2)*x + 63/2048+Ix(4*x"2 + 3*Ixx)~(5/2) + 945/16384%* (4xx~2 + 3*I

*xx) " (3/2)*%x + 2835/131072*%I*(4*x"2 + 3%Ixx)~(3/2) + 25515/524288*sqrt (4*x~2

+ 3xIxx)*x + 76545/4194304*I*sqrt(4*x~2 + 3%I*x) + 229635/16777216%1log(8*x

+ 4xsqrt (4%x72 + 3*%Ixx) + 3%I)

mupad [B] time = 0.29, size = 100, normalized size = 0.83

; 3/2 5/2
2%%&3h«x+~ﬂﬁ§ﬁ34-;) %5(4x+gg<4x2+xﬁ)/ 21(4x+gg(4x2+xsg (4x+gg(4
+ + +
16777216 65536 1024 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*3i + 4*xx~2)~(7/2),x%)

[Out] (229635*log(x + (x*(4*x + 3i))~(1/2)/2 + 31/8))/16777216 + (945%(4*x + 3i/2
Yx(x*31 + 4%x72)7(3/2))/65536 + (21*(4*x + 3i/2)*(x*3i + 4%x~2)~(5/2))/1024

+ ((4xx + 3i/2)*(x*3i + 4*x72)7(7/2))/32 + (25515%(x/2 + 31/16)*(x*3i + 4x
x72)7(1/2)) /262144

sympy [F] time = 0.00, size = 0, normalized size = 0.00
7

f (4x2 + 31'9()z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((3xI*x+4x*x**2)**(7/2),%)
[Out] Integral ((4xx**2 + 3*xIxx)**x(7/2), x)
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3.3 f (Bix + 4x2)5/2 dx

Optimal. Leaf size=95

. . \3/? - | 8ix
L (ge3i) (422 + 3iz) (15 +30) (47 +3ix) 405(8x + 3i)VAx? + 3ix F0H7sn (1 - %)
—(0X+0o1 X X

48 1024 32768 131072

[Out] 15/1024%(3%I+8%x)* (3*%I*xx+4*xx"2) " (3/2)+1/48* (3%xI+8%*x) * (3*xI*x+4*xx"2) " (5/2)-36
45/131072*%I*arcsin(-1+8/3*I*x)+405/32768% (3*xI+8%*x) * (3xI*x+4*x~2) ~(1/2)

Rubi [A] time = 0.02, antiderivative size = 95, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 3, integrand size = 15,

number o rules _ 9,200, Rules used = {612, 619, 215}

integrand size

. . \32 C 8ix
1 (8-+3i) (4 2 4 3 )5/2+15(8x + 3i) (4x2 + 3zx) +405(8x + 31-)«/43(2 T 3ix +36451 sin (1 - ?)
— i) (4x ix

48 * 1024 32768 131072

Antiderivative was successfully verified.
[In] Int[((3*I)*x + 4*xx~2)"(5/2),x]

[Out] (405%(3*I + 8*x)*Sqrt[(3*xI)*x + 4*x72])/32768 + (15%(3xI + 8*x)*((3*I)*x +
4%x72)7(3/2))/1024 + ((3*I + 8*x)*x((3*I)*x + 4*xx72)~(5/2))/48 + ((3645%I)/1
31072)*ArcSin[1 - ((8%I)/3)*x]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2x*c*x
Y*¥(a + b*x + cxx72)7p)/(2xcx(2xp + 1)), x] - Dist[(px(b~2 - 4xaxc))/(2*c*x(2
*p + 1)), Int[(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2%c*((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps
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5/2 1 52 15 3/2
f(3ix + 4x2) ? dx = E(3i + 8x) (Bix + 4x2) 2. > f(?)ix + 4x2) ? ix
3/2
15(3i + 8x) (3ix + 4x2) !

B 1024

. . 32

_ 4050 +80)V3ix+ 42 15Gi+ 89 (3ix + 422

B 32768 1024

52 405 [ V3ix +4x2 dx
+

2048

1
+ 5B +81) (3ix + 4x?)

1 52 -
. . 2
+E(31+8x) (31x+4x ) + -

1
. . 3/2
_ 405 + 8x)\Bix + 47 1501 + 8 (3ix + 4x2)
B 32768 1024

. . 3/2
_ 405(3i + 8x)V3ix + 422 N 15(3i + 8x) (3ix + 422)
B 32768 1024

1 5/2
. . 2
+E(31+8x) (31x+4x ) + -

1 52 -
+ E(?)i + 8x) (3ix + 4x2) 4

Mathematica [A] time = 0.08, size = 88, normalized size = 0.93

10935 V-1 sin_l((1+i)\/§ N )

e + 72901

x(4x + 3i) | 524288x° + 983040ix* — 497664x> — 6912ix? — 6480x —

196608
Antiderivative was successfully verified.

[In] Integrate[((3*I)*x + 4xx72)7(5/2),x]

[Out] (Sqrt[x*(3*I + 4*x)]*(7290*%I - 6480*x - (6912*I)*x~2 - 497664*x~3 + (983040
x1)*xx"4 + 524288%x75 - (10935%(-1)"(1/4)*ArcSin[(1 + I)*Sqrt[2/3]*Sqrt([x]])
/(Sqrt[3 - (4*I)*x]*Sqrt[x])))/196608

fricas [A] time = 0.97, size = 59, normalized size = 0.62

3645

(8388608 x° + 15728640i x* — 7962624 x> — 1105921 x* — 103680 x + 1166401') V4 x? + 3ix ~131072

3145728

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*x72)7(5/2),x, algorithm="fricas")

[Out] 1/3145728%(8388608*x~5 + 15728640*%I*x~4 - 7962624*x~3 - 110592*%Ixx~2 - 1036
80*x + 116640%I)*sqrt(4*x~2 + 3xI*x) - 3645/131072xlog(-2*x + sqrt(4*x~2 +
3xIxx) - 3/4xI) - 8991/1048576

giac [A] time = 0.46, size = 1, normalized size = 0.01

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*x72)7(5/2),x, algorithm="giac")
[Out] O

maple [A] time = 0.09, size = 71, normalized size = 0.75

N w

5
2

. 8x .
3645 arcsinh (; + 1) . (8x + 3i) (4x2 + 3ix) +15 (8x + 3i) (4x2 + 3ix) 405 (8x + 3i) VA2 + 3ix
131072 48 1024 32768
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*xx~2+3%xIxx)~(5/2),x)

[Out] 1/48%(8*x+3%I)*(4*xx"2+3%I*x) " (5/2)+15/1024* (8*x+3*1)* (4*xx~2+3*%I*x)~(3/2)+40
5/32768% (8*x+3%I)* (4xx~2+3%xI*x) ~(1/2)+3645/131072*arcsinh(8/3*x+1)

maxima [A] time = 3.01, size = 103, normalized size = 1.08

2 1 2 15 3245 2 405 1215
(4x2+3ix)2x+ﬁi(4x2+3ix)2+—8(4x2+3ix)2x+@i(4x2+3ix)2+m\/4x2+3ixx+mi\/a

N =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*xx~2)~(5/2),x, algorithm="maxima"

[Out] 1/6%(4*x72 + 3*I*x)"(5/2)*x + 1/16%I*x(4*x"2 + 3*I*x)~(5/2) + 15/128*(4*x"2
+ 3*I*x)7(3/2)*x + 45/1024*I*x(4xx"2 + 3*%I*x)~(3/2) + 405/4096%sqrt (4*x~2 +
3xI*x)*x + 1215/32768*I*sqrt(4*x~2 + 3*Ixx) + 3645/131072x1log(8*x + 4*sqrt(
4xx72 + 3xIxx) + 3xI)

mupad [B] time = 0.30, size = 80, normalized size = 0.84
x(4x+3i) 3, 3, 2 312 3, 2 /2 x 3. >
3645 In (x + Yo + Zi) 15 (4x+ i) (422 +x31) (4x+ i) (432 +x3i) 405 (5 + i) VA2 +

2 8
+ + +
131072 512 24 2048

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*3i + 4*x~2)~(5/2),x)

[Out] (3645*%log(x + (x*(4*x + 31))7(1/2)/2 + 3i/8))/131072 + (15*(4*x + 3i/2)*(x*
31 + 4xx72)7(3/2))/512 + ((4xx + 3i/2)*(x*31 + 4xx72)7(5/2))/24 + (405%(x/2
+ 31/16) % (xx31i + 4*x72)7(1/2)) /2048

sympy [F] time = 0.00, size = 0, normalized size = 0.00
5
f (422 + 3ix)? dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((3xI*x+4x*x**2)**(5/2),%)
[Out] Integral ((4*x**2 + 3*Ixx)**x(5/2), x)
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3.4 f (Bix + 4x2)3/2 dx

Optimal. Leaf size=69

P | 8ix
32 | 27(8% + 3)VA + 30 243isin (1 B ?)

1
—(8x + 3i) (4x% + 3i
38 +30) (4% + 3ix) 1024 4096

[Out] 1/32%(3%I+8%x)* (3*xI*x+4*x~2)"(3/2)-243/4096*I*arcsin(-1+8/3*I*x)+27/1024%(3

*T+8%x) * (3*xI*xx+4*xx"2)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 69, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 15,

number o tules _ 9,200, Rules used = {612, 619, 215}

integrand size

P | 8ix
2 27(8x+3)VA2 +3ix 243isin (1 B ?)
1024 4096

31—2(8x + 3) (422 + 3ix)

Antiderivative was successfully verified.

[In] Int[((3*I)*x + 4*xx~2)"(3/2),x]

[Out] (27*(3*I + 8xx)*Sqrt[(3*I)*x + 4xx72])/1024 + ((3*I + 8*x)*((3*xI)*x + 4*x"2

)"(3/2))/32 + ((243%I)/4096)*ArcSin[1 - ((8%I)/3)x*x]
Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[al]/Rt[b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)k(a + b*xx + c*xx72)7p)/(2%xcx(2%xp + 1)), x] - Dist[(px(b~2 - 4xaxc))/(2*c*(2
*p + 1)), Int[(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2%c*x((-4
xc)/(b~2 - 4x*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

3/2 1 32 27
f(Six + 4x2) ? dx = 3—2(31' + 8x) (3ix + 4x2) o o f\/?)ix + 4x2 dx

_ 27(3i+8x)V3ix +4x2 1

+ o=(3i+ 8%) (3ix + 422) "+
1024 3%

1

V3ix+4x?
2048

dx

243 [

81 Subst | [ —

2
X
Vit

dx,x,3i + ¢

_ 27(3i+8x)V3ix +4x2 1

+ = (3i +80) (3ix + 42)" +
1024 3%

_ 27(3i+8x)V3ix +4x2 1

8ix

243isin”! (1 -5

4096

)

+ —(3i + 8x) (3ix + 4x2)3/2 +
1024 32 4096
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Mathematica [A] time = 0.06, size = 76, normalized size = 1.10

243V-1 sin_l((1+i)\/§ N )

— +162i

\x(4x + 3i) | 2048x3 + 2304ix? — 144x —

2048
Antiderivative was successfully verified.

[In] Integrate[((3*I)*x + 4%x72)~(3/2),x]

[Out] (Sqrtlx*(3*I + 4*xx)]*(162%xI - 144*x + (2304*I)*x"2 + 2048*x73 - (243*(-1)"(
1/4)*ArcSin[(1 + I)*Sqrt[2/3]1*Sqrt[x]]1)/(Sqrt[3 - (4*I)*x]+*Sqrt[x])))/2048

fricas [A] time = 1.17, size = 49, normalized size = 0.71

24
32768 x> + 36864i x2 — 2304 x + 25921') Vax2 +3ix-

4096 4 2768

32768 (

3 3 567
log (—Zx + V4x2 +3ix - —i)—3—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*x~2)~(3/2),x, algorithm="fricas")

[Out] 1/32768%(32768+x73 + 36864*I*x"2 - 2304*x + 2592%I)*sqrt(4*x”2 + 3xI*x) - 2
43/4096*log(-2*x + sqrt(4*x~2 + 3*Ixx) - 3/4%I) - 567/32768

giac [A] time = 0.61, size = 1, normalized size = 0.01

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*x~2)~(3/2),x, algorithm="giac")
[Out] O

maple [A] time = 0.12, size = 51, normalized size = 0.74

3

23arcsinh (5 +1) (8 +3) (42 +30)° 27 (8v+ 3) VAT T3
+ +

4096 32 1024

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*xx~2+3%xIxx)~(3/2),x)

[Out] 1/32%(8xx+3*I)* (4d*xx~2+3*xI*x)~(3/2)+27/1024* (8*xx+3*I)*x (4*xx~2+3*%I*x) " (1/2)+24
3/4096*arcsinh (8/3*%x+1I)

maxima [A] time = 2.98, size = 76, normalized size = 1.10

3

(4x2+3ix) 332 (4x +31x) +—‘V4x2+31xx+—z‘\/4x2+31x+— 10g(8x+4‘\/4x2+31x +

1024 4096

] =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3xI*x+4*x~2)~(3/2),x, algorithm="maxima"

[Out] 1/4%(4%x72 + 3xI*x)~(3/2)*x + 3/32xI*(4xx72 + 3*xIxx)~(3/2) + 27/128*sqrt (4%
X72 + 3*Ixx)*x + 81/1024*I*sqrt(4*x~2 + 3*I*x) + 243/4096*log(8*x + 4*xsqrt(
4xx72 + 3%I*xx) + 3%I)
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mupad [B] time = 0.16, size = 60, normalized size = 0.87

; 3/2
243 1n(x+ Vr@xv3) | 91) (4x + 21) (452 + x3i) Y (f + ii) VA2 + 23

2 8) N 2 16
4096 16 64

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*31i + 4*x~2)7(3/2),x)

[Out] (243*log(x + (x*(4*x + 3i))~(1/2)/2 + 31/8))/4096 + ((4*x + 3i/2)*(x*3i + 4
*x72)7(3/2))/16 + (27*(x/2 + 3i/16)*(x*3i + 4*x72)"(1/2))/64

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f (4x2 + ?)ix)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((3xI*x+4*x**2)*%*(3/2),%)
[Out] Integral ((4*x**2 + 3*Ixx)**(3/2), x)



62

3.5 f V3ix + 4x2 dx

Optimal. Leaf size=43

1 9 8i
Va2 4 3ix (8x + 3i) + Zisin”! (1 - %)
[Out] -9/64xIxarcsin(-1+8/3*I*x)+1/16%(3*xI+8%x)* (3xI*x+4*xx~2) " (1/2)

Rubi [A] time = 0.01, antiderivative size = 43, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 15,

number o rules _ 9,200, Rules used = {612, 619, 215}

integrand size

3

1 9 8i
Va2 4 3ix (8x + 3i) + Zisin”! (1 - ﬂ)

Antiderivative was successfully verified.

[In] Int[Sqrt[(3*I)*x + 4*x~2],x]

[Out] ((3*I + 8*xx)*Sqrt[(3*I)*x + 4*x72])/16 + ((9%I)/64)*ArcSin[1 - ((8+I)/3)*x]
Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 612

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
)*(a + b*x + c*x72)7p)/(2%ckx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2%cxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 9 1
V3ix + 4x2 dx = —(3i + 8x)V3ix + 4x2 + — f— dx
f 16 32.J /3ix + 4x2

1 3 1
= — i+ 8x)V3ix + 422 + = Subst f _ dx,x,3i + 8
1+>
9

1 9 81
= E(31’ + 8x)V3ix + 4x% + 6—41'sin‘1 (1 - g)

Mathematica [A] time = 0.05, size = 64, normalized size = 1.49

94/ sin! ((1 ; i)\g Vx )
V3 = dix\x

+ 61

1
o x(4x + 3i) [16x —
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[(3*I)*x + 4*x72],x]
[Out] (Sqrtlx*(3*I + 4*x)]*(6*%I + 16*x - (9%(-1)7(1/4)*ArcSin[(1 + I)=*Sqrt[2/3]*S
qrt[x]1)/(Sqrt[3 - (4*I)*x]*Sqrt[x])))/32
fricas [A] time = 0.80, size = 39, normalized size = 0.91
9

1 9 3
ﬁ\/4x2+3ix(128x+48i)— P log|-2x+ V4x? +3ix - Zi = 5ee

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*x~2)~(1/2),x, algorithm="fricas")
[Out] 1/256%sqrt(4*x~2 + 3%Ixx)*(128%x + 48%I) - 9/64xlog(-2xx + sqrt(4*x~2 + 3x*I
*xx) - 3/4%I) - 9/256

giac [A] time = 0.63, size = 1, normalized size = 0.02

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4xx~2)~(1/2),x, algorithm="giac")

[Out] O
time = 0.10, size = 31, normalized size = 0.72

. 8x .
Darcsinh (5 +1) (5. 39 VI T 30

64 16

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*xx~2+3%Ixx)~(1/2),x)
[Out] 1/16%(8%x+3*I)*(4*xx"2+3%I*x)~(1/2)+9/64*arcsinh(8/3*x+I)

maxima [A] time = 2.96, size = 49, normalized size = 1.14

1 3 9
§‘V4x2 +3ixx+ Ei\/4x2+3ix t e log(8x+4\/4x2+3ix +3i)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*I*x+4*x72)7(1/2),x, algorithm="maxima")

[Out] 1/2*sqrt(4*x”2 + 3xI*x)*x + 3/16%I*sqrt(4*x~2 + 3*xIxx) + 9/64xlog(8*x + 4x*s
qrt (4*x~2 + 3*I*x) + 3%I)

time = 0.09, size = 39, normalized size = 0.91

mupad [B]
X (4 x+3i) 3.
onf ) )
64 27 16" '

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*3i + 4%*x"2)"(1/2),x)
[Out] (9%log(x + (x*(4*x + 31i))~(1/2)/2 + 31/8))/64 + (x/2 + 31/16)*(x*31 + 4xx~2

)~ (1/2)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f V4x2 + 3ix dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((3xI*x+4*x**2)**(1/2),%)

[Out] Integral(sqrt(4*x**2 + 3xI*x), X)

64
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36 | (Bx —~ 4x2)7/2 dx
Optimal. Leaf size=101

5/2 3/2
72 21(3 - 8x) (3x — 4x2) 945(3 — 8x) (Sx - 4x2) 25515(3 — 8x)V3x — 4x2 2%
2048 131072 4194304

—61—4(3—8x) (3x — 422)

[Out] -945/131072%(3-8%x)* (-4*x"2+3%x) ~(3/2)-21/2048% (3-8%x) * (-4*xx~2+3%*x) " (5/2) -1
/64% (3-8%x) *x (—4*xx"2+3%x) ~(7/2)+229635/16777216%*arcsin(-1+8/3%x)-25515/41943
04% (3-8*x) * (—4*x~2+3%x) ~(1/2)

Rubi [A] time = 0.03, antiderivative size = 101, normalized size of antiderivative

= 1.00, number of steps used = 6, number of rules used = 3, integrand size = 13,
number of rules _ ).231, Rules used = {612, 619, 216}

integrand size

5/2 3/2
72 21(3-8x) (3x—4x?) " 945(3 - 8x) (3x - 422)" 25515(3 - 8x)V3x - 42 2%
2048 131072 4194304

—61—4(3—8x) (3x - 422)

Antiderivative was successfully verified.
[In] Int[(3*x - 4xx~2)~(7/2),x]

[Out] (-25515%(3 - 8%x)#*Sqrt[3*x - 4*x72])/4194304 - (945%(3 - 8%x)*(3%x - 4*x~2)
~(3/2))/131072 - (21%(3 - 8xx)*(3*%x - 4*x"2)"(5/2))/2048 - ((3 - 8*x)*(3*x
- 4%x72)"(7/2))/64 - (229635%ArcSin[1 - (8%x)/3])/16777216

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)*(a + b*x + c*x72)7p)/(2%ckx(2xp + 1)), x] - Dist[(p*(b~2 - 4*axc))/(2*xcx*(2
xp + 1)), Int[(a + bxx + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps
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7/2 1 72 63 5/2
f(3x - 4x2) dx = —6—4(3 — 8x) (3x — 4x2) * 128 (3x —~ 4x2) dx
5/2 3/2

21(3 - 8x) (3x - 4x2) 2 3 80 (3x — 42V 945 [ (3x — 4x?) ? ax

= 2048 ~ 8 -w) 4096
3/2 5/2

945(3 - 8x) (3x - 4x2) 21(3 - 8x) (3x — 422) 1 72 25515

= - - - —(3-8x)(3x-422) " +
131072 2048 64
3/2 5/2

| 25515(3 - 8x)V3r— 42 945(3 - 8Y) (3x—4x2)""  21(3 - 8x) (3x - 42?) 1 o
Bl 4194304 131072 2048 64

3/2 5/2
255153 -8x)V3x —4x?  945(3 ~ 8x) (3x—4x2)""  21(3 - 8x) (3x - 422 1

!
4194304 131072 2048 64 (
3/2 5/2
_ 25515(3 - 8x)V3x —4x2  945(3 - 8x) (3x —~ 4x2) 21(3 - 8x) (3x — 4x2) 1 @
B 4194304 131072 2048 64

Mathematica [A] time = 0.07, size = 88, normalized size = 0.87

2x (134217728x8 — 452984832x7 + 581959680x° — 338558976x° + 75534336x* + 41472x3 + 54432x% + 10206(

8388608+/—x(dx — 3)

Antiderivative was successfully verified.

[In] Integratel[(3*x - 4xx~2)~(7/2),x]

[Out] (2*x*(-229635 + 102060*x + 54432*x~2 + 41472*x~3 + 75534336*x~4 - 338558976
*xx~5 + B581959680%x76 - 452984832*x77 + 134217728%x78) - 229635*Sqrt[3 - 4xx
1xSqrt [x] *ArcSin[Sqrt[1 - (4*x)/3]1])/(8388608*Sqrt [-(x*x(-3 + 4*x))])

fricas [A] time = 0.72, size = 68, normalized size = 0.67

~ 91304 (33554432 x7 — 88080384 x° + 79429632 x° — 25067520 x* + 82944 x3 + 72576 x + 68040 x + 7654!

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+3xx)~(7/2),x, algorithm="fricas")

[Out] -1/4194304*(33554432%x"7 - 88080384*x~6 + 79429632*x"5 - 25067520*x~4 + 829
44xx73 + 72576*%x"2 + 68040*x + 76545)*sqrt(-4*x~2 + 3*x) - 229635/8388608*a
rctan(1/2*sqrt (-4*x"2 + 3%x)/x)

giac [A] time = 0.47, size = 57, normalized size = 0.56

229
1677

~ 93303 B (16 (8 (32(8(16 (8x ~ 21)x + 303)x ~ 765)x + 81)x +567)x +8505)x + 76545)V-4x2 + 3x +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+3%x)~(7/2),x, algorithm="giac")

[Out] -1/4194304* (8% (16* (8% (32%x (8% (16*x(8*xx - 21)*x + 303)*x - 765)*x + 81)*x + 56
7)*x + 8505)*x + 76545)*sqrt(-4*x"2 + 3%x) + 229635/16777216*arcsin(8/3*x -
1)
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maple [A] time = 0.04, size = 82, normalized size = 0.81

3 U
2 2

. (8 5
229635arCSH1(;§-1) 945 (—8x + 3) (—422 + 3x)? 21 (-8x +3) (—4x2 +3x)? (-8x + 3) (—4x2 + 3x)
16777216 131072 2048 64

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-4*xx"2+3%x)~(7/2),%)

[Out] -945/131072%(3-8%x) * (-4*x~2+3%x) "~ (3/2)-21/2048% (3-8%x) * (—4*xx~2+3%x) ~(5/2) -1
/64% (3-8%x) * (-4*xx~2+3%x) ~(7/2)+229635/16777216*arcsin(-1+8/3%x)-25515/41943
04% (3-8*x) * (—4*x~2+3%x) ~(1/2)

maxima [A] time = 3.06, size = 117, normalized size = 1.16

(—4 x%+3 x);x—E
13

(e aia g (402432 s (4 e 39

> 945
+
16384

s
2

—4x2 +3x
( )

| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+3*x)~(7/2),x, algorithm="maxima")

[Out] 1/8*%(=4*x72 + 3xx)~(7/2)*x - 3/64*x(-4*xx"2 + 3xx)~(7/2) + 21/256*%(-4*x"2 + 3
*x) " (5/2)*x - 63/2048*%(-4%x"2 + 3*x)~(5/2) + 945/16384*(-4*x"2 + 3*x)~(3/2)

*xx - 2835/131072%(-4xx"2 + 3%x)~(3/2) + 25515/524288*sqrt (-4*x~2 + 3*x)*x -
76545/4194304*sqrt (-4*x~2 + 3*x) - 229635/16777216*arcsin(-8/3*x + 1)

mupad [B] time = 0.17, size = 81, normalized size = 0.80

2%m%amn(;—1)£M5@x—§)@x—4x) 21@x—5)@x—4x) 4x - @x—4x)

+ + +
16777216 65536 1024 32

+_

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x - 4*x~2)~(7/2),x)

[Out] (229635*asin((8*x)/3 - 1))/16777216 + (945*(4*x - 3/2)*(3*x - 4*x72)7(3/2))
/65536 + (21%(4*x - 3/2)*(3*x - 4xx72)7(5/2))/1024 + ((4*x - 3/2)*(3*x - 4%
x72)7(7/2))/32 + (25515%(x/2 - 3/16)*(3*x - 4xx72)"(1/2))/262144

sympy [F] time = 0.00, size = 0, normalized size = 0.00
7

f (—4x2 + 39()E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((—4*x**2+3%x)**(7/2),x)
[Out] Integral ((—4*x**2 + 3xx)**x(7/2), x)
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3.7 f (Bx - 4x2)5/2 dx

Optimal. Leaf size=79

3/2 . -1 8x
52 15(3 - 8x) (3x —422)" 405(3 — 8x)V3x —dx2 3045sin (1 - ;)
1024 32768 131072

—%(3—8@ (3x — 42?)

[Out] -15/1024%(3-8%x)*(-4*x"2+3%x) ~(3/2)-1/48%(3-8%x) * (-4*x"2+3*xx) ~(5/2)+3645/13
1072*arcsin(-1+8/3%x)-405/32768* (3-8%*x) * (-4*xx~2+3%x) ~(1/2)

Rubi [A] time = 0.02, antiderivative size = 79, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 3, integrand size = 13,

number of rules _ () 231, Rules used = {612, 619, 216}

integrand size

3/2 . -1 8x
52 15(3-8) (3x - 4x%) " 405(3 - 8x)V3x —4x2 3064sin (1 - g)
1024 32768 131072

—41—8(3—83() (Sx —~ 4x2)

Antiderivative was successfully verified.
[In] Int[(3*x - 4*x72)"(5/2) ,x]

[Out] (-405%(3 - 8x*x)*Sqrt[3*x - 4xx72])/32768 - (156%(3 - 8*x)*(3*x - 4*x~2)7(3/2
))/1024 - ((3 - 8*x)*(3*x - 4xx72)7(5/2))/48 - (3645*ArcSin[1 - (8%x)/3])/1
31072

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2x*c*x
Y*¥(a + b*x + cxx72)7p)/(2xcx(2xp + 1)), x] - Dist[(px(b~2 - 4xaxc))/(2*c*x(2
*p + 1)), Int[(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2%c*((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps
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5/2 1 52 15 32
f(3x - 4x2) 2 gy = —E(3 — 8x) (3x — 4x2) 2, % (3x —~ 4x2) ? ix
3/2
15(3 - 8x) (3x - 4x2) P (314 2)5/2 405 [ V3x - 4x2 dx
= - - —(3- - +
1024 353 780 3y —dx 2048
3/2
405G - 8x)V3x— 42 153-8x) (3x-422)" 1 qon 3645
=- - ——(3—8x)(3x—4x) +
32768 1024 48
W 1215¢
405(3 - 8x)V3x - 42 153 -8x) (3x-4x2)"" 1 NP2
= - - - —(3-8%)(3x-4x?) " - ——
32768 1024 48
3/2 (
4053 - 8x)V3x— 42 153 -8x) (3x—4a2) 1 5z 3645
= - - - —(3-82) (3x-4x?) - ——
32768 1024 48

Mathematica [A] time = 0.05, size = 78, normalized size = 0.99

x |- 6x° + x> — 246 xX*+76 x> + x“ + 4860x — - —4x+/x sin
2 ( 1048576x° + 2752512x° — 2469888x* + 760320x> + 2592x? + 4860 10935) 10935V3 — 4x /x

196608+/—x(dx - 3)

Antiderivative was successfully verified.

[In] Integratel[(3xx - 4%x72)7(5/2),x]

[Out] (2*x*(-10935 + 4860%x + 2592*x~2 + 760320%x~3 - 2469888*x~4 + 2752512%x"5 -
1048576*x76) - 10935%Sqrt[3 - 4*x]*Sqrt[x]*ArcSin[Sqrt[1 - (4*x)/31])/(196
608*Sqrt [-(x* (-3 + 4*x))])

fricas [A] time = 0.69, size = 58, normalized size = 0.73

1 3645 V=4 x
5 4 3 _ 2 _ _ _ 2 _
58301 (262144 x5 — 491520 x* + 248832 x3 — 3456 x2 — 3240 x 3645)\/ 452 +3x “mo3¢ Arctan >

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+3%*x)~(5/2),x, algorithm="fricas")

[Out] 1/98304%(262144*x~5 - 491520%x~4 + 248832%x~3 - 3456%x72 - 3240*x - 3645)*s
qrt (-4*x72 + 3*x) - 3645/65536*arctan(1/2*sqrt(-4*x"2 + 3*x)/x)

giac [A] time = 0.45, size = 47, normalized size = 0.59

arcsin 8x 1
resin| —x —
3

1 3645
(816 (8(32(8x — 15)x + 243)x — 27)x — 405)x — 3645)V—422 + 3
gg302 (816 (B (32(Bx—15)x +243)x = 27)x —405)x =425+ 3x+ 507

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+3%*x)~(5/2),x, algorithm="giac")

[Out] 1/98304* (8% (16%(8%(32%(8*x — 15)*x + 243)*x - 27)*x - 405)*x - 3645)*sqrt(-
4%x72 + 3%x) + 3645/131072*arcsin(8/3*x - 1)

maple [A] time = 0.05, size = 64, normalized size = 0.81

3 5
2 2

. 8x
3645 arcsin (g - 1) 15 (=8x + 3) (—4x% + 3x)?  (-8x +3) (—4x? +3x)2 405 (~8x + 3) V—4x2 + 3x
131072 1024 48 32768
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((-4*x"2+3%x)~(5/2),x)
[Out] -15/1024x(-8%x+3)* (-4*x"2+3%x) ~(3/2)-1/48* (-8*x+3) * (-4*x~2+3%*x) ~(5/2) +3645/
131072*arcsin(8/3%x-1)-405/32768% (-8*x+3) * (-4*x~2+3*x) " (1/2)
maxima [A] time = 2.94, size = 90, normalized size = 1.14
5 3

5 3
(—4x2 + Sx)ix—l (—4x2 + 3x)i+£ (—4x2 + 3x)§x—% (-422+ 3x)5+% V-4x2 + 3xx——312271658 \

N =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+3%*x)~(5/2),x, algorithm="maxima"

[Out] 1/6%(-4*x"2 + 3*x)~(5/2)*x - 1/16%(-4%x"2 + 3*x)~(5/2) + 15/128*(-4*xx"2 + 3
xx) " (3/2)*x - 45/1024x(-4%x"2 + 3*x)~(3/2) + 405/4096*sqrt (-4*x72 + 3%x)*x
- 1215/32768*sqrt (-4*xx~2 + 3%x) - 3645/131072*arcsin(-8/3*x + 1)

mupad [B] time = 0.24, size = 63, normalized size = 0.80
3645asin > —1) 15 (4x-> (3x—4x) 4x - (3x—4x) 405 (2 - =) V3x—4x
+ + +
131072 512 24 2048

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x - 4xx72)7(5/2),x%)

[Out] (3645%asin((8*x)/3 - 1))/131072 + (15%x(4xx - 3/2)*(3*xx - 4%x~2)~(3/2))/512
+ ((4xx - 3/2)*(3*x - 4xx"2)7(5/2))/24 + (405%(x/2 - 3/16)*(3*x - 4xx~2)~ (1

/2))/2048

sympy [F] time = 0.00, size = 0, normalized size = 0.00

5

f (—43(2 + 33()E dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((—4*x**2+3%x)**(5/2),x)

[Out] Integral ((—4*x**2 + 3*x)**x(5/2), x)
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3.8 f (Bx — 4x2)3/2 dx

Optimal. Leaf size=57

1 8x
32 27(3—8x)V3x—4x2 243sin @_?)
1024 4096

—31—2(3 — 8x) (3x - 422)

[Out] -1/32*%(3-8%x)*(-4*xx"2+3%x) " (3/2)+243/4096*arcsin(-1+8/3%x)-27/1024* (3-8%*x) *
(—4%xx~2+3%x) "~ (1/2)

Rubi [A] time = 0.01, antiderivative size = 57, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 13,

number of rules _ () 231, Rules used = {612, 619, 216}

integrand size

. -1 8x
32 27(3-8x)\3x 42 243sin (1 _ ?)
1024 4096

—31—2(3 — 8x) (3x — 422)

Antiderivative was successfully verified.
[In] Int[(3*x - 4*x72)"(3/2),x]

[Out] (-27%(3 - 8*x)*Sqrt[3*x - 4*x72])/1024 - ((3 - 8xx)*(3*x - 4*x72)7(3/2))/32
- (243*ArcSin[1 - (8*x)/3])/4096

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)k(a + b*xx + c*xx72)7p)/(2%xcx(2%xp + 1)), x] - Dist[(px(b~2 - 4xaxc))/(2*c*(2
*p + 1)), Int[(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619
Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2%c*x((-4

xc)/(b~2 - 4x*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 27
f(?)x -~ 4x2)3/2 dx = ——(3 - 8x) (3x -~ 4x2)3/2 2 f\/?)x — 4x2 dx

32
1
_ 27(3-80)V3x-4x2 1 680 (31 - 4x2)3/2 N 243 | —_ ™
- 1024 32 2048
81 Subst| [ —== dx,x,3 - 8x
_ 273-80)V3x—42 1 (- 80 (3r-422) " - Vg
B 1024 32 4096
. -1 8x
 27(3-80V3x—-42 1 - 80 (35— 4x2)3/2 | 243sin (1 - ?)
B 1024 32 4096
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Mathematica [A] time = 0.05, size = 68, normalized size = 1.19

2x (4096x* — 7680x> + 3744x% + 108x — 243) — 243V3 — 4x \/x sin™! ( 1-2 )

3
2048+/—x(4x — 3)

Antiderivative was successfully verified.

[In] Integratel[(3*x - 4%x72)7(3/2),x]

[Out] (2*xx*(-243 + 108*x + 3744*x"2 - 7680%x~3 + 4096*x~4) - 243*Sqrt[3 - 4*x]*Sq
rt[x]*ArcSin[Sqrt[1 - (4*x)/3]]1)/(2048*%Sqrt [-(x*x(-3 + 4*x))])

fricas [A] time = 0.86, size = 48, normalized size = 0.84

1 243 V-4x2+3x
- 3 _ 2 _AA2 _ o v
1004 (1024x 1152 x“ + 72 x + 81)\/ 4x4+3x 2048 arctan[ r ]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x"2+3xx)~(3/2),x, algorithm="fricas")

[Out] -1/1024%(1024*x"3 - 1152%x72 + 72*x + 81)*sqrt(-4*x~2 + 3%x) - 243/2048xarc
tan(1/2*sqrt (-4*x"2 + 3%x)/x)

giac[A] time = 0.52, size = 37, normalized size = 0.65

1 243 8
~Toa 8(16(8x—-9)x+9)x+81)V-4x2+3x + 1096 arcsin(g x— 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4xx"2+3xx)~(3/2),x, algorithm="giac")

[Out] -1/1024*%(8*(16*(8*x - 9)*x + 9)*x + 81)*sqrt(-4*x~2 + 3*x) + 243/4096*arcsi
n(8/3*x - 1)

maple [A] time = 0.05, size = 46, normalized size = 0.81

3
2

(8
243 arcsin (?x - 1) (-8x +3) (—4x2 + 3x)

27 (—=8x + 3) V—4x2 + 3x

4096 32 1024

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-4*xx"2+3%x)~(3/2),x)

[Out] -1/32%(-8%x+3)*(-4*x~2+3%x) " (3/2)+243/4096*%arcsin(8/3*x-1)-27/1024% (-8*x+3)
* (—4*xx~2+3%x) ~(1/2)

maxima [A] time = 2.90, size = 63, normalized size = 1.11

3 3
= 3 = 27 81 243 8
(—4x2 + 3x)2x—3—2 (—4x2 + 3x)2+@ V-4x2 +3xx——— V-4x2+3x— arcsin (—gx +1)

1024 4096

e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x"2+3xx)~(3/2),x, algorithm="maxima")

[Out] 1/4%(-4*x"2 + 3*x)7(3/2)*x - 3/32*%(-4*x"2 + 3*x)7(3/2) + 27/128*sqrt (-4*x"2
+ 3%x)*x - 81/1024*sqrt(-4*x"2 + 3*x) - 243/4096%arcsin(-8/3*x + 1)
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mupad [B] time = 0.11, size = 45, normalized size = 0.79

. [8x 3 2\3/2 x 3
243asm(?—1) (4x—5)(3x—4x) 27(5‘R

) V3x —4x2
+ +

4096 16 64

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x - 4xx72)7(3/2),x%)

[Out] (243*asin((8*x)/3 - 1))/4096 + ((4*x - 3/2)*(3*x - 4*x72)7(3/2))/16 + (27*(
x/2 - 3/16)*(3%x - 4*x~2)7(1/2))/64

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f (—4x2 + 3x)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((—4*x**2+3%x)**(3/2),x)
[Out] Integral ((-4*x**2 + 3xx)**(3/2), x)
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3.9 f V3x —4x2 dx

Optimal. Leaf size=35

1 9 8
—E‘VSx —4x2 (3 - 8x) — e sin”! (1 - ?x)
[Out] 9/64*arcsin(-1+8/3*x)-1/16%(3-8%x)*x(-4*xx"2+3*x) "~ (1/2)

Rubi [A] time = 0.01, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 13,

number of rules _ () 231, Rules used = {612, 619, 216}

integrand size

1 9 8
—E‘VBx —4x2 (3 - 8x) — e sin”! (1 - ?x)
Antiderivative was successfully verified.
[In] Int[Sqrt[3*x - 4xx~2],x]
[Out] -((3 - 8xx)*Sqrt[3*x - 4%x72])/16 - (9xArcSin[1 - (8%x)/3])/64
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + b*x + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 9 1
V3y— 42 dy = —— (3-8 W3y —4y2 + — | — —
f 3x — 4x? dx 7 6(3 8x)V3x — 4x% + o f T dx

1 3 1
= ——(3-8x)V3x — 4x2 — — Subst f dx,x,3 — 8x
16 64 2
9

1 9 8
= 13- 8x)V3x — 4x2 — = sin~! (1 - —x)

3

Mathematica [A] time = 0.03, size = 58, normalized size = 1.66

~2x (3242 = 36x + 9) — 9y3 — &x V¥ sin”! ( - )
324/—x(4x - 3)

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[3*x - 4xx72],x]

[Out] (-2*x*(9 - 36*x + 32%x72) - 9*Sqrt[3 - 4*x]*Sqrt[x]*ArcSin[Sqrt[1 - (4*x)/3
11)/(32%Sqrt [- (x*x (-3 + 4xx))])

fricas [A] time = 1.01, size = 38, normalized size = 1.09

1 9 V-4x2+3
16 V-4x?>+3x(8x-3)- 3 arctan(#)

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+3%*x)~(1/2),x, algorithm="fricas")
[Out] 1/16*sqrt(-4*x~2 + 3*x)*(8*x - 3) - 9/32*arctan(1l/2xsqrt(-4*x~2 + 3%*x)/x)

giac [A] time = 0.48, size = 27, normalized size = 0.77
1 9 . (8
16 V-4x2+3x(8x-3)+ ¢ aresin gx—l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x"2+3*x)~(1/2),x, algorithm="giac")
[Out] 1/16*sqrt(-4*x~2 + 3*x)*(8*x - 3) + 9/64*arcsin(8/3*x - 1)

maple [A] time = 0.05, size = 28, normalized size = 0.80

. 8x
arcsin(F-1) (g, 3y aE T

64 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-4xx"2+3xx)~(1/2),%)
[Out] 9/64*arcsin(8/3*x-1)-1/16%(-8%x+3)*(-4*x"2+3%*x)~(1/2)
maxima [A] time = 2.88, size = 36, normalized size = 1.03

3 9 8
V-4x2+3xx- 16 V-4x2+3x - o arcsin(—§x+1)

1
2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+3*x)~(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(-4*x"2 + 3*x)*x - 3/16%sqrt(-4*x~2 + 3*x) - 9/64*arcsin(-8/3*x + 1
)

mupad [B] time = 0.05, size = 26, normalized size = 0.74

. [8x
9asm(?—1) x 3
Z_Z ) V3x—4y2

64 +(2 16) S ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x - 4*x72)~(1/2),x)
[Out] (9*asin((8%*x)/3 - 1))/64 + (x/2 - 3/16)*(3xx - 4*xx72)~(1/2)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f V—-4x2 + 3x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((—4*x**2+3%x)**(1/2),x)

[Out] Integral(sqrt(-4*x*x2 + 3%x), x)
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3.10 f Véx — x2 dx

Optimal. Leaf size=35

—1‘\/6x -x2(3-x) - 2 sint (1 - E)
2 2 3
[Out] 9/2*%arcsin(-1+1/3*x)-1/2%(3-x)*(-x"2+6%*x) ~(1/2)

Rubi [A] time = 0.01, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 13,

number ofrules _ 231, Rules used = {612, 619, 216}

integrand size

—%m@ -X) - g sin”! (1 - g)
Antiderivative was successfully verified.
[In] Int[Sqrt[6*x - x72],x]
[Out] -((3 - x)*Sqrt[6*x - x72])/2 - (9*ArcSin[1 - x/3]1)/2
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx(2
*p + 1)), Int[(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/ (b2 - 4xaxc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4xaxc), x]7p, x], X, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps
f\/6x—x2 dx:—l(3—x)\/6x—x2 +2f—1 dx
2 2J ex—x2
1 —s 3 1
X
1-%
1 9
= —5(3 - X)Véx — x? — 5 sin”! (1 - g)

Mathematica [A] time = 0.04, size = 32, normalized size = 0.91
1
S =IV=((x=6)) ~9sin”! (, - % )

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[6*x - x~2],x]
[Out] ((-3 + x)*Sqrt[-((-6 + x)*x)])/2 - 9*ArcSin[Sqrt[1 - x/6]]

fricas [A] time = 0.73, size = 35, normalized size = 1.00

V-x%+6
V=x2+6x(x-3)-9 arctan(#)

X

N| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+6*x)~(1/2),x, algorithm="fricas")
[Out] 1/2*sqrt(-x"2 + 6*x)*(x - 3) - 9*arctan(sqrt(-x~2 + 6%x)/x)

giac [A] time = 0.36, size = 25, normalized size = 0.71
1 9 (1
EV—xZ +6x(x-3)+ 5 arcsin gx—l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+6%x)~(1/2),x, algorithm="giac")
[Out] 1/2*sqrt(-x"2 + 6*x)*(x - 3) + 9/2%arcsin(1/3*x - 1)
maple [A] time = 0.05, size = 28, normalized size = 0.80

9arcsin (5 —1)  (—2x +6) V=22 + 6x
4

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"2+6%x)~(1/2),x)
[Out] -1/4%(-2%x+6)*x(-x"2+6%xx) "~ (1/2)+9/2*%arcsin(-1+1/3*x)

maxima [A] time = 2.97, size = 36, normalized size = 1.03

1 3 9 1
> V-x2+6xx— > V-x2+6x — > arcsin(—gx +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+6%x)~(1/2),x, algorithm="maxima")
[Out] 1/2*sqrt(-x"2 + 6*x)*x - 3/2xsqrt(-x"2 + 6%x) - 9/2%arcsin(-1/3*x + 1)

mupad [B] time = 0.05, size = 26, normalized size = 0.74

9asm_<§-1>+(z_z) o

2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((6%x - x~2)°(1/2),x)
[Out] (9*asin(x/3 - 1))/2 + (x/2 - 3/2)*(6xx - x~2)"(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f V-x2 + 6x dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**2+6*x)**(1/2) ,%)

[Out] Integral(sqrt(-x**2 + 6%x), x)
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3.11 ‘fVSx—9x2dx

Optimal. Leaf size=35

1 25 18x
By —09x2 (5 — e ) s I
T3 5x — 9x4 (5 - 18x) e sin (1 )

5

[Out] 25/216*arcsin(-1+18/5%x)-1/36%(5-18%x)*x(-9*xx~2+5%x) " (1/2)

Rubi [A] time = 0.01, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 13,

number ot rules _ () 231, Rules used = {612, 619, 216}

integrand size

——\/Sx 922 (5 — 18x) —Esml(l 18")

216 5

Antiderivative was successfully verified.

[In] Int([Sqrt[5*x - 9*x~2],x]

[Out] -((5 - 18*x)*Sqrt[b*x - 9*x72])/36 - (25*ArcSin[1 - (18*x)/5])/216
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)*(a + b*x + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + bxx + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619
Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4

xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4*axc), x]7p, x], x
+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

f\/5x 932 dx = ——(5 18x)V5x — 92 + —f

V5x — 9x2
1
= ——(5-18x)V5x — 9x2 — — Subst dx,x,5—18x
36 216

V-5

1 25 18
= —%(5 —18x)V5x —9x2 — — sin”! (1 - _x)

216 5

Mathematica [A] time = 0.03, size = 58, normalized size = 1.66

—~3x (162x% ~ 135x + 25) — 255 — 9x /x sin™! (1 - 95—" )
108+/—x(9x - 5)

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[5*x - 9xx~2],x]

[Out] (-3*x*x(25 - 135%x + 162*x72) - 25*Sqrt[5 - 9*x]*Sqrt[x]*ArcSin[Sqrt[1 - (9%
x)/511)/(108*Sqrt [-(x* (-5 + 9*x))])

time = 1.31, size = 38, normalized size = 1.09

1 25 V-9x2 +5
3% V-9x2 +5x(18x - 5) — 108 arctan[#]

fricas [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-9*x~2+5xx)~(1/2),x, algorithm="fricas")
[Out] 1/36*sqrt(-9*x~2 + b*x)*(18%x - 5) - 25/108*arctan(1l/3*sqrt(-9*x~2 + b*x)/x
)

giac [A] time = 0.44, size = 27, normalized size = 0.77

1 25 18
3% V-9x2 +5x(18x -5) + e arcsin(gx—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-9*x~2+5xx)~(1/2),x, algorithm="giac")
[Out] 1/36*sqrt(-9*x~2 + b*x)*(18%x - 5) + 25/216*arcsin(18/5*x - 1)

time = 0.04, size = 28, normalized size = 0.80

25 . 18x 1
aresin| =5~ -~ (—18x + 5) V-9x2 + 5x

216 36

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-9%x~2+5*xx)~(1/2),x)
[Out] 25/216%arcsin(-1+18/5%x)-1/36*%(5-18%x) * (-9*x~2+5%x) ~(1/2)

maxima [A] time = 2.93, size = 36, normalized size = 1.03

1 5 25 18
E'\/—9x2 +5xx— %‘\/—%c2 +5x — e arcsin(—€x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-9*x~2+5xx)~(1/2),x, algorithm="maxima"
[Out] 1/2%sqrt(-9*x"2 + b*x)*x - 5/36%sqrt(-9*x~2 + b*x) - 25/216*arcsin(-18/5%x

+ 1)

mupad [B] time = 0.05, size = 26, normalized size = 0.74

. 18x
25 asin (? —1) x 5
+ (— — —) V5x—-9x2

216 2 36

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x - 9%x~2)~(1/2),x)
[Out] (25*%asin((18%x)/5 - 1))/216 + (x/2 - 5/36)*(5xx - 9%*x~2)~(1/2)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/—9x2 + 5x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-9*x**2+5%x)**(1/2),x)

[Out] Integral(sqrt(-9%x*x2 + 5*x), x)

81
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3.12 f (x - x2)3/2 dx

Optimal. Leaf size=51

_%(1 — 2x) (x—x ) - —(1 2x)Vx — x% — @sm 11 - 2x)

[Out] -1/8*%(1-2*x)*(-x"2+x) " (3/2)+3/128*arcsin(-1+2*x)-3/64* (1-2*xx)*(-x"2+x) ~(1/2
)

Rubi [A] time = 0.01, antiderivative size = 51, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 11,

mamber o IS _ 273, Rules used = {612, 619, 216}

integrand size

1 32 3 3
—g(l — 2x) (x - xz) 2 6_4(1 - 2x)Vx —x2 — 23 sin™!(1 - 2x)

Antiderivative was successfully verified.
[In] Int[(x - x72)°(3/2),x]

[Out] (=3*%(1 - 2xx)*Sqrtlx - x72])/64 - ((1 - 2*x)*(x - x72)7(3/2))/8 - (3*ArcSin
[1 - 2*x])/128

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx(2
*p + 1)), Int[(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b72 - 4*axc))"p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

\3/2 3 1 2\3/2 3
f(x—x) dx——g(l—Zx)(x—x) +Ef\/x—x2dx
3 1 3/2
= ——(1- —x2 - _(1- —
64(1 2x)Vx — x 8(1 2x) (x x 128 f

Vx - x2
3 1 2
:—6—4(1—2x)\/x—x2 —g(l—Zx)(x—xz)/ —@Subst(fﬂ dx,x,l—Zx)
3 1 32 3
—_" 1 Vv —v2 — (1 — 42 _ = cin i -
64(1 2x)Vx — x 8(1 2x)(x x) 1285111 (1-2x)

Mathematica [A] time = 0.06, size = 44, normalized size = 0.86

&1 (V@D (16 202 4 26) 367 (V7))

64
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Antiderivative was successfully verified.

[In] Integratel(x - x72)7(3/2),x]

[Out] (-(Sqrt[-((-1 + x)*x)]*(3 + 2%x - 24*x72 + 16%x73)) - 3*ArcSin[Sqrt[1 - x]]
)/64

fricas [A] time = 0.86, size = 43, normalized size = 0.84

1 3 —y2
2 (169(3 —24x% +2x + B)V—xz tx - arctan(x—w]

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~2+x)~(3/2),x, algorithm="fricas")

[Out] -1/64x(16%x"3 - 24xx72 + 2%x + 3)*sqrt(-x"2 + x) - 3/64*xarctan(sqrt(-x"2 +
x) /%)

giac [A] time = 0.54, size = 35, normalized size = 0.69
1 3 :
7 QEAQRx-3)x+1)x+3)V-xZ+x + 17g aresin 2x-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+x)~(3/2),x, algorithm="giac")
[Out] -1/64x(2x(4*(2%x - 3)*x + 1)*x + 3)*sqrt(-x"2 + x) + 3/128*arcsin(2*x - 1)

maple [A] time = 0.04, size = 42, normalized size = 0.82

NI W

Barcsin(v-1) (20+1) (=’ +x)* 3(2v+1)VaZrx
128 8 64

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"2+x)~(3/2),x)
[Out] -1/8%(1-2*x)*(-x"2+x) " (3/2)+3/128*arcsin(2*x-1)-3/64*(1-2*x)*(-x"2+x)~(1/2)

maxima [A] time = 2.89, size = 55, normalized size = 1.08

2 2 +/ A/ .
(—x +x)2x—§(—x +.X')2+3—2 —x2+xx—6—4 —x2 +x +@arcsm(2x—l)

=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+x)~(3/2),x, algorithm="maxima")

[Out] 1/4*%(-x"2 + x)~(3/2)*x - 1/8x(-x"2 + x)~(3/2) + 3/32*%sqrt(-x"2 + x)*x - 3/6
4xsqrt(-x72 + x) + 3/128*arcsin(2*x - 1)

mupad [B] time = 0.19, size = 39, normalized size = 0.76
3\[———3 x 1 2\3/2 1
3asin(2x-1) X=X \271 (x—x) *=3

+ + 2
128 16 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x - x72)7(3/2),x%)
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[Out] (3*asin(2*x - 1))/128 + (3*x(x - x72)~(1/2)*(x/2 - 1/4))/16 + ((x - x~2)"(3/
2)x(x - 1/2))/4

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f(—x2 + x)i dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**2+x)**(3/2),x)

[Out] Integral((-x**2 + x)**(3/2), x)
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3.13 f Vax + x2 dx

Optimal. Leaf size=35

1 -1 X
—(x +2)Vx? + 4x —4tanh (—)
2 Va2 + 4x

[Out] -4*arctanh(x/(x"2+4*xx)~(1/2))+1/2%x(2+x)*(x"2+4*xx)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 11,

number of rules _ 273, Rules used = {612, 620, 206}

integrand size

1 -1 X

—(x +2)Vx? + 4x — 4 tanh (—)

2 Va2 + 4x
Antiderivative was successfully verified.
[In] Int[Sqrt[4*x + x~2],x]
[Out] ((2 + x)*Sqrt[4*x + x72])/2 - 4xArcTanh[x/Sqrt[4*x + x"2]]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(px(b~2 - 4*axc))/(2*xcx(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), %], x] /; FreeQ[{a, b, c}, x] & N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 620
Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[Int[1/(1

- ¢c*x72), x], x, x/Sqrtlb*x + c*x72]], x] /; FreeQ[{b, c}, x]

Rubi steps

1 1
Vax + x2 dx = =(2 + x)Vdx + x2 —2f—dx
f 2 Vix + x?
1 1
= E(2+x)‘\/4x+x2 — 4 Subst (f—dx,x,L)

1-x2 Vix + x?
1 -1 X
= —(2+x)V4x + x2 —4tanh (—)
2 Vix + x?

Mathematica [A] time = 0.03, size = 40, normalized size = 1.14

8sinh™ (ﬁ)

2

Vx+4+/x

+2

%\/x(x +4) |x-

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[4*x + x~2],x]
[Out] (Sqrtl[x*x(4 + x)]1*(2 + x - (8*%ArcSinh[Sqrt[x]/2]1)/(Sqrt[x]1*Sqrt[4 + x])))/2

fricas [A] time = 0.84, size = 32, normalized size = 0.91
1
> Va2 +4x(x+2)+2 log(—x+ Va2 +4x —2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+4%*x)~(1/2),x, algorithm="fricas")
[Out] 1/2%sqrt(x”™2 + 4*x)*(x + 2) + 2%log(-x + sqrt(x™2 + 4*x) - 2)

giac [A] time = 0.52, size = 33, normalized size = 0.94
1
> Va2 +4x(x+2)+2 log(|—x+ Va2 +4x —2|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+4*x)~(1/2),x, algorithm="giac")
[Out] 1/2*sqrt(x™2 + 4*x)*(x + 2) + 2xlog(abs(-x + sqrt(x~2 + 4*x) - 2))

maple [A] time = 0.05, size = 33, normalized size = 0.94

2x +4) Vx2 + 4
—21n(x+2+\/x2+4x)+(x )4x i

Verification of antiderivative is not currently implemented for this CAS.
[In] int((x"2+4*x)~(1/2),x)

[Out] 1/4*(2%x+4)*(x"2+4%x) " (1/2)-2*1n(x+2+(x"2+4*xx)~(1/2))

maxima [A] time = 1.42, size = 41, normalized size = 1.17

1
E‘Vx2+4xx+ Va2 +4x —210g(2x+2‘\/x2+4x +4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"2+4*x)~(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(x™2 + 4*x)*x + sqrt(x™2 + 4*x) - 2*log(2*xx + 2*xsqrt(x™2 + 4xx) + 4
)

mupad [B] time = 0.20, size = 29, normalized size = 0.83

Vx2 +4x (§+1)—21n(x+\/x (x +4) +2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + x72)7(1/2),%)
[Out] (4*xx + x72)7(1/2)*(x/2 + 1) - 2xlog(x + (xx(x + 4))~(1/2) + 2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/xz + 4x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**2+4*x)**(1/2),x)

[Out] Integral(sqrt(x**2 + 4%x), x)
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3.14 f V—8x + x2 dx

Optimal. Leaf size=37

1 N 1 ( X )
V2 _8x(4—x)—16tanh ! [ ——
2 Va2 — 8x
[Out] -16*arctanh(x/(x"2-8%x)~(1/2))-1/2%(4-x)*(x~2-8%x) "~ (1/2)

Rubi [A] time = 0.01, antiderivative size = 37, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 11,

number of rules _ ) 273, Rules used = {612, 620, 206}

integrand size

@ 8@ - -16tanh™ (L)
2 x% — 8x
Antiderivative was successfully verified.
[In] Int[Sqrt[-8*x + x72],x]
[Out] -((4 - x)*Sqrt[-8+x + x72])/2 - 16%ArcTanh[x/Sqrt[-8xx + x~2]]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)*(a + b*x + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 620
Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[Int[1/(1

- c*x72), x], x, x/Sqrt[b*x + c*x~2]], x] /; FreeQ[{b, c}, x]

Rubi steps

1 1
V-8x+x2dx=-=(4-x)V-8x+x%2 -8 f ——dx
f 2 V=8x + x?

1 1 X

= —=(4 - x)V-8x + x2 — 16 Subst (f dx, x, )
2 1-x2 V-8x + x2
1 -1 X

= —~(4-x)V=8x + 22 — 16 tanh (—)
2 V=8x + x2

Mathematica [A] time = 0.04, size = 48, normalized size = 1.30

x (x2 = 12x + 32) + 32y/=((x = 8)x) sin ™! (1 - . )
24/(x — 8)x

Warning: Unable to verify antiderivative.



88

[In] Integrate[Sqrt[-8*x + x~2],x]

[Out] (x*(32 - 12*x + x72) + 32*Sqrt[-((-8 + x)*x)]*ArcSin[Sqrt[1 - x/8]])/(2*Sqr
t[(-8 + x)*x])

fricas [A] time = 0.71, size = 32, normalized size = 0.86

1

> Vx2-8x(x-4)+8 log(—x+ Vx? - 8x +4)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2-8*x)~(1/2),x, algorithm="fricas")
[Out] 1/2%sqrt(x™2 - 8*x)*(x - 4) + 8xlog(-x + sqrt(x™2 - 8*x) + 4)

giac [A] time = 0.52, size = 33, normalized size = 0.89
1
> Vx2 -8x(x—-4)+8 log('—x+ VxZ - 8x +4|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2-8%*x)~(1/2),x, algorithm="giac")
[Out] 1/2*%sqrt(x”2 - 8*x)*(x - 4) + 8xlog(abs(-x + sqrt(x~2 - 8*x) + 4))

maple [A] time = 0.04, size = 33, normalized size = 0.89

2x - 8) Va2 - 8
—81n(x—4+‘\/x2—8x)+(x )4x i

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2-8%x)~(1/2),x)
[Out] 1/4%(2%x-8)*(x"2-8%x) " (1/2)-8*1n(-4+x+(x"2-8%x)~(1/2))

maxima [A] time = 1.31, size = 43, normalized size = 1.16

1

E‘sz -8xx-2Vx?2-8x -8 log(2x+2‘\/x2—8x —8)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2-8%x)~(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(x™2 - 8*x)*x - 2*sqrt(x™2 - 8*x) - 8*xlog(2xx + 2*sqrt(x~2 - 8%x) -
8)

mupad [B] time = 0.11, size = 29, normalized size = 0.78
(g—Z) Vx2-8x -8 ln(x+\/x (x-8) —4)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2 - 8%*x)~(1/2),x)
[Out] (x/2 - 2)*(x72 - 8xx)~(1/2) - 8*log(x + (xx(x - 8))~(1/2) - 4)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f Vx? — 8x dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**2-8*x)**(1/2),x)

[Out] Integral(sqrt(x**2 - 8%x), x)
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3.15 f V=x + x2 dx

Optimal. Leaf size=39

1 1
——Vx2 —x(1-2x) - = tanh ™! ( a )
4 ! Y2 —x
[Out] -1/4*arctanh(x/(x"2-x)"(1/2))-1/4%x(1-2xx)*(x"2-x)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 39, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 11,

number of rules _ 973, Rules used = {612, 620, 206}

integrand size

—%ma _2y) - % tanh ™ (x%x)
Antiderivative was successfully verified.
[In] Int[Sqrt[-x + x72],x]
[Out] -((1 - 2*x)*Sqrt[-x + x72])/4 - ArcTanh[x/Sqrt[-x + x~2]]1/4
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 612

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
Y*x(a + bxx + c*¥x72)7p)/(2xcx(2*p + 1)), x] - Dist[(p*(b~2 - 4xaxc))/(2xc*(2
*p + 1)), Int[(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 620
Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[Int[1/(1

- ¢c*xx72), x], x, x/Sqrt[bxx + c*x~2]]1, x] /; FreeQ[{b, c}, x]

Rubi steps

1 1 1
V=x+x% dx = ——(1 - 2x)V-x + x? ——f—dx
1 1 1
= ——(1-2x)V-x + x2 — = Subst f dx, x, a
4 4 1—x2

V=x + x2
1 1 -1 X
= ——(1-2x)V-x+x? — = tanh (—)
4 4 V=x + x2

Mathematica [A] time = 0.03, size = 46, normalized size = 1.18

2x% = 3x2 + x + /—((x = 1)x) sin? (\/1 —~ x)
4+4/(x — 1)x

Warning: Unable to verify antiderivative.



90

[In] Integrate[Sqrt[-x + x72],x]

[Out] (x - 3*x72 + 2%x73 + Sqrt[-((-1 + x)*x)]*ArcSin[Sqrt[1 - x]])/(4xSqrt[(-1 +
x)*x])

fricas [A] time = 0.87, size = 36, normalized size = 0.92
1 1
Z\/xz—x(2x—1)+ 3 log(—2x+2\/x2—x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2-x)~(1/2),x, algorithm="fricas")
[Out] 1/4*sqrt(x”2 - x)*(2*%x - 1) + 1/8%log(-2*x + 2*sqrt(x™2 - x) + 1)

giac [A] time = 0.42, size = 37, normalized size = 0.95
1 1
1 Va2 —x(2x-1) + 3 log(|—2x +2Vx2—x +1|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2-x)~(1/2),x, algorithm="giac")
[Out] 1/4*sqrt(x”2 - x)*(2*x - 1) + 1/8*log(abs(-2*x + 2*sqrt(x”2 - x) + 1))

maple [A] time = 0.05, size = 33, normalized size = 0.85

(-3 WEE) @
4

8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2-x)"(1/2),x)
[Out] 1/4%(2%x-1)*(x"2-x)"(1/2)-1/8%1n(-1/2+x+(x"2-x)"(1/2))

maxima [A] time = 1.35, size = 43, normalized size = 1.10
1 1 1
E\/xz—xx— Z\/xz—x -3 log(2x+2\/x2—x —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2-x)~(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(x™2 - x)*x - 1/4*%sqrt(x™2 - x) - 1/8%log(2*x + 2*sqrt(x”2 - x) - 1
)

mupad [B] time = 0.20, size = 29, normalized size = 0.74

: (x 1) tn (x4 VE G- - )
X*=x|z—-=]-

2 4 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2 - x)~(1/2),x%)
[Out] (x72 - x)"(1/2)*(x/2 - 1/4) - log(x + (x*(x - 1))~(1/2) - 1/2)/8

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/mdx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**2-x)**(1/2),x)

[Out] Integral(sqrt(x**2 - x), x)
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1
316 [ ——dx
(bx+cx2)
Optimal. Leaf size=83
_ 256¢%(b + 2cx) s 32¢(b + 2cx) 2(b + 2cx)

1565Vbx + cx?>  15p4 (bx + cx2)3/2 5p2 (bx + cx2)5/2

[Out] -2/5%(2*c*xx+b) /b~2/ (c*xx~2+b*x) ~(5/2)+32/15*%c* (2*xc*xx+b) /b~ 4/ (cxx~2+b*xx) ~(3/2
)—256/15%c” 2% (2*c*xx+b) /b"6/ (c*xx~2+b*x) ~(1/2)

Rubi [A] time = 0.02, antiderivative size = 83, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 13,

number of rules _ 154, Rules used = {614, 613}

integrand size

256¢2(b + 2cx) . 32¢(b + 2cx) 2(b + 2cx)
- 32 5/2
150°Vbx + cx?  15p4 (bx + cxz) ! 5b2 (bx + cxz) !

Antiderivative was successfully verified.
[In] Int[(b*x + c*x72)7(-7/2),x]

[Out] (-2%x(b + 2*%c*x))/(5xb"2x(b*x + c*x~2)~(5/2)) + (32%c*x(b + 2*c*x))/(15%b"4x*(
bxx + c*x72)7(3/2)) - (256%c”2x(b + 2*c*x))/(15%b~6%Sqrt [bxx + c*x~2])

Rule 613

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[(-2*(b +
2%c*x))/((b72 - 4xaxc)*Sqrtla + b*x + c*x72]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4xaxc, 0]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)x(a + b*xx + c*x”2) (p + 1))/ ((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xc*(2*p +
3))/((p + D)*x(d"2 - 4*xa*xc)), Int[(a + b*x + c*x”2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4x*p]

Rubi steps

(160) [ ———

f ( 1 gy = — 2(b + 2cx) B (bx+cx2

bx + cx2)7/2 5b2 (bx + cxz)5/2 50

(128¢2) [ ——5 dx

(bx+cx2) /

2(b + 2cx) 32¢c(b + 2cx)
" w7 1564
5b2 (bx + cxz) 15b% (bx + cxz)
2(b + 2cx) 32c(b + 2cx) 256c%(b + 2cx)
52+ 32
502 (bx + cxz) 15b4 (bx + cxz) 150 Vbx + cx?

Mathematica [A] time = 0.02, size = 70, normalized size = 0.84

2 (3b5 —10b%cx + 80b3c2x2 + 480h2c3x3 + 640bc*x* + 256c5x5)
1566 (x(b + cx))>2
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Antiderivative was successfully verified.

[In] Integrate[(bxx + c*x72)7(-7/2),x]
[Out] (-2%(3*%b~5 - 10%b~4*cxx + 80%b~3*c™2*%x~2 + 480*b~2%c”~3%x"3 + 640%b*c~4*x"4
+ 256%c”5*%x75))/(15%xb 6% (x*x(b + c*x))~(5/2))

fricas [A] time = 0.80, size = 105, normalized size = 1.27

2 (256 c2x® + 640 be*x* + 480 b2c3x3 + 80b3c%x%2 =10 b*cx + 3 b5)\/cx2 + bx

) 15 (b6c3x6 +307c2x + 3b8cxt + b9x3)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(7/2),x, algorithm="fricas")
[Out] -2/15%(256%c~5*x"5 + 640*bxc™4*x"4 + 480%b~2%c~3*x~3 + 80*b~3*c™2%x"2 - 10%
b~4*c*x + 3xb75)*sqrt(c*x”2 + bxx)/(b76%c™3%x"6 + 3*xb~7*cT2%x"5 + 3%bT8*kcxx
"4 + bT9xx73)
giac [A] time = 0.49, size = 74, normalized size = 0.89
3

2c5x 5c4 15¢3 5¢2 5c
2(2 (8 (2 (4x(b_6 + b_5) + b—4)x + b—3)x - b—z)x + E)

15 (cx2 + bx)

NG

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(7/2),x, algorithm="giac")
[Out] -2/15% (2% (8% (2% (4xx* (2*xc”5*x/b"6 + 5%c”4/b~5) + 15%c~3/b"4)*x + 5*c”2/b73)*
X - b*xc/b72)*x + 3/b)/(c*x”2 + bxx)~(5/2)

maple [A] time = 0.05, size = 75, normalized size = 0.90

2 (cx + b) (256¢7x° + 640ctx*b + 480c3x3b? + 80c2x2h® — 10cx b* + 3b°) x

7
15 (c x2 + bx)2 be
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cxx~2+b*x)~(7/2),%)
[Out] -2/15%(c*x+b) *x* (256%c™5xx"5+640%b*xc 4*x"4+480%b~2%c~3*x~3+80%b~3*c ™ 2*xx"2-1
0%b~4*c*xx+3%b~5) /b~6/ (cxx~2+b*x) ~(7/2)

time = 1.34, size = 111, normalized size = 1.34

maxima [A]
2 32c 256 c?

4cx . 64 c®x 512 c3x .
- 2 ET N 6 2 T IN 5
5 (cx2 + bx)zb2 15 (cx2 + bx)2b4 15 Vex® +bxb® g (cx2 + bx)zb 15 (cx2 + bx)2b3 15 Vex® + bxb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x™2+b*x)~(7/2),x, algorithm="maxima")

[Out] -4/5%c*x/((c*x™2 + bx*x)~(5/2)*b72) + 64/16xc™2xx/((c*xx"2 + bxx)~(3/2)*b~4)
- 512/15*%c”™3*x/ (sqrt (c*x”™2 + b*x)*b~6) - 2/5/((c*x”2 + bxx)~(5/2)*b) + 32/1
5xc/((c*xx™2 + b*x)~(3/2)*b~3) - 256/15*%c”2/(sqrt(c*x~2 + b*x)*b~5)

mupad [B] time = 0.27, size = 96, normalized size = 1.16

6b° + 256 b c? (cx2 +bx)2+512c3x(cx2+bx)2—32b3c (cx2 +bx) +12b%cx - 641% % x (cx2+bx)

15 b0 (c X2 +b x)5/2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)°(7/2),x)

[Out] -(6%b"5 + 256*xb*c™ 2% (b*x + c*xx"2)72 + b12*xc 3xx*(b*x + c*xx”2)72 - 32%b~3*cx*
(bxx + c*x72) + 12%b74*cxx — 64*xb " 2xc " 2xx*x (b*x + c*x”"2))/(15%b" 6% (b*x + c*x
~2)°(5/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

N

(bx + cxz)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ckx**2+b*x)*x(7/2),x)
[Out] Integral((bxx + c*xx**2)*x(-7/2), x)
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1
.17 —d
S

Optimal. Leaf size=16

[Out] -1/2*%I*arcsin(-1+8/3%I*x)

Rubi [A] time = 0.01, antiderivative size = 16, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 15,

number oL 1Wes _ 0,133, Rules used = {619, 215}

11, 11 8ix
—isin - —
2

integrand size

3

Antiderivative was successfully verified.

[In] Int[1/Sqrt[(3*I)*x + 4*x~2],x]
[Out] (I/2)*ArcSin[1 - ((8*I)/3)x*x]
Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[al]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xa*xc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*xa - b~2/c, 0]

Rubi steps

1 1 1
————dx = —Subst f dx,x,3i + 8x
f\/3ix+4x2 6 142
9
11, 11 8ix
= —isin - —
2 3

Mathematica [B] time = 0.01, size = 53, normalized size = 3.31

(<1)¥4/3 ~ 4ix VX sin”! ((1 ; i)\g Vx )
- Vxx + 30)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[(3*I)*x + 4*x72],x]

[Out] -(((-1)"(3/4)*Sqrt[3 - (4*I)x*x]*Sqrt[x]*ArcSin[(1 + I)*Sqrt[2/3]*Sqrt([x]])/
Sqrt [x*(3*I + 4xx)])

fricas [B] time = 0.94, size = 19, normalized size = 1.19

1 3
-5 10g(—2x+ V4x? +3ix — ZZ)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4%x~2)~(1/2),x, algorithm="fricas")
[Out] -1/2%log(-2*x + sqrt(4*x~2 + 3*I*xx) - 3/4xI)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4xx~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, replacing O by ~ u”, a substitution
variable should perhaps be purged.Warning, replacing O by ~ u’, a substitu

tion variable should perhaps be purged.Warning, replacing O by ~ u’, a subs
titution variable should perhaps be purged.

maple [A] time = 0.10, size = 10, normalized size = 0.62

. 8x .
arcsinh (? + z)

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4xx"2+3xIx*x)~(1/2),x)
[Out] 1/2*%arcsinh(8/3*x+I)

maxima [B] time = 2.93, size = 21, normalized size = 1.31

1
5 log(8x+4\/4x2+3ix +3i)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4*x~2)~(1/2),x, algorithm="maxima"
[Out] 1/2*%log(8*x + 4*xsqrt(4*x~2 + 3xIxx) + 3xI)

mupad [B] time = 0.28, size = 19, normalized size = 1.19
x (4 x+3i) 3.
e T2
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x*3i + 4*x~2)"(1/2),x)
[Out] log(x + (x*x(4*x + 31))7(1/2)/2 + 3i/8)/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
——dx
f V4x? + 3ix
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*Ixx+4*xx*x*2)**(1/2),x)

[Out] Integral(l/sqrt(4*x**2 + 3*I*x), x)
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318 [ ———5dx

(3ix+4x2)3/2

Optimal. Leaf size=26
2(8x + 3i)

9V4x2 + 3ix
[Out] 2/9*%(3%I+8%x)/(3*xI*x+4*xx~2)"(1/2)

Rubi [A] time = 0.00, antiderivative size = 26, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 15,

mumber ot rules _ 0.067, Rules used = {613}

integrand size

2(8x + 3i)

9V4x2 + 3ix

Antiderivative was successfully verified.

[In] Int[((3*I)*x + 4xx~2)"(-3/2),x]

[Out] (2%(3*I + 8%x))/(9*Sqrt[(3*I)*x + 4*x~2])
Rule 613

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[(-2*(b +
2%c*x))/((b72 - 4xaxc)*Sqrtla + b*x + c*x72]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4xaxc, 0]

Rubi steps
f 1 J 2(3i + 8x)
_— I = ———
(3ix + 4x2)3/2 9V3ix + 4x?

Mathematica [A] time = 0.01, size = 24, normalized size = 0.92
2(8x + 3i)

9vVx(4x + 3i)

Antiderivative was successfully verified.

[In] Integrate[((3*I)*x + 4*x~2)~(-3/2),x]
[Out] (2%(3*%I + 8%x))/(9*Sqrt [x*(3*I + 4xx)])

fricas [B] time = 0.81, size = 39, normalized size = 1.50

3222 + VA4x2 + 3ix (16 x + 61) + 24i x
9 (42 +3ix)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4xx~2)~(3/2),x, algorithm="fricas")
[Out] 1/9%(32%x72 + sqrt(4*x72 + 3xI*x)*(16%x + 6%I) + 24xI*x)/(4*x"2 + 3*I*x)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4%x~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, replacing O by ~ u”, a substitution
variable should perhaps be purged.Warning, replacing O by ~ u’, a substitu

tion variable should perhaps be purged.Warning, replacing O by ~ u’, a subs
titution variable should perhaps be purged.

maple [A] time = 0.10, size = 21, normalized size = 0.81

16x " 2i
9 3

V4x2 + 3ix

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4xx"2+3*xI*x)~(3/2),x)
[Out] 2/9%(8*x+3*I)/(4*xx~2+3xIxx)~(1/2)

maxima [A] time = 1.37, size = 28, normalized size = 1.08

16 x 2i

+
OV4x2+3ix 3V4x2+3ix

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4*x~2)~(3/2),x, algorithm="maxima"
[Out] 16/9%x/sqrt(4*x”2 + 3xI*x) + 2/3*I/sqrt(4*x”2 + 3%I*x)

mupad [B] time = 0.05, size = 20, normalized size = 0.77

16 x + 6i

9V4x2 +x3i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x*3i + 4%*x~2)"(3/2),x%)
[Out] (16%x + 6i)/(9*(x*3i + 4%x72)~(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

3
2

(43(2 + 3ix)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*Ixx+4*xx*x*2)**(3/2),x)
[Out] Integral((4*x**2 + 3%Ixx)**(-3/2), x)
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319 [ ———5dx

(3ix+4x2)5/2

Optimal. Leaf size=53

64(8x + 3i) 2(8x + 3i)

+
243VA2 +3ix 27 (42 + 3l-x)3/2

[Out] 2/27*(3%I+8%x)/(3xI*x+4*xx"2) " (3/2)+64/243*% (3*%I+8*x)/ (3*xI*x+4*xx~2)"(1/2)

Rubi [A] time = 0.01, antiderivative size = 53, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 15,

number of rules _ 133, Rules used = {614, 613}

integrand size

64(8x + 3i) 2(8x + 3i)

+
243VA2 +3ix 27 (432 + 3l-x)3/2

Antiderivative was successfully verified.
[In] Int[((3*D)*x + 4*xx~2)"(-5/2),x]

[Out] (2%x(3*I + 8xx))/(27*((3*I)*x + 4*x~2)~(3/2)) + (64*(3*I + 8*x))/(243*Sqrt[(
3xI)*x + 4%x72])

Rule 613

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)~2)"(-3/2), x_Symbol] :> Simp[(-2*(b +
2%c*x))/((b~2 - 4xaxc)*Sqrt[a + bxx + c*x"2]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4x*axc, 0]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)¥(a + b*xx + c*x”2) (p + 1))/ ((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xc*x(2*p +
3))/((p + D)*x(b"2 - 4*xa*xc)), Int[(a + b*x + c*x”2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b"2 - 4xaxc, 0] && LtQ[p, -1] && NeQlp, -3/2] && Int
egerQ [4x*p]

Rubi steps
1 2(3i + 8x 32 1
f 5 X = ( ! 32T oy 37 3
(3ix + 422) 27 (3ix + 4x2) (3ix + 422)
2(3i + 8x) 64(3i + 8)

= +
27 (3ix + 4x2)3/2 2433ix + 422

Mathematica [A] time = 0.01, size = 36, normalized size = 0.68

2048x3 + 2304ix? — 432x + 54i
243(x(4x + 31))32

Antiderivative was successfully verified.

[In] Integrate[((3*I)*x + 4xx72)7(-5/2),x]
[Out] (54*I - 432xx + (2304x*I)*x72 + 2048*x73)/(243*(xx(3*I + 4xx))~(3/2))
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fricas [A] time = 1.03, size = 62, normalized size = 1.17

4096 x* + 6144i x3 — 230412 + (2048 X3 +2304i x2 — 432 x + 54i) Vax2 +3ix
3888 x4 + 58321 x3 — 2187 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4*x~2)~(5/2),x, algorithm="fricas")

[Out] (4096%x~4 + 6144*%Ixx~3 - 2304*x72 + (2048%x73 + 2304*I*x"2 - 432%x + b4xI)*
sqrt (4*x~2 + 3xI*xx))/(3888*x74 + 5832*I*x"3 - 2187*x72)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4xx~2)~(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP

UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, replacing O by ~ u”, a substitution
variable should perhaps be purged.Warning, replacing O by ~ u’, a substitu

tion variable should perhaps be purged.Warning, replacing O by ~ u’, a subs
titution variable should perhaps be purged.

maple [A] time = 0.10, size = 42, normalized size = 0.79

l6x  2i 512x  o64i

27 T 9 243 | 81

+
(4x2 + 3ix)

% V4x2 + 3ix

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4xx"2+3*xIx*x)~(5/2),x)
[Out] 2/27*(8xx+3*1)/(4xx"2+3%xI*x)~(3/2)+64/243*% (8*xx+3*I)/(4*x~2+3xI*x) " (1/2)

maxima [A] time = 1.37, size = 55, normalized size = 1.04

512x 641 16x N 2i

+ +
VA2 + 3i NI ALY 3 3
243 V4 x4+ 3ix 8l V4xc+3ix 27(4x2+3ix)2 9(4x2+3ix)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*Ixx+4*x~2)~(5/2),x, algorithm="maxima")

[Out] 512/243%x/sqrt(4*x~2 + 3*I*x) + 64/81%I/sqrt(4*x"2 + 3*I*x) + 16/27*x/(4*x~
2 + 3*I*x)7(3/2) + 2/9%I/(4%x"2 + 3*I*x)~(3/2)

mupad [B] time = 0.12, size = 31, normalized size = 0.58

(16 x + 6i) (128x% + x96i +9)
32

243 (4 X2+ x 31)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x*3i + 4*xx~2)"(5/2),%)
[Out] ((16%x + 6i)*(x*961 + 128*x”"2 + 9))/(243*%(x*31 + 4*xx"2)"(3/2))
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sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

5

(4x2 + 31’9()E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4*xxx*2)**(5/2),x)
[Out] Integral ((4*x**2 + 3*Ixx)**(-5/2), x)
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1
320 | — dx
(3ix+4x2)
Optimal. Leaf size=79
4096(8x + 3i) 128(8x + 31) N 2(8x + 3i)

+
10935V4x? + 3ix 1215 (4x2 + 3ix)3/ > 45 (4x2 + 3ix)5/ 2

[Out] 2/45%(3%xI+8%x)/(3*I*x+4%x~2)"(5/2)+128/1215% (3%I+8%*x)/ (3*xI*x+4*xx~2)~(3/2)+4
096/10935* (3*xI1+8*x) / (3*[*x+4*x~2)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 79, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 15,

number of rules _ ) 133, Rules used = {614, 613}

integrand size
4096(8x+3)  128@Bx+3)  2Br+3)
. 3/2 5/2
10935VA2 +3ix 1215 (42 + 3ix) 45 (422 + 3ix)

Antiderivative was successfully verified.
[In] Int[((3*I)*x + 4*xx~2)"(-7/2),x]

[Out] (2%(3*I + 8xx))/(45+((3*I)*x + 4*x72)7(5/2)) + (128%(3+I + 8*x))/(1215*%((3*
I *x + 4%x72)7(3/2)) + (4096x*(3*I + 8%x))/(10935*Sqrt [(3*xI)*x + 4%x72])

Rule 613

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[(-2*(b +
2%c*x))/((b~2 - 4xaxc)*Sqrt[a + bxx + c*x"2]), x] /; FreeQ[{a, b, c}, x] &
NeQ[b~2 - 4xaxc, O]

Rule 614

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
)k(a + b*xx + c*xx72)7(p + 1))/((p + 1)*(b~2 - 4xa*xc)), x] - Dist[(2xcx(2xp +
3))/((p + 1)*x(b"2 - 4*axc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4*p]

Rubi steps
1 2(3i + 8x) 64 1
f , 7 X = , 52t 15 , 572 4%
(31x + 4x2) 45 (31x + 4x2) (31x + 4x2)
2048 [ ——— dx
__2Gi+8n)  128Gi48y) (3ix+422)
- 5/2 3/2
45 (3ix + 4x2) 2 1015 (3ix + 422) / 1215

2Bi+8y)  128(3i+8x) 4096(3i + 8x)

= +
45 (3ix + 4x2)5/ > 1215 (3ix + 4x2)3/ % 10935V3ix + 422

Mathematica [A] time = 0.01, size = 48, normalized size = 0.61

524288x° + 983040ix* — 552960x° — 69120ix2 — 6480x + 1458i
10935(x(4x + 3i))>2

Antiderivative was successfully verified.
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[In] Integrate[((3*I)*x + 4xx72)7(-7/2),x]
[Out] (1458*I - 6480*x - (69120*I)*x~2 - 552960*x~3 + (983040*I)*x~4 + 524288%*x75
)/ (10935* (xx (3+I + 4%x))~(5/2))

fricas [A] time = 0.81, size = 82, normalized size = 1.04

1048576 x° + 2359296 x> — 1769472 x* — 442368 x> + (524288 x° +983040i x* — 552960 x> — 69120i x% — 6
699840 x° + 1574640i x> — 1180980 x* — 295245 x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*xx+4xx~2)~(7/2),x, algorithm="fricas")

[Out] (1048576%xx~6 + 2359296*%I%x~5 — 1769472xx~4 - 442368xI*x~3 + (524288%x~5 + 9
83040*I*x~4 - 552960%x~3 - 69120%I*x"~2 - 6480%x + 1458%I)*sqrt (4*x~2 + 3*Ix
x))/(699840%x~6 + 1574640%I*x~5 - 1180980%*x~4 - 295245%I*x~3)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4%x~2)~(7/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, replacing O by ~ u”, a substitution
variable should perhaps be purged.Warning, replacing O by ~ u’, a substitu

tion variable should perhaps be purged.Warning, replacing O by ~ u’, a subs
titution variable should perhaps be purged.

maple [A] time = 0.10, size = 62, normalized size = 0.78

lé6x 2i 1024x ~ 128i 32768x  4096i
45 15 1215 405 + 10935 3645

+
: V4x? + 3ix

(4x2 + 3ix); (4x2 + 3z'x)E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*xx"2+3%xIxx)~(7/2),x)

[Out] 2/45%(8xx+3*I)/(4xx"2+3%xI*x)~(5/2)+128/1215% (8xx+3*1) / (4*xx"2+3*I*x)~(3/2)+4
096/10935% (8*xx+3*1) / (4*xx~2+3%I*x) "~ (1/2)

maxima [A] time = 1.37, size = 82, normalized size = 1.04
768x 406 1024x 128 L d6x 2
—— —— 3 3 5
10935 VAT + 31 36 NAXTHIIX 1215 (422 4 3ix)? 405 (422 +3ix)7 45(4x2 +3ix)? 15(422

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*I*x+4*x~2)~(7/2),x, algorithm="maxima")

[Out] 32768/10935%*x/sqrt (4*x~2 + 3xI*x) + 4096/3645*%I/sqrt(4*x~2 + 3*xIxx) + 1024/
1215%x/ (4%x~2 + 3*xI*x)~(3/2) + 128/405%I/(4*xx"2 + 3%Ixx)~(3/2) + 16/45%x/(4
*x72 + 3xI*xx)~(5/2) + 2/15%xI/(4%x"2 + 3*xIxx)~(5/2)

mupad [B] time = 0.29, size = 40, normalized size = 0.51

524288 x° — x* 983040i + 552960 x° + x2 69120i + 6480 x — 1458i
10935 (x (4x + 3i))”?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x*31 + 4*x~2)~(7/2),x)
[Out] -(6480*x + x72%69120i + 552960%x~3 - x~4%983040i - 524288*x~5 - 1458i)/(109
35% (x*x(4xx + 31))7(5/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

7

(4x2 + E’>ix)E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*Ixx+4*xx*x*2)**(7/2),x)
[Out] Integral ((4x*x**2 + 3*Ixx)**x(-7/2), x)
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1
3.21 f W dx

Optimal. Leaf size=12

1 . 1 8x
—=sin - —
2

[Out] 1/2*arcsin(-1+8/3%x)

Rubi [A] time = 0.01, antiderivative size = 12, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 13,

number o 1Ues _ 0.154, Rules used = {619, 216}

1
——sin™[1- 8_x
2 3

Antiderivative was successfully verified.

integrand size

[In] Int[1/Sqrt[3*x - 4*x72],x]
[Out] -ArcSin[1 - (8%x)/3]1/2
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4xaxc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

dx,x,3 — 8x

1 1 1
————dx = —| = Subst f
f V3x — 4x2 6 2

Mathematica [B] time = 0.01, size = 40, normalized size = 3.33

msin—l(,/1_4§)
) V3 - dxx

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[3*x - 4*x72],x]

[Out] -((Sqrt[-(xx(-3 + 4%*x))]*ArcSin[Sqrt[1 - (4*x)/3]11)/(Sqrt[3 - 4*x]x*Sqrt[x])
)

fricas [B] time = 0.94, size = 19, normalized size = 1.58

V—4x2+3x]

—arctan
( 2x



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4%x"2+3%x)~(1/2),x, algorithm="fricas")
[Out] -arctan(1/2x*sqrt(-4*x~2 + 3%*x)/x)

giac [A] time = 0.50, size = 8, normalized size = 0.67

Lo (8,
2arcsm 3X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4*x"2+3%x)~(1/2),x, algorithm="giac")
[Out] 1/2%arcsin(8/3*x - 1)

maple [A] time = 0.04, size = 9, normalized size = 0.75

. 8x
arcsin (? - 1)
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-4*x"2+3*x)~(1/2),x)
[Out] 1/2*arcsin(8/3*x-1)

maxima [A] time = 2.95, size = 8, normalized size = 0.67

1 i 8x+1
> arcsin 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4%x"2+3%x)~(1/2),x, algorithm="maxima")
[Out] -1/2%arcsin(-8/3+*x + 1)

mupad [B] time = 0.11, size = 8, normalized size = 0.67

3
2

asin (8—x - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x - 4*x~2)~(1/2),x)
[Out] asin((8*x)/3 - 1)/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
——dx
f V—4x2 + 3x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4*x**2+3%*x)**(1/2),%)
[Out] Integral(1l/sqrt(-4*x**2 + 3*x), x)
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1
322 [———5dx
(3x—4x2)
Optimal. Leaf size=22
2(3 - 8x)

9V3x — 4x2

[Out] -2/9%(3-8*x)/(-4*xx~2+3%*x)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 22, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 13,

number of rules _ 5 077, Rules used = {613}

integrand size
2(3 - 8x)

_9\/3x — 42

Antiderivative was successfully verified.

[In] Int[(3*x - 4%x~2)~(-3/2),x]

[Out] (-2%(3 - 8%x))/(9*Sqrt[3*x - 4*x72])
Rule 613

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[(-2*(b +
2%c*x))/((b~2 - 4xaxc)*Sqrt[a + bxx + c*x~2]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4xaxc, 0]

Rubi steps
f 1 e 23-8Y)
(3x - 4x2)3/2 9V3x — 4x2

Mathematica [A] time = 0.00, size = 21, normalized size = 0.95
2(8x —3)

9vV—x(4x - 3)

Antiderivative was successfully verified.

[In] Integrate[(3*x - 4*x72)7(-3/2),x]
[Out] (2%x(-3 + 8%x))/(9*Sqrt[-(x*(-3 + 4xx))])
fricas [A] time = 0.96, size = 29, normalized size = 1.32

2V-4x2+3x(8x—3)

9(4x2—3x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4%x"2+3%x)~(3/2),x, algorithm="fricas")
[Out] -2/9*sqrt(-4*x"2 + 3*x)*(8%x - 3)/(4%x72 - 3*x)
giac [A] time = 0.51, size = 29, normalized size = 1.32

2V-4x2+3x(8x-3)

9(4x2—3x)




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4%x"2+3%x)~(3/2),x, algorithm="giac")
[Out] -2/9%sqrt(-4*x72 + 3*x)*(8xx - 3)/(4*x"2 - 3%x)

maple [A] time = 0.05, size = 25, normalized size = 1.14

_2(4x—3) Bx-3)x

9 (—4x2 + 3x)E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-4*x"2+3%x)~(3/2),x)
[Out] -2/9%x*(-3+4*x)* (-3+8%*x) / (-4*x~2+3*x) ~(3/2)

maxima [A] time = 1.34, size = 28, normalized size = 1.27

16 x 2

9V-4x2+3x - 3V-4x2+3x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4*x"2+3%x)~(3/2),x, algorithm="maxima")
[Out] 16/9*x/sqrt(-4*x"2 + 3%x) - 2/3/sqrt(-4*x"2 + 3%*x)

mupad [B] time = 0.14, size = 18, normalized size = 0.82

16x -6

9V3x —4x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x - 4*x~2)7(3/2),x)
[Out] (16*x - 6)/(9*%(3*x - 4*xx~2)"(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

W

(—4x2 + 3x)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4xx**2+3*x)**(3/2),x)
[Out] Integral ((—4*x**2 + 3x*x)*x(-3/2), x)
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1
3.23 f m dx

Optimal. Leaf size=45

64(3 — 8x) 2(3 - 8x)

243\Bx—42 o7 (3r-422)”

[Out] -2/27*(3-8%x)/(-4*x"2+3%x)~(3/2)-64/243*%(3-8%*x) / (-4*x~2+3%x) "~ (1/2)

Rubi [A] time = 0.01, antiderivative size = 45, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 13,

number ofrules _ () 154, Rules used = {614, 613}

integrand size
64(3 — 8x) 2(3 - 8x)

243\3x—42 o7 (3x- 4x2)3/2

Antiderivative was successfully verified.

[In] Int[(3*x - 4xx~2)~(-5/2),x]

[Out] (-2%(3 - 8%x))/(27*(3*x - 4xx72)7(3/2)) - (64*%(3 - 8*x))/(243*Sqrt [3*x - 4x
x"2])

Rule 613

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)~2)"(-3/2), x_Symbol] :> Simp[(-2*(b +

2%c*x))/((b~2 - 4xaxc)*Sqrt[a + bxx + c*x"2]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4x*xaxc, O]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)¥(a + b*xx + c*x”2) (p + 1))/ ((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xc*x(2*p +
3))/((p + D)*x(b"2 - 4*xa*xc)), Int[(a + b*x + c*x”2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b"2 - 4xaxc, 0] && LtQ[p, -1] && NeQlp, -3/2] && Int
egerQ [4x*p]

Rubi steps
1 2(3 - 8x 32 1
f 5 X = - ( ) Y 7
(3x - 422) 27 (3x - 4x?) (3x - 422)
2(3 - 8x) 64(3 — 8x)

27 (3x - 4x2)3/2  243v3x - 42

Mathematica [A] time = 0.01, size = 31, normalized size = 0.69

2048x3 — 2304x2 + 432x + 54
243(—x(4x — 3))3/2

Antiderivative was successfully verified.

[In] Integrate[(3*x - 4*x72)7(-5/2),x]
[Out] -1/243*(54 + 432xx - 2304*x72 + 2048%x73)/(-(x*(-3 + 4*x)))~(3/2)
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time = 0.97, size = 46, normalized size = 1.02

2 (1024 X3 —1152x2 + 216 x + 27)x/—4 X2 +3x

243 (16 x4 - 2453 + 9x2)

fricas [A]

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(-4%x"2+3%x)~(5/2),x, algorithm="fricas")
[Out] -2/243%(1024%x73 - 1152%x72 + 216%x + 27)*sqrt(-4*x"2 + 3%x)/(16%xx74 - 24*x

3 + 9%x72)
time = 0.41, size = 39, normalized size = 0.87

2(8(16(8x —9)x +27)x +27)V-4x% + 3x
- 2
243 (422 - 3x)

giac [A]

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(-4*x"2+3%x)~(5/2),x, algorithm="giac")
[Out] -2/243*% (8% (16*(8*x — 9)*x + 27)*x + 27)*sqrt(-4*x~2 + 3xx)/(4*x"2 - 3*x)~2

maple [A] time = 0.04, size = 35, normalized size = 0.78

2 (4x - 3) (1024x° - 1152x2 + 216x + 27 x

5

243 (—4x2 + 3x)E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-4*x"2+3%x)~(5/2),x)
[Out] 2/243%x* (4xx-3)*(1024%x~3-1152%x"2+216%x+27) / (-4*x~2+3%x) ~(5/2)

time = 1.36, size = 55, normalized size = 1.22
64 16 x 2

512 x
3

- +
V=4 y2 V-4 x2 3
243 V-4x-+3x 81 V-4x°+3x 27(—4x2+3x)2 9(—4x2+3x)

maxima [A]

NI

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4%x"2+3%x)~(5/2),x, algorithm="maxima")
[Out] 512/243*x/sqrt(-4%x"2 + 3*x) - 64/81/sqrt(-4%x"2 + 3%x) + 16/27*x/(-4*x"2 +
3%x)7(3/2) - 2/9/(-4*xx"2 + 3xx)~(3/2)

mupad [B] time = 0.03, size = 28, normalized size = 0.62

(16x - 6) (-128x2 +96x +9)

312
243 (3x - 422)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x - 4%xx~2)"(5/2),x)
[Out] ((16*x — 6)*(96*x - 128*x"2 + 9))/(243*(3*x - 4%x~2)"(3/2))

time = 0.00, size = 0, normalized size = 0.00

1

sympy [F]
dx

NI G

(—4x2 + 3x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4xx**2+3%*x)**(5/2),x)
[Out] Integral ((—4*x**2 + 3*x)**(-5/2), x)
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1
3.24 f m dx

Optimal. Leaf size=67

4096(3 — 8x) 128(3 — 8x) 2(3 - 8x)
B B 32 52
10935V3x 4% 1215 (3x - 422)"" 45 (3x - 4x2)

[Out] -2/45%(3-8%x)/(-4*xx"2+3%x) "~ (5/2)-128/1215%(3-8%*x) / (-4*x~2+3*x) ~(3/2)-4096/1
0935% (3-8%x) / (—4*x~2+3%x) ~(1/2)

Rubi [A] time = 0.01, antiderivative size = 67, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 13,

mamber L Wes _ (0,154, Rules used = {614, 613}

integrand size
4096(3 — 8x) 128(3 — 8x) 2(3 - 8x)
- B 32 5/2
10935V3x -4 1215 (3x - 422)"" 45 (3x - 4x2)

Antiderivative was successfully verified.
[In] Int[(3*x - 4*xx~2)~(-7/2),x]

[Out] (-2%(3 - 8%x))/(45%(3*x - 4xx"2)"(5/2)) - (128%(3 - 8%x))/(1215%(3*x - 4x*x~
2)7(3/2)) - (4096%(3 - 8%x))/(10935*3qrt[3*x - 4*x~2])

Rule 613
Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[(-2*(b +

2%c*x))/((b™2 - 4*axc)*Sqrtla + bxx + c*x72]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4xaxc, O]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)k(a + b*xx + c*xx72)"(p + 1))/((p + 1)*(b"2 - 4xa*xc)), x] - Dist[(2xcx(2xp +
3))/((p + 1)*x(b"2 - 4*axc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4x*p]

Rubi steps
1 2(3 - 8x) 64 1
f 7 X = - 52t 15 572 4%
(3x — 4a2) 45 (3x — 4x2) (3x - 422)
1
2048 [ ——— dx
_ 2(3-8) 128(3 - 8x) / (3x-422)"2
T 52 372 1215
45(3x—4x2)" 1215 (3x - 4x2)
2(3 - 8x) 128(3 — 8x) 4096(3 — 8x)

45 (3x - 4x2)5/ 2 o5 (3x- 4x2)3/ 2 10935V3x — 422

Mathematica [A] time = 0.01, size = 51, normalized size = 0.76

2 (262144x5 — 491520x* + 276480x3 — 34560x2 — 3240x — 729)

10935(3 — 4x)2x2+/—x(4x — 3)
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Antiderivative was successfully verified.

[In] Integrate[(3*x - 4*x72)7(-7/2),x]
[Out] (2%(-729 - 3240*x - 34560*x~2 + 276480*x~3 - 491520*x"4 + 262144*x75))/(109

35% (3 - 4x*x)"2xx"2*xSqrt [-(x*x (-3 + 4*x))])

fricas [A] time = 0.92, size = 61, normalized size = 0.91

2 (262144 x° — 491520 x* + 276480 x> — 34560 x> — 3240 x — 729)\/—4 x% +3x

- 10935 (64 x6 — 144 x5 + 108 x4 — 27 x3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4xx"2+3%x)~(7/2),x, algorithm="fricas")
[Out] -2/10935%(262144xx"5 - 491520*x~4 + 276480%x~3 - 34560%x~2 - 3240%x - 729)x*
sqrt (-4*x"2 + 3%x)/(64%x76 - 144%x”5 + 108*x"4 - 27*x"3)

giac [A] time = 0.50, size = 49, normalized size = 0.73

2(8(32(8(16(8x —15)x + 135)x —135)x — 405)x — 729) V-4 x%2 + 3 x

10935 (422 - 3x)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4*x"2+3%x)~(7/2),x, algorithm="giac")
[Out] -2/10935%(8*(32%(8*x(16%(8*x — 15)*x + 135)*x - 13B5)*x - 405)*x - 729)*sqrt(
—4%x72 + 3xx)/(4%x72 - 3%x)73

maple [A] time = 0.05, size = 45, normalized size = 0.67

2 (4x - 3) (262144x5 — 491520x4 + 276480x3 — 34560x2 — 3240x — 729) X

NI

10935 (—4x2 + 3x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-4*x~2+3*x)~(7/2),x%)

[Out] -2/10935%x* (4*xx-3)*(262144%x"5-491520%x"4+276480*x~3-34560%x"2-3240*x-729) /
(—4*x"2+3%x) " (7/2)

time = 1.37, size = 82, normalized size = 1.22

maxima [A]
4096 1024 x 128 N 16 x

32768 x

NI
NG

45 (—4x2 + 3x)

—4 2 —4 x2 3
10935 V—422 +3x 3645V-4x2 +3x 1215 (42 +3x)? 405 (~422 + 3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4%x"2+3%x)~(7/2),x, algorithm="maxima")

[Out] 32768/10935%*x/sqrt (-4*x~2 + 3%x) - 4096/3645/sqrt(-4*x~2 + 3*x) + 1024/1215
*xx/ (-4%x72 + 3%x)7(3/2) - 128/405/(-4*x"2 + 3*x)~(3/2) + 16/4b*x/(-4*x"2 +

3%x)~(5/2) - 2/15/(-4%x~2 + 3%x)~(5/2)
mupad [B] time = 0.20, size = 73, normalized size = 1.09
2 2
6480 x — 9216 x (3 x— 4x2) — 32768 x (3 x— 4x2) +12288 (3x - 4x2) — 13824 x% + 1458

(3 x—4 x2)3/ ? (32805 x — 43740 x2)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x - 4*x~2)~(7/2),x)

[Out] -(6480*x — 9216%x*(3%x — 4*x~2) - 32768*x*(3%x - 4*x~2)72 + 12288%(3%x - 4%
X72)72 - 13824%x72 + 1458)/((3*x - 4*x72)7(3/2)*(32805*x - 43740%x"2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
1

—dx

(—4x2 + 3x)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4*x**2+3%*x)**(7/2),%)
[Out] Integral ((—4*x**2 + 3x*x)*x(-7/2), x)
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1
3.25 f m dx

Optimal. Leaf size=12
sin~!(1 — 2bx)
b

[Out] arcsin(2*b*xx-1)/b

Rubi [A] time = 0.01, antiderivative size = 12, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 16,

number o 1Wes _ 0,125, Rules used = {619, 216}

integrand size
_sin_1 (1 —2bx)
b
Antiderivative was successfully verified.
[In] Int[1/Sqrt[b*x - b~ 2*x"2],x]
[Out] -(ArcSin[1 - 2*b*x]/b)
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tla]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, %], x, b
+ 2*xc*x], x] /; FreeQl[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

Subst| [ —=— dx, x,b - 2b%x
f 1 dx = - e
Vbx — b2x2 b
sin!(1 — 2bx)
b

Mathematica [B] time = 0.01, size = 47, normalized size = 3.92

24/x V1 - bx sin™! (\/E\/E)
Vo vbx(bx =T)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[b*x - b~2xx~2],x]

[Out] (2xSqrt[x]*Sqrtl[1l - b*x]*ArcSin[Sqrt[b]l*Sqrt[x]])/(Sqrt[b]l*Sqrt[-(b*xx(-1 +
b*x)) 1)

fricas [B] time = 0.94, size = 27, normalized size = 2.25

V-b2x2+bx
2 arctan| ———

bx

b



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b~2*x"2+b*x)~(1/2),x, algorithm="fricas")
[Out] -2*arctan(sqrt(-b~2*x~2 + bx*x)/(b*x))/b
giac [A] time = 0.52, size = 15, normalized size = 1.25

arcsin (-2 bx + 1) sgn(b)
bl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b~2*x"2+b*x)~(1/2),x, algorithm="giac")
[Out] -arcsin(-2*b*x + 1)*sgn(b)/abs(b)
maple [B] time = 0.07, size = 35, normalized size = 2.92
VP (=-2)
arctan [m)
Vb2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-b"2%x"2+bx*xx) "~ (1/2),x)

[Out] 1/(072)7(1/2)*arctan((b”2)~(1/2)*(x-1/2/b)/(-b72xx"2+b*x) ~(1/2))

maxima [A] time = 2.92, size = 21, normalized size = 1.75

. ( 2b2x—b)
arcsin | —

b
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b~2*x~2+b*x)~(1/2),x, algorithm="maxima"
[Out] -arcsin(-(2*b~2*x - b)/b)/b

mupad [B] time = 0.31, size = 42, normalized size = 3.50

2

by
In 37 +Vbx— b2x2)
\V-b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(bxx - b~ 2%x"2)"(1/2),x%)

116

[Out] log((b/2 - b™2*x)/(-b72)7(1/2) + (b*x - b™2*x72)7(1/2))/(-b72)~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
[——
—b2x2 + bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b**2*x**2+b*x)**(1/2) ,%)

[Out] Integral(1l/sqrt(-b**2*x**2 + b*x), X)
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1
3.26 f m dx

Optimal. Leaf size=24

2t h‘l( b )
an Vb2x2+bx

b

[Out] 2*arctanh(b*x/(b~2*x"2+b*x)~(1/2))/b

Rubi [A] time = 0.01, antiderivative size = 24, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 15,

humber of rules _ 9,133, Rules used = {620, 206}

integrand size

2t nh_l( a )
a Vb2x2+bx

b

Antiderivative was successfully verified.

[In] Int[1/Sqrtl[b*x + b~2*x"2],x]

[Out] (2*ArcTanh[(b*x)/Sqrt[b*x + b~2*x~2]]1)/b
Rule 206

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 620

Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[Int[1/(1
- ¢c*xx72), x], x, x/Sqrt[bxx + c*x~2]]1, x] /; FreeQ[{b, c}, x]

Rubi steps

X

1 1
———dx = ZSubst(f—dx,x,—
f Vbx + b?x? 1-b2x2 Vbx + b?x?

- bx
2tanh™ ( )
_ an Vbhx+b2x2

b

Mathematica [A] time = 0.02, size = 45, normalized size = 1.88

24/x Vbx +1 sinh”! (\/E\/;)
Vo Vox(bx +1)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[b*x + b~2xx~2],x]

[Out] (2#Sqrt[x]*Sqrt[1 + b*x]*ArcSinh[Sqrt[b]*Sqrt[x]])/(Sqrt[b]l*Sqrt[b*x*x(1 + b
*x) 1)

fricas [A] time = 0.81, size = 27, normalized size = 1.12

log (—2 bx + 2 Vb?x? + bx — 1)
B b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b~2*x"2+b*x)~(1/2),x, algorithm="fricas")
[Out] -log(-2%b*x + 2*sqrt(b™2*x"2 + b*x) - 1)/b

giac [A] time = 0.55, size = 36, normalized size = 1.50

log (|—2 (xlbl VP2t bx)lbl - b|)
) ]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b~2*x"2+bxx)~(1/2),x, algorithm="giac")
[Out] -log(abs(-2*(x*abs(b) - sqrt(b~2*x"2 + bxx))*abs(b) - b))/abs(b)

maple [A] time = 0.05, size = 37, normalized size = 1.54

b%x lb
In (i + Vb2x2 + bx)
N
N

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b"2*x"2+bx*x)~(1/2),x)
[Out] In((1/2%b+b~2*x)/(b72)7(1/2)+(b~2*x"2+b*x)~(1/2))/(p"2)~(1/2)

maxima [A] time = 1.37, size = 29, normalized size = 1.21

log (2 bx + 2 Vb2x2 + bx b + b)
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b~2*x~2+bx*x)~(1/2),x, algorithm="maxima")
[Out] log(2xb~2*x + 2*sqrt(b~2%x”2 + b*x)*b + b)/b

mupad [B] time = 0.23, size = 36, normalized size = 1.50

PR+
ln(% +\/b2x2+bx)
V2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(bxx + b~2%x"2)"(1/2),x%)
[Out] log((b/2 + b™2xx)/(b"2)"(1/2) + (b*x + b™2*xx~2)~(1/2))/(b~2)~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
— dx
f Vb2x2 + bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/ (b**2*xx*x*2+b*x)**(1/2),x)

[Out] Integral(1l/sqrt(bx*2*xx**2 + b*x), X)
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1
3.27 f m dx

Optimal. Leaf size=10

. 4 X
_ 1- _)
sin (

[Out] arcsin(-1+1/3*x)

Rubi [A] time = 0.01, antiderivative size = 10, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 13,

number of rules _ ) 154, Rules used = {619, 216}

. 1 x)
- 1=-Z2
s (

Antiderivative was successfully verified.

integrand size

[In] Int[1/Sqrt[6*x - x72],x]
[Out] -ArcSin[1 - x/3]
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b72 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4xa - b~2/c, 0]

Rubi steps

dx,x,6 —2x

1
fmdx Su:st J;\/i
= —sin 1—5

Mathematica [A] time = 0.01, size = 14, normalized size = 1.40

Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[6*x - x72],x]
[Out] -2*%ArcSin[Sqrt[1l - x/6]]
fricas [B] time = 0.60, size = 18, normalized size = 1.80

-2 arctan[
X

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(-x"2+6%x)~(1/2),x, algorithm="fricas")
[Out] -2*xarctan(sqrt(-x~2 + 6%*x)/x)

giac [A] time = 0.39, size = 6, normalized size = 0.60

1
in[-x-1
arcs1n(3x )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-x"2+6*x)~(1/2),x, algorithm="giac")
[Out] arcsin(1/3*x - 1)

maple [A] time = 0.05, size = 7, normalized size = 0.70

n(5-1)
arcsin | = —
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-x"2+6%x)"(1/2),x)
[Out] arcsin(1/3*x-1)

maxima [A] time = 3.03, size = 8, normalized size = 0.80

1
—arcsin|-=x+1
arcsin ( 3 X )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-x"2+6%x)~(1/2),x, algorithm="maxima"
[Out] -arcsin(-1/3*x + 1)

mupad [B] time = 0.11, size = 6, normalized size = 0.60

(57
asin( - -
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(6%x - x~2)~(1/2),x)
[Out] asin(x/3 - 1)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
———dx
f V-x2 + 6x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-x**2+6xx)**(1/2),x)

[Out] Integral(1l/sqrt(-x**2 + 6%x), x)
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1
3.28 f W dx

Optimal. Leaf size=16

2tanh™ (L)
Vx2 + 4x

[Out] 2*arctanh(x/(x"2+4%x)~(1/2))

Rubi [A] time = 0.00, antiderivative size = 16, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 11,

number of rules _ ) 182, Rules used = {620, 206}

2tanh ™! (L)

Va2 + 4x

integrand size

Antiderivative was successfully verified.
[In] Int[1/Sqrt[4xx + x72],x]

[Out] 2%ArcTanh[x/Sqrt[4*x + x72]]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 620
Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[Int[1/(1

- ¢*x72), x], x, x/Sqrtl[b*x + c*x"2]], x] /; FreeQ[{b, c}, x]

Rubi steps

1 1 X
—dx=28ubst(f—dx,x,—)
f\/4x+x2 1-x2 Vax + x?

X
_ 2 tanh™! (—)
Vix + x2

Mathematica [B] time = 0.01, size = 33, normalized size = 2.06

24/x Vx + 4 sinh™ (%)
Vx(x +4)

Antiderivative was successfully verified.

[In] Integrate[1l/Sqrt[4*x + x72],x]
[Out] (2*xSqrt[x]*Sqrt[4 + x]*ArcSinh[Sqrt[x]/2])/Sqrt[x*(4 + x)]

fricas [A] time = 0.91, size = 17, normalized size = 1.06

—log(—x+ Va2 +4x —2)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(x"2+4*x)~(1/2),x, algorithm="fricas")
[Out] -log(-x + sqrt(x~2 + 4xx) - 2)

giac [A] time = 0.54, size = 18, normalized size = 1.12

—log (|—x + V2 +4x - 2|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(x"2+4*x)~(1/2),x, algorithm="giac")
[Out] -log(abs(-x + sqrt(x”2 + 4*x) - 2))

maple [A] time = 0.04, size = 14, normalized size = 0.88

ln(x+2+‘\/x2+4x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x"2+4xx)"(1/2),x%)
[Out] 1n(x+2+(x"2+4%x)~(1/2))

maxima [A] time = 1.31, size = 17, normalized size = 1.06

log(2x+2‘\/x2 +4x +4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x"2+4x%x)~(1/2),x, algorithm="maxima"
[Out] log(2*x + 2*sqrt(x”2 + 4xx) + 4)

mupad [B] time = 0.51, size = 11, normalized size = 0.69

ln(x+\/x (x+4) +2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x + x72)"(1/2),x)
[Out] log(x + (x*(x + 4))~(1/2) + 2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
—dx
f Va2 + 4x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x**2+4xx)*x(1/2),x)
[Out] Integral(1l/sqrt(x**2 + 4xx), x)
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1
3.29 f m dx

Optimal. Leaf size=16

2tanh”! (L)
x2 - 2x

[Out] 2*arctanh(x/(x"2-2%x)~(1/2))

Rubi [A] time = 0.00, antiderivative size = 16, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 11,

number of rules _ ) 182, Rules used = {620, 206}

2tanh™! (L)

Va2 - 2x

integrand size

Antiderivative was successfully verified.
[In] Int[1/Sqrt[-2*x + x~2],x]

[Out] 2%ArcTanh[x/Sqrt[-2*x + x~2]]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 620

Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[Int[1/(1
- ¢*x72), x], x, x/Sqrtl[b*x + c*x"2]], x] /; FreeQ[{b, c}, x]

Rubi steps

1 1 X
—dx=28ubst(f—dx,x,—)
f\/—2x+x2 1-x? V=2x +x?

X
_ 2 tanh™! (—)
V-2x + x?

Mathematica [B] time = 0.01, size = 33, normalized size = 2.06

2VG =2 sint (1-3)
V=((x-2)v)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-2*x + x72],x]
[Out] (2#Sqrt[(-2 + x)*x]*ArcSin[Sqrt[1 - x/2]11)/Sqrt[-((-2 + x)*x)]

fricas [A] time = 0.82, size = 17, normalized size = 1.06

—1og(—x+‘\/x2—2x +1)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(x"2-2*x)~(1/2),x, algorithm="fricas")
[Out] -log(-x + sqrt(x™2 - 2xx) + 1)

giac [A] time = 0.54, size = 18, normalized size = 1.12

—log (|—x +Vx2-2x + 1|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(x"2-2*x)~(1/2),x, algorithm="giac")
[Out] -log(abs(-x + sqrt(x”2 - 2*x) + 1))

maple [A] time = 0.05, size = 14, normalized size = 0.88

ln(x—1+\/x2—2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x"2-2*%x)"(1/2),x%)
[Out] 1In(x-1+(x"2-2*x)"(1/2))

maxima [A] time = 1.33, size = 17, normalized size = 1.06

log(2x+2‘\/x2—2 —2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x72-2%x)~(1/2),x, algorithm="maxima"
[Out] log(2*x + 2*sqrt(x”2 - 2xx) - 2)

mupad [B] time = 0.53, size = 11, normalized size = 0.69

ln(x+\/x (x-2) —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x"2 - 2*x)~(1/2),x)
[Out] log(x + (xx(x - 2))~(1/2) - 1)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
—dx
f Va2 - 2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x**2-2xx)*x(1/2),x)
[Out] Integral(1l/sqrt(x**2 - 2x*x), x)
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3.30 f (bx + cxz)4/3 dx

Optimal. Leaf size=448

V23%4/2 = /3 b2 (bx + c9c2)4/3
43
+ i +

c(bx+cx2) 43 c(bx+cx2) 43
22c |- 55¢ (-

cx(b+cx) 43 2 4/3 3/ cx(b+cx) 2
3 —— (b+2cx)(bx+cx) = (b+2cx)(bx+cx)

b2 b2

[Out] 3/55*%(—cxx*x(cxx+b) /b72) ~(1/3) * (2*c*xx+b) * (cxx~2+b*x) ~(4/3) /c/ (—cx (c*xx™2+b*x)
/b72)~(4/3)+3/22*% (—c*x*x (c*x+b) /b™2) " (4/3) * (2% c*xx+b) * (c*xx~2+b*x) ~(4/3) /c/(-c

* (cxx"2+b*x) /b"2) " (4/3)+1/55%27(1/3)*37(3/4) *b" 2% (c*x~2+b*x) ~(4/3) *(1-2"(2/

3)* (—ckxxx (cxx+b) /b~2) 7 (1/3))*E1lipticF ((1-27(2/3) * (-c*xxx (cxx+b) /b~2) " (1/3)+
37(1/2))/(1-27(2/3) * (—c*xx* (cxx+b) /b™2) ~(1/3)-37(1/2)) ,2*xI-Ix37(1/2) ) *(1/2%6
~(1/2)-1/2%27(1/2) ) * ((1+27(2/3) * (=c*x* (c*x+b) /D72) " (1/3) +2%27 (1/3) * (—c*x* (c

*x+b) /b~2)~(2/3))/(1-27(2/3) * (=c*x* (c*x+b) /b~2) ~(1/3)-37(1/2))"2)~(1/2) /c/(
2%c*x+b) / (mcx (c*xx™2+b*x) /©72) ~(4/3) / ((-1+27(2/3) * (—c*x* (c*x+b) /b~2) " (1/3) )/
(1-27(2/3) % (—cxx*x (c*x+b) /b~2) ~(1/3)-37(1/2))"2)"(1/2)

Rubi [A] time = 0.72, antiderivative size = 448, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 13,

number of rules _ ),385, Rules used = {622, 619, 195, 236, 219}

integrand size

V23%44/2 = /3 b2 (bx + cx2)4/3
43
2 + L +

c(bx+cx2) 43 c(bx+cx2) 43
22c |- 55¢ (-

cx(b+cx) 43 2 4/3 3/ cx(b+cx) 2
3(- (b + 2cx) (bx+cx ) 3.4/- (b+2cx)(bx+cx )

b2 ¥

Antiderivative was successfully verified.
[In] Int[(b*x + c*x72)~(4/3),x]

[Out] (3% (=((c*xx*x(b + c*x))/b72))"(1/3)*x(b + 2*c*x)*(b*x + c*x72)7(4/3))/(55xc*x (-
((c*x(bxx + c*xx72))/b72))7(4/3)) + (3% (=((c*xx*x(b + c*x))/b72))7(4/3)*(b + 2%
c*x)* (b*x + c*x72)7(4/3))/(22%c*x (- ((cx(b*x + c*x72))/b72))~(4/3)) + (27(1/3
)*37(3/4)*Sqrt[2 - Sqrt[3]1]1*b~2*(b*x + c*xx~2)~(4/3)*(1 - 27(2/3)*(-((c*x*(b
+ ¢c*x))/b72)) " (1/3))*Sqrt [(1 + 27(2/3)*(-((cxx*(b + c*x))/b"2))~(1/3) + 2%
27(1/3)* (- ((c*xxx (b + c*xx))/b72))7(2/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x*x(b +
c*x))/b~2))~(1/3)) 2] *#E1lipticF [ArcSin[(1 + Sqrt[3] - 27(2/3)*(-((c*x*(b +
c*x))/b72))~(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((cxxx(b + c*x))/b"2))~(1/3))]
, =7 + 4x3qrt[3]1]1)/(65*c*(b + 2xckx)* (- ((c*x(b*x + c*xx72))/b~2))~(4/3)*Sqrt [
-((1 - 27(2/3)*(-((c*xxx(b + c*x))/b"2))~(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c
*xx* (b + c*x))/b”2))~(1/3))"2)]1)

Rule 195

Int[((a ) + (b_.)*(x_ )" (n_))"(p_), x_Symbol]l :> Simp[(x*(a + b*x"n) p)/(n*p

+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3+*p]) || LtQ[Denominator[p + 1/n],
Denominator [p]l])
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Rule 219

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 - Sqrt[3]]*(s + r*x)*Sqrt[(s~2 - r*s
*x + r72*%x72)/((1 - Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 + Sqrt[3])*s

+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*Sqrt[3]])/(37(1/4)*r*Sqrt[a + b*x~3
1#Sqrt [-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)~2)1), x]] /; FreeQ[{a, b}, x
1 && NegQl[al

Rule 236

Int[((a_) + (b_.)*(x_)"2)"(-2/3), x_Symbol] :> Dist[(3*Sqrt[b*x~2])/(2*b*x)
, Subst[Int[1/Sqrt[-a + x73], x], x, (a + b*x"2)"(1/3)1, x] /; FreeQ[{a, b}
, XJ

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b72 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2%c*xx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*xa - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*x)/b) - (c™2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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4/3 2,2\43
f(bx + cx2)4/3 dx = (bx i sz) f (_% _ %) n

c(bx+cx2) 413
-
4/3 )
(b2 (bx + cx2)4/3) Subst (f (1 - E) dx, x, —% = ZZ—ZX)

4/3
C(bx+cx2)
8 22/3¢2 (_b—Z)

43 43 31 _ v
3 (_Cx(bb:CX)) (b + zcx) (bx + sz) / (b2 (bx + cXx ) ) SUbSt (f _x dxl X, _g

4/3 4/3
c(bx+cx2) c(bx+cx2)
22¢ (— 2 ) 11 22/3¢2 (_b—z

4/3 (\B/Ebz (‘

4/3 x(b
33~ b+Cx) (b + 2cx) (bx + cx ) ! 3 (— (bZCX)) (b + 2cx) (bx +cx )
+

C(bx+cx2) 43 bx+cx2
55c| - 22c |-

b2

4/3

b 4/3

33 b+cx (b +26x) (bx ex )4/3 3 (_Cx(bszcx)) (b + 2cx) (bx + sz) (3 (bx +
+

= +
c(bx+cx2) 403 c(bx+cx2) e
55¢ | ~—— 22c|\~——4
3/~ n3/4
43 . V2334,
39~ b+cx) (b + 2cx) (bx + cx )4/3 3 (—Cx(bb;cx)) (b + 2cx) (bx + sz) P
- 4/3 + 4/3 +
c(bx+cx2) c(bx+cx2)
55¢ | ~—— 22c\——

Mathematica [C] time = 0.01, size = 48, normalized size = 0.11

302+ e oF (-3, 5% -9)

73 cx +1

Antiderivative was successfully verified.

[In] Integratel[(b*x + c*xx~2)7(4/3),x]

[Out] (3*xb*xx"2x(x*(b + c*x))~(1/3)*Hypergeometric2F1[-4/3, 7/3, 10/3, -((c*x)/b)]
Y/ (7x(1 + (c*xx)/b)~(1/3))

fricas [F] time = 0.68, size = 0, normalized size = 0.00
4
integral ((cx + bx) > )
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(4/3),x, algorithm="fricas")
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[Out] integral((c*x"2 + b*x)~(4/3), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

4

f (cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(4/3),x, algorithm="giac")
[Out] integrate((c*x~2 + bx*x)~(4/3), x)
maple [F] time = 0.85, size = 0, normalized size = 0.00

4

f(cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x™2+b*xx)~(4/3),%)
[Out] int((c*x~2+b*x)~(4/3),x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

4

f (cx2 + bx)5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(4/3),x, algorithm="maxima"
[Out] integrate((c*x~2 + b*x)~(4/3), x)

mupad [B] time = 0.23, size = 36, normalized size = 0.08

3x(cx2+bx)4/3 570 Cx)

2 (‘5' ¥ 3 0

7(% + 1)4/3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*xx~2)~(4/3),x)

[Out] (3*x*(b*x + c*x72)7(4/3)*hypergeom([-4/3, 7/3], 10/3, -(c*x)/b))/(7*((c*x)/
b + 1)7(4/3))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
4

f(bx + cxz)5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+b*xx)**(4/3),x%)
[Out] Integral((b*xx + c*x**2)**(4/3), x)
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3.31 f Vbx + cx? dx

Optimal. Leaf size=387

394\ -3 12 v e (1220 2090

( Cx(b+cx)) +02/3 3/ cex(
( _92/3 3[ cx(b+cx \/—

c(bx+cx2)
b2

313/—”(};“) (b + 2cx)Vbx + cx2
+

3 c(bx+cx2)

3
2 5223¢(b + 2cx)\[ -

10¢ 1-2

(=

[Out] 3/10%(-cxx*(c*x+b)/b~2) " (1/3)* (2xc*x+b) * (cxx~2+b*x) ~(1/3) /c/ (—c* (c*x™2+b*x)
/b72)7(1/3)+1/10%37(3/4) *b~2* (c*x~2+b*x) ~(1/3) *(1-27(2/3) * (—c*x* (c*x+b) /b2

)~ (1/3))*E1lipticF ((1-27(2/3) * (—c*xx* (c*x+b) /b~2) ~(1/3)+37(1/2))/(1-27(2/3) *
(—c*xx*x (c*x+b) /b72) 7 (1/3)-37(1/2)) ,2%I-Ix37(1/2) ) *(1/2%6~ (1/2)-1/2*%27(1/2) ) *
((1+27(2/3) * (—c*xx* (c*xx+b) /D™2) ~(1/3) +2%27 (1/3) * (—-c*xx* (c*x+b) /b~2) ~(2/3)) /(1
-27(2/3) % (—c*xx*x (c*xx+b) /b™2) ~(1/3)-37(1/2))"2)~(1/2)*2~(1/3) /c/ (2xc*xx+b) / (-c

* (cxx72+b*x) /b~2) " (1/3) / ((-1+27(2/3) * (-c*xx*x (c*xx+b) /b~2) " (1/3)) / (1-27(2/3) *(
—c*xx*x (cxx+b) /b72)~(1/3)-37(1/2))"2)"(1/2)

Rubi [A] time = 0.45, antiderivative size = 387, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 13,

numberof rules _ () 385, Rules used = {622, 619, 195, 236, 219}

33/4J2 = V3 b2 Vbx + cx? (1 2230/~ Cx(b+cx) )

integrand size

( cx(b+cx)) +02/3 3 exl
( _92/3 3[ cx(b+cx

(bx+cx2)
b2

33/—”(};”) (b + 2cx)Vbx + cx2
+

C(bx+cx2)

2 5223¢(b + 2cx)

3
10c+/ —

Antiderivative was successfully verified.
[In] Int[(b*x + c*x72)~(1/3),x]

[Out] (3*(=((cxx*(b + c*x))/b"2))~(1/3)*(b + 2*c*xx)*(b*x + c*¥x72)7(1/3))/(10*c* (-
((ex(b*x + c*x72))/b72))7(1/3)) + (37(3/4)*Sqrt[2 - Sqrt[3]]1*b~2*(b*x + cxx
~2)7(1/3)*%(1 - 27(2/3) % (= ((cxxx (b + c*x))/b72))~(1/3))*Sqrt [(1 + 27(2/3)* (-
((exxx (b + c*x))/b72))7(1/3) + 2%27(1/3)*(=((c*x*x(b + c*x))/b72))7(2/3))/(1
- Sqrt[3] - 27(2/3)*(-((c*x*x(b + c*x))/b72))~(1/3)) 2] *EllipticF[ArcSin[(1
+ Sqrt[3] - 27(2/3)*(-((cxxx(b + c*x))/b~2))~(1/3))/(1 - Sqrt[3] - 27(2/3)
* (= ((c*xxx(b + c*xx))/b72))7(1/3))], -7 + 4+Sqrt[3]1])/(5*%27(2/3)*c*x(b + 2*c*x
)x (= ((c*x(b*x + cxx72))/b72)) 7 (1/3)*Sqrt [-((1 - 27(2/3)*(-((c*xx*(b + c*x))/b
72))7(1/3)) /(1 - Sqrt[3] - 27(2/3)*(-((cxx*x(b + c*x))/b72))"(1/3))"2)])
Rule 195
Int[((a_) + (b_)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*nxp)/(n*p + 1), Int[(a + bxx™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p]l || (EqQ[n, 2] &&

IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3+*p]) || LtQ[Denominator[p + 1/n],
Denominator [p]])

Rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
= Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 - Sqrt[3]1]1*(s + r*x)*Sqrt[(s”2 - r*s
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*x + r72*%x72)/((1 - Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 + Sqrt[3])*s
+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*Sqrt[3]11)/(37(1/4)*r*Sqrt[a + b*x"3
1#Sqrt [-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)~2)]), x]] /; FreeQ[{a, b}, x
] && NegQ[al

Rule 236

Int[((a_) + (b_.)*(x_)"2)"(-2/3), x_Symbol] :> Dist[(3*Sqrt[b*x~2])/(2*b*x)
, Subst[Int[1/Sqrt[-a + x73], x], x, (a + b*x"2)"(1/3)], x] /; FreeQ[{a, b}
, x]

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*xx)/b) - (c™2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
3 2,2
s Vsbx+cx2f —%—%dx
f Vbx + cx? dx =
3 c(bx+cx2)
——

2
(b2V3 bx + cx? ) Subst (f 13/1 - bi—:z dx, x, —% - 2;—296)

3/ c(bx+cx2)
2 22/3C2 _b—z

2

(bz\/3 bx + cx? ) Subst| [ ;2/3 dx, x, =3 - 21c7_2x
2.2

313/—Cx(bb;rcx) (b + 2cx)Vbx + cx2 (1—bcz )

3 c(bx+cx2

3 c(bx+cx2)
10cA [ — 2 522/362\,—17—2

3 > \/_ _ 4& _ 4c2x2 1
3 Jh cx(l;;rcx) (b + 2c%) m (3 Vbx + cx 1 ; 72 Subst NE dx, x,2
= +

3 c(bx+cx2

10cy[———

~—

~—

3 bx+cx2)
o3 (_c _ 2% _d
102 ( 7 2 ) 2

3432 = B 1P + o |1 - A0 (1 - 22/3fﬁ
b o
3:/—“(};0@ (b + 2cx)Vbx + cx2
= +

10 3 c(bx+cx2 s
— C
¢ 2 5 22B¢c(b + 2cx)y [ —-

~—
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Mathematica [C] time = 0.01, size = 45, normalized size = 0.12

3xv/x(b + cx) ,F; (—%, g; g; —%)

3/cx

4 ?+1

Antiderivative was successfully verified.

[In] Integrate[(bxx + c*x72)7(1/3),x]

[Out] (3*x*x(x*(b + c*x))~(1/3)+*Hypergeometric2F1[-1/3, 4/3, 7/3, -((c*x)/b)]1)/ (4%
(1 + (c*x)/b)~(1/3))

fricas [F] time = 0.87, size = 0, normalized size = 0.00
1
integral ((cx2 + bx) 3, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(1/3),x, algorithm="fricas")
[Out] integral((c*x"2 + b*x)~(1/3), x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

1

f (cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(1/3),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(1/3), x)

maple [F] time = 0.55, size = 0, normalized size = 0.00

1

f(cxz + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+b*xx)~(1/3),x)
[Out] int((c*x~2+b*x)~(1/3),x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

1

f (cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(1/3),x, algorithm="maxima"
[Out] integrate((c*x~2 + b*x)~(1/3), x)

mupad [B] time = 0.17, size = 36, normalized size = 0.09

)1/3

3x(cx2+bx 14,7, Cx)

2F1 (‘& 33
)1/3

4(T+1
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x72)7(1/3),x%)

[Out] (3*x*(b*x + c*x72)7(1/3)*hypergeom([-1/3, 4/3], 7/3, -(c*x)/b))/(4x((c*x)/b
+ 1)7(1/3))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f Vox + ca? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+bxx)**(1/3),x)

[Out] Integral((b*x + ckxx**2)**(1/3), x)
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332 [——mdx

(bx+cx2)2/3

Optimal. Leaf size=322

2/3 2\3/5 cx(b+cvc)) 4023 3] cx(btex) +1 923 3] cx(b

2 -

\/—33/4 [2 \/_ b2 ( (bx+cx )) (1 _ 223 3] cx(b+cx) ) ( V F Sin_l \V %
2

b ( 22/3 3 cx(b+cx) —22/3 3[_L(bj

b;

-3 +1)
3| cx(b+cx)
2/3
)2/3 1-22P 1 -=3
(_22/3 3 cx(l;cx) ~ \/§+1)

[Out] 27(1/3)*37(3/4)*b" 2% (—c* (c*xx™2+b*x) /b~2) ~(2/3) *(1-27(2/3) * (—c*x* (c*x+b) /D~2
)~ (1/3))*E1lipticF ((1-27(2/3) *x (—c*xx* (c*x+b) /b~2) ~(1/3)+37(1/2))/ (1-27(2/3) *
(=cxx* (c*x+b) /b72) " (1/3)-37(1/2)) ,2+¥I-Ix37(1/2))*(1/2*6~(1/2)-1/2*27(1/2) ) *
((1+27(2/3) * (—c*xxx (cxx+b) /b72) 7 (1/3)+2%27 (1/3) * (-c*xx* (c*x+b) /b72) 7 (2/3)) /(1
-27(2/3) % (—c*x*x (c*xx+b) /b~2) ~(1/3)-37(1/2))"2) " (1/2) /c/ (2*c*x+b) / (c*xx~2+b*x)
~(2/3)/((-1+27(2/3) * (—c*xx*x (c*x+b) /D72) " (1/3) ) / (1-27(2/3) * (-c*x* (c*x+b) /D~2)
~(1/3)-37(1/2))"2)"(1/2)

Rubi [A] time = 0.39, antiderivative size = 322, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 13,

number o 1ues _ 0,308, Rules used = {622, 619, 236, 219}

c(b + 2cx) (bx + cx? 5

integrand size

(b 2) 2/3 233 2 cr(b+cx)) 492733 Cx(bﬂx) 2 i/T(b*

3 c|bx+cx 3 o .

‘/533/4\/2 ~ 3 p? (_ b2 ) (1 - 22/3\/_CX(1;2CX) ) F sin”! 3
(—22/3 X _C"“;;“’ -3 +1) 223 /__ch;

1-02/3 3 [_ cx(b+cx)
A

2
(_22/3 3 _cx(l;;—cx) _\/§+1)

c(b + 2cx) (bx + cxz)Z/3

Antiderivative was successfully verified.
[In] Int[(b*x + c*xx~2)~(-2/3),x]

[Out] (27(1/3)*37(3/4)*Sqrt[2 - Sqrt[3]]*b~2*(-((c*x(b*x + c*x72))/b72))~(2/3)*(1
- 27(2/3)* (= ((cxx*x (b + c*x))/b72))~(1/3))*Sqrt [(1 + 27(2/3)*(-((cxx*(b + cx*
x))/072))7(1/3) + 2%27(1/3) * (- ((c*xx(b + c*x))/b2))7(2/3))/(1 - Sqrt[3] -
27(2/3)* (- ((c*xxx(b + c*xx))/b"2))~(1/3))"2]*EllipticF[ArcSin[(1 + Sqrt[3] -
27(2/3) % (- ((c*xx*x(b + c*x))/b72))7(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x*x(b +
c*x))/b72))"(1/3))]1, -7 + 4xSqrt([3]1]1)/(cx(b + 2xc*x)*(b*x + c*x72)7(2/3)*S
qrt[-((1 - 27(2/3)*(-((c*x*x(b + c*x))/b72))~(1/3))/(1 - Sqrt[3] - 27(2/3)*(
- ((c*xx(b + c*x))/b72))7(1/3))72)1)

Rule 219

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 - Sqrt[3]]*(s + r*x)*Sqrt[(s”2 - r*s
*x + r72*%x72)/((1 - Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 + Sqrt[3])*s
+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*Sqrt[3]])/(37(1/4)*r*Sqrt[a + b*x~3
1xSqrt [-((sx(s + r*x))/((1 - Sqrt[3])*s + r*x)~2)]), x]] /; FreeQ[{a, b}, x
1 && NegQ[al

Rule 236

Int[((a_) + (b_.)*(x_)"2)"(-2/3), x_Symbol] :> Dist[(3*Sqrt[b*x~2])/(2*b*x)
, Subst[Int[1/Sqrt[-a + x73], x], x, (a + b*x"2)"(1/3)1, x] /; FreeQ[{a, b}
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, x]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(cx(bxx + c*x72))/b~2))7p, Int[(-((c*x)/b) - (c"2%x"2)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps

f 1 d b 2
23 X = 273
(bx + cxz) ! (bx + cxz) !
2/
3 2 c(bx+cx2) c 2c¢2x
[\/Eb (— = Subst f b2x2)2/3 dx, x, e
5

14223 3 [_ cx(b+ex
b2

2\ 2/3
3~ 73/4 _ 2 _c(bx+cx ) g Ax 4c2x2 523 3] _cx(b+cx)
V233442 \/519( = 1- 2 -2 (1-228 -2

(1—\/5 -22

4cx(b+cx)

2/3
c(b + 2cx) (bx + cxz) ! -1 =

Mathematica [C] time = 0.01, size = 43, normalized size = 0.13

2/3
(1) R (4 35-5)

(x(b + cx))?3

Antiderivative was successfully verified.

[In] Integrate[(b*x + c*x72)7(-2/3),x]

[Out] (3*x*x(1 + (c*x)/b)~(2/3)*Hypergeometric2F1[1/3, 2/3, 4/3, -((c*x)/b)])/(x*(
b + c*x))7~(2/3)

fricas [F] time = 1.00, size = 0, normalized size = 0.00

1
integral | ——, x

(cx2 + bx)5
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+b*x)~(2/3),x, algorithm="fricas")
[Out] integral((c*x"2 + b*x)~(-2/3), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

N

(cx2 + bx)§
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(2/3),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-2/3), x)

maple [F] time = 0.77, size = 0, normalized size = 0.00

1
dx

N

(c x% + bx) 3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+b*x)~(2/3),x)
[Out] int(1/(c*x"2+b*x)~(2/3),x)
maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
dx

(cx2 + bx)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(c*x”~2+bxx)~(2/3),x, algorithm="maxima"
[Out] integrate((c*x~2 + b*x)~(-2/3), x)
mupad [B] time = 0.22, size = 36, normalized size = 0.11

cx 2/3 1 2 4 cx
3x(F+1) R (35 5 -9

)2/3

(cx2+bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(2/3),x)

[Out] (3*x*((c*x)/b + 1)~(2/3)*hypergeom([1/3, 2/3], 4/3, -(c*x)/b))/(b*x + c*x"2
)~ (2/3)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
[

(bx + cxz)5

N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+b*x)**(2/3),%)

[Out] Integral((bxx + c*x**2)*x(-2/3), x)
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333 [ ———dx

(bx+cx2)5/3

Optimal. Leaf size=384

bx+cx2) 5/3 5 - Cx(b+c~c) 22/ \/—
c(bx+cx?) o3 ‘/_33/4\/27\/— bz( ) (1 2/3 W )
3(b + 2cx) (_ 2 ) ( 2 i/T 5

' 22/3\[
3/ cx(b+
_n2/3

[Out] 3/2*%(2*c*x+b)* (—c* (c*x™2+b*x) /b~2) " (5/3) /c/ (—c*x* (c*x+b) /b~2) " (2/3) / (c*xx~2+
b*x) " (5/3)+27(1/3)*37(3/4) *b~ 2% (—c* (c*x~2+b*x) /b"2) " (5/3) * (1-27(2/3) * (—c*x*
(c*x+b) /b~2) " (1/3) ) *E11lipticF ((1-27(2/3) * (-c*x* (c*x+b) /b~2) " (1/3)+37(1/2))/
(1-27(2/3) * (mcxx* (c*x+b) /b~2) ~(1/3)-37(1/2)) ,2*¥I-Ix37(1/2) ) *(1/2x6~(1/2)-1/
2%27(1/2)) % ((1+27(2/3) * (—c*x* (c*x+b) /b~2) ~(1/3) +2%x27 (1/3) * (~c*x* (c*x+b) /b2
)7(2/3))/(1-27(2/3) * (—c*xx* (c*x+b) /b~2) ~(1/3)-37(1/2))~"2)~(1/2) /c/ (2%c*x+b) /
(cxx™2+b*x) ~(5/3) / ((-1+27(2/3) * (—c*xx* (c*x+b) /b~2) ~(1/3) ) / (1-27(2/3) * (—c*x* (
c*x+b) /b~2)7(1/3)-37(1/2))"2)~(1/2)

+

2c (— Cx(l;;rcx)) (bx + cxz)

c(b + 2cx) (bx + cxz)S/3

Rubi [A] time = 0.46, antiderivative size = 384, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 13,

number of rules _ ), 385, Rules used = {622, 619, 199, 236, 219}

5/3 Cx(b+cx) 2

34 5 bx+cx2) / 2/3 3[ cx(b+cx) ( ) 20 V

c(bx+cx2) 53 \/_3 2- \/— b 1-2 »2
3[ b+

) (_22/3 CA( cx) \/—_|

1-22/3 f
(_22/3 3, CY(b+

integrand size

3(b + 2cx) (—

2 (_ cx(?;cx)) (bx + sz) 53
c(b + 2cx) (bx + cxz)

Antiderivative was successfully verified.
[In] Int[(b*x + c*x~2)~(-5/3),x]

[Out] (3*(b + 2%cxx)*(-((cx(bxx + c*x72))/072))7(5/3))/(2xcx(-((c*x*x(b + c*x))/b”
2))7(2/3)*(bxx + cxx~2)7(5/3)) + (27(1/3)*37(3/4)*Sqrt[2 - Sqrt[3]1]1*b~2x*(-(
(c*x(b*x + c*xx72))/b72))7(6/3)*(1 - 27(2/3)*(-((c*xx(b + c*x))/b72))~(1/3))*
Sqrt[(1 + 27(2/3)*(=((c*x*x(b + c*x))/b"2))~(1/3) + 2x27(1/3)*(-((c*xx(b + ¢
*x))/b72))7(2/3)) /(1 - Sqrt[3] - 27(2/3)*(-((c*xx(b + c*x))/b72))~(1/3))"2]
*E1lipticF[ArcSin[(1 + Sqrt[3] - 27(2/3)*(-((c*x*x(b + c*x))/b72))~(1/3))/(1

- Sqrt[3] - 27(2/3)*(-((cxxx(b + c*x))/b"2))~(1/3))]1, -7 + 4xSqrt[3]1]1)/(c*

(b + 2xc*x)*(b*x + c*xx~2)~(5/3)*Sqrt[-((1 - 27(2/3)*(-((c*xx*(b + c*x))/b~2)
)7(1/3))/(1 - 8qrt[3] - 27(2/3)*(-((c*kx*(b + c*x))/b72))~(1/3))72)])

Rule 199

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Simp[(xx(a + b*x™n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*xx"n)~
(p + 1), x1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Integer
Ql2xp] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2#Sqrt[2 - Sqrt[31]1*(s + r*x)*Sqrt[(s”2 - r*s
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xx + r72*%x72)/((1 - Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 + Sqrt[3])*s
+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*Sqrt[3]11)/(37(1/4)*r*Sqrt[a + b*x"3
1#Sqrt [-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)"2)]), x]] /; FreeQ[{a, b}, x
] && NegQ[al

Rule 236

Int[((a_) + (b_.)*(x_)"2)"(-2/3), x_Symbol] :> Dist[(3*Sqrt[b*x72])/(2*b*x)
, Subst[Int[1/Sqrt[-a + x73], x], x, (a + b*x"2)"(1/3)], x] /; FreeQ[{a, b}
, x]

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2%c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4xaxc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(cx(bxx + c*x72))/072))7p, Int[(-((c*x)/b) - (c"2%x72)/b"2)"p, x]1, x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps

5/3
c(bx+cx2) 1
(_ & ) f ( o c2x2 ax

)5/3

(bx + cx?2

3 c(bx+cx2) 503 1 c 2c2x
S PR
b

c? (bx + cx2)5/3

o\ 5/3
5/3 \3/5192 (_c(bx+cx )) Subst 1
b 2 —_— ubSs E—vTy
3(b + 2cx) (—C( x;;cx )) ( s / (1_;;32)2/3
= 2/3 53 5/3
2c (——CX(Z;CX)) (bx + cxz) ! c? (bx + Cx2>

5/3 ’ 5/3
b 2 c(bx+cx 4 4c2x2 1

2/3 5/3 22 53

2c (— Cx(bbzcx)) (bx + cxz) ! 273 (—% - %) (bx + cxz)
5/3 {2334 [ \3 12 c(bxter?) » \/ dox 422
3(b + 2cx) (—C(bx+cx2)) 232 VI m T -5 (
b2
= +

2/3 5/3

2c (— Cx(l;cx)) (bx + cx2) /

c(b + 2cx) (l
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Mathematica [C] time = 0.01, size = 47, normalized size = 0.12

cx 2/3 251 cx
3(2+1)" R (-3 5 5-5)
2b(x(b + cx))?3

Antiderivative was successfully verified.

[In] Integrate[(b*x + c*x~2)7(-5/3),x]

[Out] (-3*(1 + (c*x)/b)~(2/3)*Hypergeometric2F1[-2/3, 5/3, 1/3, -((c*x)/b)])/(2%b
*(xx(b + cxx))7(2/3))
fricas [F] time = 0.73, size = 0, normalized size = 0.00

(cx2 + bx)%

c2x4 + 2 bex3 + b2x?’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+b*x)~(5/3),x, algorithm="fricas")
[Out] integral((c*x"2 + b*x)~(1/3)/(c™2*x"4 + 2xb*c*x~3 + b™2*x"2), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

[SSIRS; ]

(cx2 + bx)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(c*x~2+b*x)~(5/3),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-5/3), x)

maple [F] time = 0.75, size = 0, normalized size = 0.00

1
dx

(c x2 + bx)g

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+b*xx)~(5/3),x%)
[Out] int(1/(c*x"2+b*x)~(5/3),x%)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

(9,1

(cx2 + bx)§
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(5/3),x, algorithm="maxima"
[Out] integrate((c*x~2 + b*x)~(-5/3), x)

mupad [B] time = 0.25, size = 36, normalized size = 0.09

()35 )
2 (c x2 + bx)S/3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(5/3),x)
[Out] -(3*xx((c*x)/b + 1)7(5/3)*hypergeom([-2/3, 5/3], 1/3, -(c*x)/b))/(2*(b*x +

c*x72)7(5/3))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

[6;]

(bx + cxz)5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ckx**2+b*x)**(5/3),x)

[Out] Integral((bxx + c*x**2)**x(-5/3), x)
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3.3 [ ———dx

(bx+cx2)8/3

Optimal. Leaf size=448

8/3 8/3 3239 [ N 23 3] axbren) 22
c(bx+cx2) c(bx+cx2)) 14v23 2—-vV3b°(1-2 -7 -

%
21(b + 2cx) (— 72 ) 3(b + 2cx) (— 7z

23 83 53 83
5¢ (— Cx(l;:cx)) (bx + cxz) 5¢ (—Cx(l;rcx)) (bx + cxz)

5¢(b + 2

[Out] 3/5%(2%c*x+b)*(—c*(c*x~2+b*x) /b~2)~(8/3) /c/ (—cxx*(c*x+b) /b~2)~(5/3) / (c*x~2+
b*x) ~(8/3)+21/5% (2*cxx+b) * (—c* (c*xx~2+b*x) /b"2) ~(8/3) /c/ (—cxx*x (c*x+b) /b~2) ~ (

2/3)/ (c*x™2+bxx) ~(8/3)+14/5%27(1/3) *37(3/4) *b~2* (—cx (c*x~2+b*x) /b~2) ~(8/3) *
(1-27(2/3) * (—c*xx* (c*x+b) /b~2) ~(1/3) ) *E1lipticF ((1-27(2/3) * (—c*xx* (c*x+b) /b~2

)7 (1/3)+37(1/2))/(1-27(2/3) * (—c*x* (c*x+b) /b~2) ~(1/3)-37(1/2) ) ,2*xI-I*3~(1/2)
Yx(1/2%67(1/2)-1/2*%27(1/2) ) *((1+27(2/3) * (—c*kxx* (c*x+b) /b~2) ~(1/3)+2%27(1/3) *
(—c*xx*x (cxx+b) /b72) 7 (2/3)) / (1-27(2/3) * (~c*xxx (c*xx+b) /b~2) " (1/3)-37(1/2))"2) " (

1/2) /c/ (2xc*x+b) / (cxx™2+b*xx) ~(8/3) / ((-1+27(2/3) * (—c*xx* (c*xx+b) /b72) ~(1/3)) /(
1-27(2/3) % (—c*xx* (c*xx+b) /b~2) " (1/3)-37(1/2))"2)"(1/2)

Rubi [A] time = 0.51, antiderivative size = 448, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 13,

number of ules _ ) 385, Rules used = {622, 619, 199, 236, 219}

= 232

3 3] cx(b+cx)

c(bx+cx2) )8/3 3(17 49 ) ( c(bx+cx2) )8/3 14\/5 3%442 - \/g b? (1 - 223 T ) —_—
cX)\|—

21(b + 2cx) (— = m

integrand size

2/3 83 5/3 83
5¢ (— CX(Z;CX)) (bx + cxz) 5¢ (—Cx(l;cx) ) (bx + cxz)
5¢(b + -

Antiderivative was successfully verified.
[In] Int[(b*x + c*x72)~(-8/3),x]

[Out] (3*(b + 2xc*x)*(-((cx(b*x + c*xx72))/b72))~(8/3))/(5*xc*x(-((cxx*x(b + c*x))/b~
2))7(5/3)*(b*x + c*x72)7(8/3)) + (21x(b + 2*xc*xx)*(—((c*(b*x + c*x~2))/b"2))
~(8/3))/ (Bxcx (- ((cxxx (b + cxx))/b72))7(2/3)*(b*x + c*xx~2)7(8/3)) + (14*%27(1
/3)*37(3/4)*Sqrt[2 - Sqrt[3]]*b~2*%(-((c*x(bxx + c*x72))/b~2))~(8/3)*(1 - 27(
2/3)* (= ((cxxx(b + c*x))/b72))~(1/3))*Sqrt [(1 + 27(2/3)*(~((c*x*x(b + c*xx))/b
~2))7(1/3) + 2%27(1/3) % (= ((c*x*(b + c*x))/b~2))~(2/3))/(1 - Sqrt[3] - 27(2/
3)*(=((cxx*x(b + c*x))/b~2))~(1/3))"2]*EllipticF[ArcSin[(1 + Sqrt([3] - 27(2/
3)*(=((cxxx(b + c*x))/b72))~(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*xxx(b + c*xx)
)/b72))7(1/3))]1, -7 + 4xSqrt[3]]1)/(5xcx(b + 2*c*x)*(bxx + c*x~2)~(8/3)*Sqrt
[-((1 - 27(2/3)*(~((c*xx*x(b + c*x))/b"2))~(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((
cxx*(b + c*x))/b~2))~(1/3))°2)]1)

Rule 199

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> -Simp[(xx(a + bxx™n) (p + 1
))/(axnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*nx(p + 1)), Int[(a + b*x"n)”~
(p + 1), x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] &% (Integer
Ql2xp] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator[p])
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Rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 - Sqrt[3]]*(s + r*x)*Sqrt[(s~2 - r*s
xx + r72*%x72)/((1 - Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 + Sqrt[3])*s

+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*Sqrt[3]])/(37(1/4)*r*Sqrt[a + b*x~3
1#Sqrt [-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)"2)1), x]] /; FreeQ[{a, b}, x
1 && NegQl[al

Rule 236

Int[((a_) + (b_.)*(x_)"2)"(-2/3), x_Symbol] :> Dist[(3*Sqrt[b*x~2])/(2*b*x)
, Subst[Int[1/Sqrt[-a + x73], x], x, (a + b*x"2)"(1/3)1, x] /; FreeQ[{a, b}
, XJ

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b72 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*xa - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*x)/b) - (c™2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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/3
c(bx+cx2) 1
(_ b2 ) f cx  c2x2 83 ax
1 e4)
f 554X = 8/3
(bx + cxz) (bx + sz)
16\/—b2 c bx+cx ) 8/3 Subst q c 202y
ubs f 2.2\ R
5
- 8/3
c? (bx + cxz) /
8/3 o[ clbx+ sz) o c 2
c(bx+cx?) 4 562 b Subst| [ o5 dx, X, —7 — =
3(b+ 2cx) (- m . bzgz b
- 5/3 e
5¢ (_ CX(bb;ch)) / (bx + sz)g/s 5¢? (bx + cxz) !
8/3
bx+cx2
c(bx+cx?) 83 c(bx+cx?) &3 14\/— bz( )) Jj
3(b+2cx) | ———— 21(b + 2cx) [ -
B 53 8/3 2/3 YA
5c (_ cx(l;rcx)) (bx 4 sz) % 5c (_CX(Z;;-CX)) (bx N sz) /. 52
8/3 8/3 8/3
b 2 b 2 bx+cx
3(b + 2cx) (—C( - )) 21(b + 2cx) (_C( s )) [21«/— ( )) V-
B +
53 8/3 2/3 YA
5¢ (— Cx(bbzcx)) (bx + cxz) Po5e (_@) (bx n sz) /
3 (
c(bx+cx2) 83 c(bx+cx2) 8/3 14\/5 33/44[2 \/5 b2 (_-
3(b+2cx) | == 21(b + 2cx) | -
B +
53 8/3 2/3 YA
5c (_ cx(};;rcx)) (bx 4 sz) % 5c (_cx(l:z—cx)) (bx N sz) /.

Mathematica [C] time = 0.01, size = 50, normalized size = 0.11

58 2

cXxX cXxX
3(5+1)" o (-3 5-5-5)

5b2x(x(b + cx))?3

)2/3

Antiderivative was successfully verified.

[In] Integrate[(bxx + c*x72)7(-8/3),x]

[Out] (-3*%(1 + (c*x)/b)~(2/3)*Hypergeometric2F1[-5/3, 8/3, -2/3,

b~ 2xxx (xx (b + c*x))~(2/3))
fricas [F] time = 1.05, size = 0, normalized size = 0.00

1
(cx2 + bx)3
c3x6 + 3bc?x5 + 3 b%cxt + b3x3’

integral

Verification of antiderivative is not currently implemented for this CAS.

-((c*x)/b)1) /(5%
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[In] integrate(1/(c*x~2+b*x)~(8/3),x, algorithm="fricas")

[Out] integral((c*x”2 + b*x)~(1/3)/(c™3%x76 + 3*b*c™2%x"5 + 3*%b~2%c*x"4 + b~ 3*x"3
), %)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

o]

(cx2 + bx)g
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(8/3),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-8/3), x)

maple [F] time = 1.26, size = 0, normalized size = 0.00

1
dx

(c x2 + bx)‘%Sj

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x”2+b*x)~(8/3),x%)
[Out] int(1/(c*x™2+b*x)~(8/3),%)
maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
dx

o]

(cx2 + bx)5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x™2+b*x)~(8/3),x, algorithm="maxima")
[Out] integrate((c*x~2 + b*x)~(-8/3), x)

mupad [B] time = 0.27, size = 36, normalized size = 0.08

() R (335 9)
5 (c x2 + bx)g/3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(8/3),x)

[Out] -(3*x*x((c*x)/b + 1)7(8/3)*hypergeom([-5/3, 8/3], -2/3, -(c*x)/b))/(5x(b*x +
c*x72)~(8/3))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
[

8
(bx + cxz) °
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+b*x)**(8/3),%)

[Out] Integral((b*x + cxx**2)*x(-8/3), x)
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3.35 f (bx + cxz)5/3 dx

Optimal. Leaf size=842

( cx(b+cx) )2/3 2/33 cx(b+cx) 1

023 3 cx(b;cx) \/:

153 V2 + V3 (cx2 + bx (1 273 \3/ Cx(l;cx) ) sin”!

22/3 3 cx(b+cx) \/§+1

223 3 cx(b+cx) \/5

1- 22/33 cx(b+cx)

cx2+bx 503
3642 c(b + 2cx) )

22/3 3 cx(b+cx) \/§+1)

[Out] 15/364*(-cxx*(c*xx+b)/b~2)~(2/3) *(2*xc*x+b) * (c*x"2+b*x) ~(5/3) /c/ (—c* (c*xx~2+bx*

x)/b72)7(5/3)+3/26* (—c*x* (cxx+b) /b~2) " (5/3) * (2*xc*x+b) * (c*x~2+b*x) ~(5/3) /c/(
—c*(c*x™2+b*x) /b"2) ~(5/3)-15/364* (2*c*x+b) * (c*xx~2+b*x) ~(5/3)*27(2/3) /c/ (-cx*
(c*xx™2+b*x) /b"2) " (5/3) / (1-27(2/3) * (—c*xx* (c*x+b) /b~2) ~(1/3)-3"(1/2) ) +5/182%3
~(3/4) #b”2x (c*xx"2+b*x) " (5/3) * (1-27(2/3) * (-c*x* (c*x+b) /b72) " (1/3) ) *E11lipticF
((1-27(2/3) * (—c*xx*x (cxx+b) /b72) " (1/3)+37(1/2)) / (1-27(2/3) * (—~c*xx* (c*x+b) /b~2)
~(1/3)-37(1/2)) ,2%I-I*37(1/2) ) *x ((1+27(2/3) * (—c*x* (c*x+b) /b~2) " (1/3) +2%2~ (1/
3)* (—cxx*x (c*x+b) /b™2) " (2/3))/(1-27(2/3) * (—cxx* (c*x+b) /b~2) ~(1/3)-37(1/2)) "2
)~ (1/2)%27(1/6) /c/ (2%cxx+b) / (—c*x (cxx™2+b*x) /b72) ~(56/3) / ((-1+27(2/3) * (—cxx* (
cxx+b) /b~2)~(1/3)) /(1-27(2/3) * (—c*x* (c*x+b) /b~2)~(1/3)-37(1/2))"2)~(1/2)-15
/728%37(1/4) b~ 2% (c*x™2+b*x) ~(5/3) *(1-27(2/3) * (—cxx* (c*x+b) /b~2) ~(1/3) ) *E1l
ipticE((1-27(2/3) * (—c*x* (c*x+b) /b72) ~(1/3)+37(1/2)) / (1-27(2/3) * (—c*x* (c*x+b
)/b72)7(1/3)-37(1/2)) ,2*%I-I*37(1/2)) *((1+27(2/3) * (~c*xx* (c*x+b) /b~2) " (1/3) +2
*27(1/3) % (—cxx* (cxx+b) /b72)~(2/3)) / (1-27(2/3) * (—c*xx* (c*x+b) /b~2) " (1/3)-3" (1
/2))72)7(1/2)*(1/2%67 (1/2)+1/2%x27(1/2) ) %27 (2/3) /c/ (2xc*x+b) / (—c* (c*x™2+b*x)
/b72)7(5/3)/((-1+27(2/3) * (—c*xx* (c*x+b) /b~2) ~(1/3)) / (1-27(2/3) * (—c*x* (c*x+b)
/b~2)7(1/3)-37(1/2))"2)~(1/2)

Rubi [A] time = 1.06, antiderivative size = 842, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 7, integrand size = 13,

number of rules _ ) 538 Rules used = {622, 619, 195, 235, 304, 219, 1879}

integrand size

22/3 3 cx(b+cx) \/E

3 b+c 23 3 cx(b+
5/3 3 (b+cx) - J()) +220 Vo x( CX) +1
15V3 42+ V3 (cx? + bx) (1 - 228 -5 ) E|sin”

923 3 cx(b+cx) ﬁ

1-22/3 3] cx(btex)
A

3 c(cx2+bx) 53
3642 c(b + 2cx) (— _ )

_92/3 3 cx(b+ex)
b2

2
)

&

Antiderivative was successfully verified.

[In] Int[(b*x + c*x"2)"(5/3),x]

[Out] (15%(-((c*x*x(b + c*x))/b"2))~(2/3)*(b + 2%c*xx)*(b*x + c*xx~2)~(5/3))/(364%c*

(=((c*x(b*x + c*x72))/b72))7(56/3)) + (3*(~((c*xx(b + c*x))/b72))"(5/3)*(b +
2xckx)* (b*xx + c*x72)7(5/3))/(26%cx (- ((cx(b*x + c*x72))/b72))"(5/3)) - (15x(
b + 2%c*x)*(b*xx + c*xx72)7(5/3))/(182%27(1/3)*cx (- ((c*x(b*x + c*x72))/b"2))"(
5/3)x(1 - Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x))/b72))"(1/3))) - (15%37(1/4)*
Sqrt[2 + Sqrt[3]]*b~2x(bxx + c*xx72)7(5/3)*(1 - 27(2/3)*x(-((c*xx*(b + c*x))/b
72))7(1/3))*Sqrt [(1 + 27(2/3)*(-((c*x*(b + c*x))/b"2))~(1/3) + 2%27(1/3)* (-
((c*kx*x(b + c*x))/b72))7(2/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*kx*(b + c*x))/b"2
))~(1/3))"2]1*EllipticE[ArcSin[(1 + Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x))/b~2
))7(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*xx*(b + c*x))/b~2))~(1/3))], -7 + 4%S
qrt[3]]1)/(364%27(1/3)*xc*x(b + 2*c*xx)*(—((cx(b*xx + c*x72))/b"2))~(5/3)*Sqrt [~
(1 - 27(2/3)* (- ((cxx*(b + c*x))/b72))7(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*
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xx(b + ¢c*x))/b72))"(1/3))72)]) + (5*%37(3/4)*b"2*(b*x + c*x"2)"(5/3)*(1 - 2~
(2/3) % (= ((c*xx*x(b + c*x))/b72))~(1/3))*Sqrt[(1 + 27(2/3)*(-((c*x*(b + c*x))/
b~2))"(1/3) + 2%27(1/3)*(-((cxx*(b + c*x))/b~2))~(2/3))/(1 - Sqrt[3] - 27(2
/3)*(=((c*xx*(b + c*x))/b~2))~(1/3))"2]*EllipticF[ArcSin[(1 + Sqrt[3] - 27(2
/3)%(=((c*xx*(b + c*x))/b~2))"(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x
))/b~2))7(1/3))]1, -7 + 4xSqrt[31]1)/(91%27(5/6)*c*(b + 2*c*x)*(-((cx(b*x + c
*x72))/172))~(5/3)*Sqrt [-((1 - 27(2/3)*(=((c*x*(b + c*x))/b~2))~(1/3))/(1 -
Sqrt[3] - 27(2/3)* (- ((cxxx(b + c*x))/b"2))~(1/3))"2)1)

Rule 195

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p

+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p]l || (EqQ[n, 2] &&
IntegerQ[4*p]) || (EqQ[n, 2] && IntegerQ[3*p]) || LtQ[Denominator[p + 1/n],
Denominator [p]])

Rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 - Sqrt[3]]*(s + r*x)*Sqrt[(s”2 - r*s
xx + r72*%x72)/((1 - Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 + Sqrt[3])*s

+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*Sqrt[3]])/(37(1/4)*r*Sqrt[a + b*x~3
1x8qrt [-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)~2)1), x]1] /; FreeQ[{a, b}, x
1 && NegQ[al

Rule 235

Int[((a_) + (b_.)*(x_)"2)"(-1/3), x_Symbol] :> Dist[(3*Sqrt[b*x~2])/(2*b*x)
, Subst[Int[x/Sqrt[-a + x~3], x], x, (a + bxx"2)"(1/3)]1, x] /; FreeQ[{a, b}
, XJ

Rule 304

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, -Dist[(Sqrt[2]*s)/(Sqrt[2 - Sqrt[3]]*r), Int[1/S
grtla + b*x~3], x], x] + Dist[1/r, Int[((1 + Sqrt[3])*s + r*x)/Sqrtla + bx*x
=31, x1, x]1] /; FreeQ[{a, b}, x] && NegQl[al

Rule 619

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*xx)/b) - (c™2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rule 1879

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)~3], x_Symbol] :> With[{r = N
umer [Simplify [((1 + Sqrt[3])*d)/cl], s = Denom[Simplify[((1 + Sqrt[3])*d)/c
11}, Simp[(2*d*s™3*Sqrt[a + b*x73])/(a*xr~2x((1 - Sqrt[3])*s + r*x)), x] + S
imp[(37(1/4)*Sqrt[2 + Sqrt[3]]xd*s*(s + r*x)*Sqrt[(s™2 - r*s*x + r~2*xx72)/(
(1 - Sqrt[3])*s + r*x) 2]*EllipticE[ArcSin[((1 + Sqrt[3])*s + r*x)/((1 - Sq
rt[3])*s + r*x)], -7 + 4xSqrt[3]])/(r~2*Sqrtla + b*x"3]*Sqrt[-((s*x(s + r*x)
)/((1 - 8qrt[3])*s + r*x)~2)]), x]] /; FreeQ[{a, b, c, d}, x] && NegQ[al &%



EqQ[b*c™3 - 2*(5 + 3%Sqrt[3])*axd~3, 0]

Rubi steps

cx

b b2

(bx + sz)5/3 Il (

f (bx + cxz)S/3 dx

146

c(bx+cx2) 03
-
5/3 2,2\ 23 2
(b2 (bx + cxz) / )Subst (f (1 - —x) dx, x, —g - Zz—zx)
- bx+cx2)

16322 (
(

)5/3

cx(b+cx)
b2

/3
) (b + 2cx)

2

by + cx2)5/3 (Sb2 (bx + cx2)5/3) Subst (f (1 - —x

b2y

2/3
) dx,x,—

c(bx+cx2)
b2

)5/3

26¢ (—

5/3
104\/— 2 ( bx+cx2))

2
5/3 5/3 (5b b:
15 (— Cx(l;:cx)) (b + 2cx) (bx + cx ) / ( Cx(l;zrcx)) (b + 2cx) (bx +cx ) ! (
- bx+cx2 53 bx+cx2 53
364c |- 26c |-
15 (— Cx(b+cx)) (b + 2cx) (bx + cx )5/3 ( Cx(b+cx))5/3 (b + 2cx) (bx + cx2)5/3 (15 (bx
b2 »2
= +
bx+cx2 53 C(bx+cx2) 53
364c |- 26c |-
23 53 53 53
15 (——Cx(l;cx)) (b + 2cx) (bx + cxz) / 3 (— Cx(l;cx)) (b + 2cx) (bx + cxz) / (15 (bx
= —+ —
c(bx+cx2) 53 c(bx+cx2) 53
364c(~—— 26c|———0
23 5/3 53 5/3
15 (— Cx(izcx)) (b + 2cx) (bx + cxz) / 3 (— CX(Z:CX)) (b + 2cx) (bx + cxz) ! 150
= + +
c(bx+cx2) 33 c(bx+cx2) 53 3
364c (——— 26c|-——5 18242,
Mathematica [C] time = 0.01, size = 48, normalized size = 0.06
2 2/3 5 8 11 o
3bx“(x(b + cx))“° o F; ( 73373 )
cxX 2/3
8(=+1)
Antiderivative was successfully verified.
[In] Integratel[(bxx + c*x72)7(5/3),x]
[Out] (3*b*xx~2x(x*x(b + c*x))~(2/3)*Hypergeometric2F1[-5/3, 8/3, 11/3, -((c*x)/b)]

)/ (8x(1 + (c*x)/b)~(2/3))
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fricas [F] time = 0.91, size = 0, normalized size = 0.00
5
integral ((cx2 +bx)?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(5/3),x, algorithm="fricas")
[Out] integral((c*x"2 + b*x)~(5/3), x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

5

f (cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(5/3),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(5/3), x)
maple [F] time = 0.76, size = 0, normalized size = 0.00

5

f(cxz + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x~2+bxx)~(5/3),x)
[Out] int((c*x"2+b*x)~(5/3),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

5

f (cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(5/3),x, algorithm="maxima")
[Out] integrate((c*x~2 + b*x)~(5/3), x)
mupad [B] time = 0.18, size = 36, normalized size = 0.04

)5/3

5 8 11 cx
3x(cx2+bx .= )

2k (—5, 33 %

8(% + 1)5/3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x~2)~(5/3),x)

[Out] (3*x*(b*x + c*x72)~(5/3)*hypergeom([-5/3, 8/3], 11/3, -(c*x)/b))/(8*((c*x)/
b + 1)7(5/3))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
5

f(bx + cxz)5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+b*xx)**(5/3),x%)

[Out] Integral((b*x + cxxx*2)*x(5/3), x)
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3.36 f (bx + sz)2/3 dx

Optimal. Leaf size=781

)2/3

cx(b+cx) 23 2
3(- 7z (b + 2cx) (bx + cx

3(b + 2cx) (bx + sz)2/3

V2 3342 (bx + cxz)

2

+

c(bx+cx2) 23 B 3 c(bx+cx2) 2 3[ cx(b+ex)
l4c|-—— TN2c|-—— (—22/3./—T -3 +1)

[Out] 3/14*(-c*xx*(c*xx+b)/b"2) " (2/3)*(2*cxx+b) * (c*xx"2+b*x) ~(2/3) /c/ (—c*x(c*x~2+b*x)

/b72)7(2/3)-3/14*% (2*c*xx+b) * (c*xx~2+b*x) ~(2/3)*%27(2/3) /c/ (—c* (c*xx~2+b*x) /b~ 2)
~(2/3)/(1-27(2/3) * (—c*xx* (c*xx+b) /b~2) ~(1/3)-37(1/2) )+1/7*27(1/6)*3~ (3/4) *b~2
* (c*xx™2+b*x) " (2/3) % (1-27(2/3) * (~c*x* (c*x+b) /b~2) " (1/3) ) *E11lipticF ((1-27(2/3
Yx (—c*x* (c*x+b) /b72) " (1/3)+37(1/2))/ (1-27(2/3) * (—c*xx* (c*xx+b) /b~2) ~(1/3)-37(
1/2)),2%xI-I*x37(1/2) )x((1+27(2/3) * (=c*x* (c*x+b) /b™2) ~(1/3) +2*27 (1/3) * (—c*xx* (
cxx+b) /b72)7(2/3))/(1-27(2/3) * (—c*x* (cxx+b) /b~2)~(1/3)-37(1/2))~2)~(1/2) /c/
(2%c*x+b) / (—cx (c*xx™2+b*x) /b~2) ~(2/3) / (1427 (2/3) * (—c*x* (c*x+b) /D~2) ~(1/3))
/(1-27(2/3) *x (mc*x* (c*x+b) /b72) ~(1/3)-37(1/2))"2)~(1/2)-3/28*3~ (1/4) *b~2* (c*
X"2+b*x) " (2/3) % (1-27(2/3) * (—c*xx* (c*x+b) /b~2) ~(1/3) )*E1lipticE((1-27(2/3) * (-
cxx*x (c*x+b) /b"2) " (1/3)+37(1/2)) / (1-27(2/3) * (—c*x* (c*x+b) /b~2) ~(1/3)-3"(1/2)
), 2%I-I*37(1/2)) *x((1+27(2/3) * (—c*xx* (c*xx+b) /b~2) ~(1/3)+2*%27 (1/3) * (—ckxx* (c*x+
b)/b72)7(2/3))/(1-27(2/3) * (—~cxx* (cxx+b) /b~2) ~(1/3)-37(1/2))"2) " (1/2) *(1/2*6
“(1/2)+1/2%x27(1/2))*27(2/3) /c/ (2xc*x+b) / (—c* (c*x™2+b*x) /b~2) " (2/3) / ((-1+27(
2/3)*x (—c*x* (cxx+b) /b~2) " (1/3))/ (1-27(2/3) * (=c*x* (c*x+b) /b~2) ~(1/3)-37(1/2))
~2)7(1/2)

Rubi [A] time = 0.95, antiderivative size = 781, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 13,

number of rules _ ) 538 Rules used = {622, 619, 195, 235, 304, 219, 1879}

integrand size

cx(b+cx) 23 2 2/3 2/3
3\ (D + 2cx) (bx +cx ) 3(b + 2cx) (bx + cxz)

V2 33412 (bx + cxz)

2

- +

C(bx+cx2) 23 3 c(bx+cx2) 2 3[ cx(btex)
l4c|-—— TN2e|-—— (—22/3w/—b—2 -3 +1)

Antiderivative was successfully verified.

[In] Int[(b*x + c*xx~2)~(2/3),x]

[Out] (3*x(—((ckxx*x(b + c*x))/b"2))"(2/3)*(b + 2*c*xx)*(b*x + c*xx~2)7(2/3))/(14*c*x (-

((ex(b*x + c*xx72))/072))7(2/3)) - (3*(b + 2*c*x)*(b*x + c*xx~2)7(2/3))/(7*2~
(1/3)*xcx (= ((cx(b*x + c*xx72))/b72))~(2/3)*(1 - Sqrt[3] - 27(2/3)*(-((c*x*(b
+ ¢cxx))/b72))7(1/3))) - (3*37(1/4)*Sqrt[2 + Sqrt[3]]*b~2*(b*x + c*xx~2)~(2/3
k(1 - 27(2/3)* (- ((c*xxx (b + c*xx))/072))~(1/3))*Sqrt [(1 + 27(2/3)* (- ((c*xx*x (b
+ ¢c*xx))/b”2))7(1/3) + 2x27(1/3)*(-((c*x*(b + c*x))/b~2))~(2/3))/(1 - Sqrtl
3] - 27(2/3)* (- ((cxx*x(b + c*x))/b~2))~(1/3))"2]*E1llipticE[ArcSin[(1 + Sqrt[
3] - 27(2/3)* (- ((cxxx(b + c*x))/b72))~(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x
*(b + c*xx))/b72))7(1/3))]1, -7 + 4*xSqrt[3]1])/(14x27(1/3)*cx(b + 2*c*xx)*(-((c
*(bxx + c*x72))/b72))7(2/3)*Sqrt [-((1 - 27(2/3)*(-((c*xx*x(b + c*x))/b72)) " (1
/3))/(1 = Sqrt[3] - 27(2/3)*(-((c*xx(b + c*x))/b~2))"(1/3))"2)]1) + (2°(1/6)
*37(3/4)*b" 2% (b*x + c*x72)7(2/3)*%(1 - 27(2/3)*(=((c*xx*x(b + c*x))/b"2))"(1/3
D) *Sqrt[(1 + 27(2/3) % (= ((c*xx*(b + c*x))/b~2))~(1/3) + 2*%27(1/3)* (- ((c*xx*(b
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+ ¢c*x))/172))7(2/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x*x(b + c*x))/b72))~(1/3))
~2]*EllipticF[ArcSin[(1 + Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x))/b~2))~(1/3))
/(1 = Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x))/b72))~(1/3))], -7 + 4*Sqrt[3]1]1)/
(7T*cx (b + 2kcxx)* (- ((c*x(b*x + c*x72))/b~2))7(2/3)*Sqrt [-((1 - 27(2/3)*(-((c
*¥x*(b + c*x))/b72))7(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x))/b"2))"
(1/3))"2)1)

Rule 195

Int[((a_) + (b_)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p

+ 1), x] + Dist[(a*nxp)/(n*p + 1), Int[(a + bxx™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p]l || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3*pl) || LtQ[Denominator[p + 1/n],
Denominator [p]])

Rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2%Sqrt[2 - Sqrt[3]1]*(s + r*x)*Sqrt[(s~2 - rxs
xx + r72*%x72)/((1 - Sqrt[3])*s + r*x)~2]*EllipticF[ArcSin[((1 + Sqrt[3])*s
+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4xSqrt[31])/(37(1/4)*r*Sqrt[a + bxx"3
1*Sqrt [-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)~2)1), x]] /; FreeQ[{a, b}, x
1 && NegQl[al

Rule 235

Int[((a_) + (b_.)*(x_)"2)"(-1/3), x_Symbol] :> Dist[(3*Sqrt[b*x~2])/(2*b*x)
, Subst[Int[x/Sqrt[-a + x~3], x], x, (a + bxx"2)"(1/3)]1, x] /; FreeQ[{a, b}
, x]

Rule 304

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, -Dist[(Sqrt[2]*s)/(Sqrt[2 - Sqrt[3]1]1*r), Int[1/S
qrtla + b*x~3], x], x] + Dist[1/r, Int[((1 + Sqrt[3])*s + r*x)/Sqrtla + b*x
=31, x], x]1] /; FreeQ[{a, b}, x] && NegQl[al]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b72 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(ck(b*x + c*x72))/b2))7p, Int[(-((c*x)/b) - (c™2*x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rule 1879

Int[((c_) + (@_.)*x(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[((1 + Sqrt([3])*d)/c]], s = Denom[Simplify[((1 + Sqrt[3])*d)/c
11}, Simp[(2*%d*xs~3*Sqrtla + b*x~3])/(a*xr"2x((1 - Sqrt[3])*s + r*x)), x] + S
imp[(37(1/4)*Sqrt[2 + Sqrt[3]]*d*sx(s + r*x)*Sqrt[(s™2 - r*s*x + r~2%x72)/(
(1 - Sqrt[3])*s + r*x)"2]*EllipticE[ArcSin[((1 + Sqrt[3])*s + r*x)/((1 - Sq
rt[3])*s + r*x)], -7 + 4xSqrt[3]])/(r~2*Sqrt[a + b*x~3]*Sqrt[-((s*x(s + r*x)
)/((1 - Sqrt[3])*s + r*x)~2)]), x]] /; FreeQl{a, b, c, d}, x] && NegQ[al &&
EqQ[b*c™3 - 2*(5 + 3*Sqrt[3])*axd~3, 0]
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Rubi steps

2/3 2,2\2/3
a2

c(bx+cx2) 2/3
-
2,2\2/3 2
(b2 (bx + cx2)2/3) Subst (f (1 - b—) dx, x, —g - 2;_;)
2/3
4\/§C2( bx+cx2))

2/3 1 c 2
2/3 2/3 (bz bx + cx? ) Subst| | ——dx,x,—— — =
3 (_ Cx(bb;rcx)) (b + 2cx) (bx + cxz) ( ) f 3 1—b2§2 bt
- 23 - T
c(bx+cx2) 3 c(bx+cx2)
l4e (_ 2 ) 72 c2 (—b—z

2/3 4 4c2x2
3 (_cx(b+cx)) (b + 2cx) (bx + cx ) (3 (bx + sz) \/—1 — % _ Cbzx )Subst (f \/_—1x

b2
140( bx+cx2 14\3/5 (_E 3 @) (_ c(bx+cx2

b b2 b2
2/3 /3 N3 [ L dex 1+«/
3 (—Cxa;cx)) (b + 2cx) (bx + cxz) ! (3 (bx tox ) \/ 1 b Subst f
= 2/3 B
c(bx+cx2) 22 c(bx+cx2
14c (— ; ) 1442 ( T- x) (— =

2/3 2/3
3 (—Cx(zzcx)) (b + 2cx) (bx + cxz) 312 (bx + cx2)2/3 \/_1 _ e 452;2 \/—1 _ dex(
_ N b b I

2\ 2/3 X+cx2 2B 3
14C(_c(bx+2cx)) 7\/§C b+2cx)( (b )) (1_\/§ _22/3\/2

b

Mathematica [C] time = 0.01, size = 45, normalized size = 0.06

3x(x(b+cx))2/32F1( ; z 2, %)
cx 2/3

Antiderivative was successfully verified.

[In] Integratel[(b*x + c*xx~2)7(2/3),x]
[Out] (3*x*x(x*(b + c*x))~(2/3)*Hypergeometric2F1[-2/3, 5/3, 8/3, -((c*x)/b)])/ (5%

(1 + (c*x)/b)"(2/3))
fricas [F] time = 1.19, size = 0, normalized size = 0.00

integral ((cx + bx)§ )

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c*x~2+b*x)~(2/3),x, algorithm="fricas")
[Out] integral((c*x~2 + b*x)~(2/3), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

2

f (cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(2/3),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(2/3), x)
maple [F] time = 0.71, size = 0, normalized size = 0.00

2

f(cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x™2+b*xx)~(2/3),%)
[Out] int((c*x"2+b*x)~(2/3),x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

2

f (cx2 + bx)§ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(2/3),x, algorithm="maxima")
[Out] integrate((c*x~2 + b*x)~(2/3), x)

mupad [B] time = 0.16, size = 36, normalized size = 0.05

3x(cx2+bx)2/3 2,25 Cx)

2F1 (—5, 33

5(% + 1)2/3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x~2)~(2/3),x)

[Out] (3*x*(b*x + c*x”2)~(2/3)*hypergeom([-2/3, 5/3], 8/3, -(cxx)/b))/(5x((c*x)/b
+ 1)7(2/3))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
2

f(bx + cxz)5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx*x2+b*x)**(2/3),x)

[Out] Integral((b*x + ckxx**2)**(2/3), x)
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1
3.37 f W dx

Optimal. Leaf size=715

2 \3/5( cx(b+cx)

%33/4172 3 _c(bx+2cx2) (1 o2 5[ ex(broy) )
b

2
3(b + 2¢c ) w b ( 22/3 3 cx(b+cx)
- +
V2 cVbx + cx2 (—22/313/—&;“) ~\3 + 1)
b c(b + 2cx) Vbx + cx?

[Out] -3/2%(2%c*xx+b)*(-cx(c*xx"2+b*x) /b72) " (1/3)*27(2/3) /c/(c*x"2+b*x) ~(1/3)/(1-2~
(2/3) % (—c*xx* (c*x+b) /b~2) ~(1/3)-37(1/2))+27(1/6) *37(3/4) *¥b~ 2% (—c* (c*x~2+b*x)
/b72)7(1/3)*(1-27(2/3) * (-c*x* (c*x+b) /b~2) " (1/3) ) *E11lipticF ((1-27(2/3) * (-c*x
*(c*x+b) /b~2) " (1/3)+37(1/2) )/ (1-27(2/3) * (—c*xx* (c*xx+b) /b~2) " (1/3)-37(1/2)),2
*I-I*37(1/2))*((1+27(2/3) * (—c*x* (c*x+b) /b~2) ~(1/3)+2%27 (1/3) * (—c*x* (c*xx+b) /
b~2)7(2/3))/(1-27(2/3) * (—c*x* (cxx+b) /b~2)~(1/3)-37(1/2))"2) " (1/2) /c/ (2*c*xx+
b) / (cxx™2+b*x) ~(1/3) / ((-1+27(2/3) * (—c*x* (c*xx+b) /b72) " (1/3) )/ (1-27(2/3) * (-c*
x* (c*xx+b) /b72) " (1/3)-37(1/2))"2)"(1/2)-3/4%37 (1/4) *b~ 2% (—c* (c*x"2+b*x) /b~ 2)
~(1/3)*(1-27(2/3) * (—c*xxx (c*xx+b) /b~2) “(1/3) ) *E1lipticE((1-27(2/3) * (—c*x* (c*x
+b) /b72) " (1/3)+37(1/2)) / (1-27(2/3) * (—~c*x* (cxx+b) /b~2) ~(1/3)-37(1/2) ) ,2*I-1*
37(1/2)) % ((1+27(2/3) * (—c*xx* (c*xx+b) /b~2) ~(1/3) +2%27(1/3) * (—cxx* (c*xx+b) /b~2) ~
(2/3))/(1-27(2/3) * (—c*xx* (cxx+b) /b~2) " (1/3)-37(1/2))"2) " (1/2) *(1/2%6~(1/2) +1
/2x27(1/2))%27(2/3) /c/ (2%cxx+b) / (c*x™2+b*xx) " (1/3) / ((-1+27(2/3) * (—c*xx* (c*x+Db
)/b”"2)7(1/3))/(1-27(2/3) * (=c*xx* (c*x+b) /b~2) ~(1/3)-37(1/2))"2)~(1/2)

Rubi [A] time = 0.86, antiderivative size = 715, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 13,

number of ules _ ) 462, Rules used = {622, 619, 235, 304, 219, 1879}

integrand size
2/3
3 cx(b+cx) .
2«/5(— 122
\/_33/4b2 hx+Cx ) 1 _ 22/3 3 _cx(b+cx) 2
3 c(bx+cx2) b2
3(b 2/3 3| cx(b+cx)
(b + 2cx)+[ - m N

- +
c(b + 2cx)Vbx + cx2

V2 cVbx + cx? (—22/3,3/—@ -3+ 1)

Antiderivative was successfully verified.
[In] Int[(b*x + c*x~2)"(-1/3),x]

[Out] (-3%(b + 2kc*x)*(-((cx(b*x + c*x72))/b72))7(1/3))/(27(1/3)*ck(bxx + c*x72)~
(1/3)%(1 - Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x))/072))7(1/3))) - (3x37(1/4)*
Sqrt[2 + Sqrt[3]]1*b~2x(-((c*x(b*x + c*x72))/b72))"(1/3)*(1 - 27(2/3)*(-((c*x
*(b + c*x))/b72))7(1/3))*Sqrt [(1 + 27(2/3)* (- ((c*x*(b + c*x))/b72))~(1/3) +
2%27(1/3) % (= ((cxx*x(b + c*x))/b72))~(2/3))/(1 - Sqrt[3] - 27(2/3)* (- ((cxx*(
b + c*x))/b72))"(1/3)) 2] *E1llipticE[ArcSin[(1 + Sqrt[3] - 27(2/3)* (- ((c*xx*(
b + c*x))/b72))7(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x*x(b + c*x))/b2))"(1/3
)1, =7 + 4xSqrt[3]1)/(2*27(1/3)*c*x (b + 2xcxx)*(bxx + cxx~2)7(1/3)*Sqrt [-((
1 - 27(2/3)*(-((cxx*x(b + c*x))/b72))~(1/3))/(1 - Sqrt[3] - 27(2/3)* (- ((cxx*
(b + c*x))/b72))7(1/3))72)1) + (27(1/6)*37(3/4) *b™2% (- ((c*(b*x + c*xx72))/b”
2))7(1/3)*%(1 - 27(2/3)* (= ((cxxx (b + c*x))/b~2))~(1/3))*Sqrt[(1 + 27(2/3)* (-
(Cexx*(b + c*x))/072))7(1/3) + 2x27(1/3) * (- ((cxx*x(b + c*x))/b72))7(2/3))/(1
- Sqrt[3] - 27(2/3)*(-((cxx*x(b + c*x))/b72))~(1/3)) 2] *EllipticF[ArcSin[(1
+ Sqrt[3] - 27(2/3)*(-((c*xx*(b + c*x))/b72))"(1/3))/(1 - Sqrt[3] - 27(2/3)
*(=((c*xxx(b + c*xx))/b72))"(1/3))], -7 + 4*Sqrt[3]1]1)/(c*x(b + 2*c*x)*(b*x + ¢
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*x72) " (1/3)*Sqrt [-((1 - 27(2/3)* (- ((c*x*(b + c*x))/b"2))~(1/3))/(1 - Sqrt[3
1 - 27(2/3)* (= ((cxx*x(b + c*x))/b"2))"(1/3))72)]1)

Rule 219

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 - Sqrt[3]]*(s + r*x)*Sqrt[(s”2 - r*s
*x + r-2%x72)/((1 - Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 + Sqrt[3])x*s
+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*xSqrt[3]]1)/(3~(1/4)*r*Sqrt[a + b*x"3
1#Sqrt[-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)~2)]), x]] /; FreeQ[{a, b}, x
1 && NegQla]

Rule 235

Int[((a_) + (b_.)*(x_)"2)"(-1/3), x_Symbol] :> Dist[(3*Sqrt[bxx~2])/(2*b*x)
, Subst[Int[x/Sqrt[-a + x~3], x], x, (a + bxx"2)"(1/3)]1, x] /; FreeQ[{a, b}
d

Rule 304

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 3]1}, -Dist[(Sqrt[2]*s)/(Sqrt[2 - Sqrt[3]]*r), Int[1/S
grtla + b*x73], x], x] + Dist[1/r, Int[((1 + Sqrt[3])*s + r*x)/Sqrtla + b*x
=31, x], x]1] /; FreeQ[{a, b}, x] &% NegQ[al]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(cx(bxx + c*x72))/b72))"p, Int[(-((c*x)/b) - (c™2*x~2)/b"2)"p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rule 1879

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)~3], x_Symbol] :> With[{r = N
umer [Simplify[((1 + Sqrt[3])*d)/c]], s = Denom[Simplify[((1 + Sqrt[3])*d)/c
11}, Simp[(2*%d*s~3*Sqrtla + b*x~3])/(a*xr"2x((1 - Sqrt[3])*s + r*x)), x] + S
imp[(37(1/4)*Sqrt[2 + Sqrt[3]]*d*s*(s + r*x)*Sqrt[(s72 - r*s*x + r~2*x72)/(
(1 - Sqrt[3])*s + r*x) 2]*E1llipticE[ArcSin[((1 + Sqrt[3])*s + r*x)/((1 - Sq
rt[3])*s + rxx)], -7 + 4xSqrt[3]])/(r"2*Sqrtla + bxx~3]*Sqrt[-((s*(s + r*x)
)/((1 - 8qrt[3])*s + r*x)~2)]), x]] /; FreeQ[{a, b, c, d}, x] && NegQ[al &&
EqQ[b*c™3 - 2%(5 + 3%Sqrt[3])*axd~3, 0]

Rubi steps



154

C(bx+cx2) 1 dx
b2 3[ o 212

A

1
——dx =
f Vbx + cx2 Vbx + cx2
2c2x

c
ax,x,—7 — —

3 c(bx+cx2) 1
2. [ _
[b m )Subst f Tz N Ty T
Vi
V2 2bx + cx?
3 cx(1+%))

bx+cx2 2,2 x 23
(\/ \/ - - b2 ]Subst(fmdx,x,Z -

N(c ) erea

31 cbx+cx? 4 1443 3 cx(1+E
[3\/—( - )\/—1—$— V3 X g, 223 —M] (3\/2+\/§~

)S bt[f X, X, ;
2\[-( c 2cx)\ﬁ£7;:;§ +

3 b 2
3 34324 V5 b2y - ) [
bx+cx \/ B E _ 4c2x2 \/_1 _dex(b+cx) b
\/ 2

e 2cx)m ( \/’ 22/33/Tcx>)

time = 0.01, size = 45, normalized size = 0.06

3[cx 125 o«
3x‘\, +1 2F1(3 373’ ?)
2/x(b + cx)

Mathematica [C]

Antiderivative was successfully verified.

[In] Integratel[(b*x + c*x~2)~(-1/3),x]
[Out] (3*x*(1 + (c*x)/b)~(1/3)*Hypergeometric2F1[1/3, 2/3, 5/3, -((c*xx)/b)])/(2%(

x*x(b + cxx))~(1/3))
time = 0.76, size = 0, normalized size = 0.00

fricas [F]

1
T/ X

integral
(cx2 + bx)5

Verification of antiderivative is not currently implemented for this CAS

[In] integrate(1/(c*x~2+b*x)~(1/3),x, algorithm="fricas")
[Out] integral((cxx~2 + b*x)~(-1/3), x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

W

(cx2 + bx)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x™2+b*x)~(1/3),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-1/3), x)
maple [F] time = 0.70, size = 0, normalized size = 0.00

1
[——

(c X2 + bx)

(SN

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+b*x)~(1/3),x)
[Out] int(1/(c*x"2+b*x)~(1/3),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

Ju—y

(cx2 + bx)§

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x™2+b*x)~(1/3),x, algorithm="maxima")
[Out] integrate((c*x~2 + b*x)~(-1/3), x)

mupad [B] time = 0.20, size = 36, normalized size = 0.05

cx 1/3 1 2 5 cx
3x(F+1) R (35 5 -9

2 (c x2 + bx)l/3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(1/3),x)

[Out] (3*x*((c*xx)/b + 1)7(1/3)*hypergeom([1/3, 2/3], 5/3, -(cxx)/b))/(2x(b*x + c*
x~2)7(1/3))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
[
Vbx + cx?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+b*x)**(1/3),x)

[Out] Integral((bxx + c*x**2)**(-1/3), x)
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3.38 [ ———mdx

(bx+cx2)4/3

Optimal. Leaf size=773

b2 B2

4/3
6 c(bx+cx2) 3[ o
c(bx+cx?) » (bw+o?) 4/3 2\/533/4192 - (1 223 °[_¢&
3223(b + 2cx) -
+
4/3 4/3
N —Cx(l;;cx) (bx + cxz) ® (bx + cxz) ! (—22/313/—@ -3 + 1)

3(b4—2cx)(—

c(l

[Out] 3*(2*c*x+b)* (—c* (c*x™2+b*x) /b~2) " (4/3) /c/ (—c*x* (c*x+b) /b~2) "~ (1/3) / (c*x~2+b*
x) " (4/3)+3%27(2/3) * (2xc*x+b) * (—c*x (c*x™2+b*x) /b~2) ~(4/3) /c/ (c*x™2+b*x) ~(4/3)
/(1-27(2/3)* (-c*x* (c*x+b) /b~2) ~(1/3)-37(1/2) ) -2%2"(1/6) *3~(3/4) *xb~ 2% (-c* (c*
X"2+b*x) /b72) " (4/3) % (1-27(2/3) * (-c*x* (c*xx+b) /b™2) " (1/3) ) *E1llipticF ((1-27(2/
3)* (—cxx*x (c*x+b) /b~2) " (1/3)+37(1/2)) / (1-27(2/3) * (—~c*x* (c*x+b) /b~2)~(1/3) -3~
(1/2)),2*%I-Ix37(1/2))*((1+27(2/3) * (—cxx* (c*x+b) /b~2) " (1/3) +2%27(1/3) * (—c*x*
(c*x+b) /b~2)~(2/3)) /(1-27(2/3) * (—c*x* (c*x+b) /b~2) ~(1/3)-37(1/2))"2)~(1/2) /c
/ (2%c*x+b) / (c*xx™2+b*x) " (4/3) / ((-1+27(2/3) * (—c*x* (c*xx+b) /b~2) ~(1/3)) / (1-27(2
/3)* (—cxx* (c*xx+b) /b~2) " (1/3)-37(1/2))72) " (1/2)+3/2%37 (1/4) ¥b~ 2% (—c* (c*xx~2+b
*xx) /b72) 7 (4/3) % (1-27(2/3) * (—c*xx* (c*xx+b) /b72) " (1/3) ) *E11lipticE((1-27(2/3) * (-
cxxx (c*xx+b) /b™2) " (1/3)+37(1/2)) / (1-27(2/3) * (—c*x* (c*x+b) /b~2) ~(1/3)-3"(1/2)
),2%I-I%3~(1/2))*x((1+27(2/3) % (—c*x* (c*xx+b) /b~2) ~(1/3)+2%2~(1/3) * (—c*x* (c*xx+
b)/b"2)7(2/3))/(1-27(2/3) * (—c*x* (c*xx+b) /b~2) ~(1/3)-37(1/2))"2) " (1/2) *(1/2*6
“(1/2)+1/2%27(1/2))*27(2/3) /c/ (2%c*x+b) / (c*x™2+b*x) ~(4/3) / ((-1+27(2/3) * (-cx*
x* (c*xx+b) /b72) " (1/3))/ (1-27(2/3) * (—c*xx* (c*x+b) /b~2) ~(1/3)-37(1/2))"2)"(1/2)

Rubi [A] time = 0.95, antiderivative size = 773, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 13,

humber of rules _ ) 538, Rules used = {622, 619, 199, 235, 304, 219, 1879}

integrand size

b2 B2

4/3
6 c(bx+cx2) 3 o
(pere?)\ 7 c(bxrer) | P 22334 (-~ (1_22/3 [
3223(b + 2cx) [ -
+
4/3 4/3
T (v ) (o )" (20T 5 1)

3(b4—2cx)(—

c(l

Antiderivative was successfully verified.
[In] Int[(b*x + c*x~2)"(-4/3),x]

[Out] (3x(b + 2xc*x)*(—((cx(b*x + c*xx72))/b72))~(4/3))/(c*x(-((cxxx(b + c*x))/b"2)
)7 (1/3)*%(bxx + c*xx"2)"(4/3)) + (3*%27(2/3) % (b + 2*c*x)*(—((c*x(b*x + c*xx~2))/
b~2))"(4/3))/(c*x(bxx + c*x"2)7(4/3)*(1 - Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x
))/72))"(1/3))) + (3%¥37(1/4)*Sqrt[2 + Sqrt[3]1]1*b 2% (-((c*(b*x + c*x72))/b"
2))7(4/3)%(1 - 27(2/3) % (= ((c*x*(b + c*x))/b~2))~(1/3))*Sqrt[(1 + 27(2/3)*(-
((cxxx(b + cxx))/b72))7(1/3) + 2x27(1/3)*(-((c*xx*(b + c*x))/b~2))~(2/3))/(1
- 8qrt[3] - 27(2/3)*(-((cxx*x(b + c*x))/b~2))~(1/3)) 2] *E1llipticE[ArcSin[(1
+ Sqrt [3] - 27(2/3)*(-((c*xx*(b + c*x))/b72))~(1/3))/(1 - Sqrt[3] - 27(2/3)
*(=((c*xxx(b + c*xx))/b72))~(1/3))], -7 + 4*xSqrt[3]]1)/(27(1/3)*cx(b + 2%c*x)*
(bxx + c*x72)7(4/3)*Sqrt [-((1 - 27(2/3)*(-((c*xxx(b + c*x))/b72))~(1/3))/(1
- Sqrt[3] - 27(2/3)*(-((cxx*x(b + c*x))/b72))~(1/3))"2)]) - (2%27(1/6)*3"(3/
4)*xb"2x (= ((c*x (b*x + c*x72))/b"2))"(4/3)*(1 - 27(2/3)*(-((c*x*x(b + c*x))/b"2
))"(1/3))*Sqrt [(1 + 27(2/3)*(=((cxx*x(b + c*x))/b™2))~(1/3) + 22~ (1/3)* (- ((
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ckx*(b + c*x))/b72))7(2/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*kx*(b + c*x))/b72))
~(1/3))"2]*EllipticF[ArcSin[(1 + Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x))/b~2))
~(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x))/b~2))~(1/3))], -7 + 4x*Sqr
t[3]1)/(cx(b + 2%cxx)*(b*x + c*x72)7(4/3)*Sqrt [-((1 - 27(2/3)* (- ((c*x*x(b +
c*x))/b~2))~(1/3))/(1 - Sqrt[3] - 27(2/3)*(~((c*x*x(b + c*x))/b"2))~(1/3))"2
)1)

Rule 199

Int[((a_) + (b_)*(x_ )" (n_))"(p_), x_Symbol] :> -Simp[(xx(a + b*x™n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*xx"n)~
(p + 1), x1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Integer
Q[2xp] || (n == 2 && IntegerQ[4*pl) || (n == 2 &% IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2%Sqrt[2 - Sqrt[3]1]*(s + r*x)*Sqrt[(s~2 - rxs
xx + r72*%x72)/((1 - Sqrt[3])*s + r*x)~2]*EllipticF[ArcSin[((1 + Sqrt[3])*s
+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4xSqrt[31])/(37(1/4)*r*Sqrt[a + bxx"3
1xSqrt [-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)~2)]), x]] /; FreeQ[{a, b}, x
1 && NegQl[al

Rule 235

Int[((a_) + (b_.)*(x_)"2)"(-1/3), x_Symbol] :> Dist[(3*Sqrt[b*x~2])/(2*b*x)
, Subst[Int[x/Sqrt[-a + x~3], x], x, (a + bxx"2)"(1/3)]1, x] /; FreeQ[{a, b}
, x]

Rule 304

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, -Dist[(Sqrt[2]*s)/(Sqrt[2 - Sqrt[3]1]1*r), Int[1/S
qrtla + b*x~3], x], x] + Dist[1/r, Int[((1 + Sqrt[3])*s + r*x)/Sqrtla + b*x
=31, x], x]1] /; FreeQ[{a, b}, x] && NegQl[al]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b72 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(ck(b*x + c*x72))/b2))7p, Int[(-((c*x)/b) - (c™2*x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rule 1879

Int[((c_) + (@_.)*x(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[((1 + Sqrt([3])*d)/c]], s = Denom[Simplify[((1 + Sqrt[3])*d)/c
11}, Simp[(2*%d*xs~3*Sqrtla + b*x~3])/(a*xr"2x((1 - Sqrt[3])*s + r*x)), x] + S
imp[(37(1/4)*Sqrt[2 + Sqrt[3]]*d*sx(s + r*x)*Sqrt[(s™2 - r*s*x + r~2%x72)/(
(1 - Sqrt[3])*s + r*x)"2]*EllipticE[ArcSin[((1 + Sqrt[3])*s + r*x)/((1 - Sq
rt[3])*s + r*x)], -7 + 4xSqrt[3]])/(r~2*Sqrt[a + b*x~3]*Sqrt[-((s*x(s + r*x)
)/((1 - Sqrt[3])*s + r*x)~2)]), x]] /; FreeQl{a, b, c, d}, x] && NegQ[al &&
EqQ[b*c™3 - 2*(5 + 3*Sqrt[3])*axd~3, 0]
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Rubi steps

b B2
4/3

(_C(bx+cx2))4/3 f( L

2 4/3
b _z_ff)

(bx + cxz)

c(bx+cx2) 43 1 c 2c2x
2z (5 s [ -2

(1 b2x2)4/3 R

2
)4/3

c? (bx + cx?

4/3 2/31,2 c(bx+cx2) o 1 c 2%
c(bx+cx2)) 2°9P9pA | ———= Subst f T dx,x,—— — —-

3(b + 2cx) (— = 5 a2 b
= +
4/3
cd _cx(l;—zkcx) (bx + cxz)él/3 c2 (bx + cxz) !
4/3 o\ 43
bx+cx? c(bx+cx ) dex Ac%x? x ‘
3(b + ZCX) (_C( xbzcx )) (3 (— 2 ) \/—1 - T - 2 ]SUbSt[ EP dx, x,?2
= - 2 473
N —Cx(l;;cx) (bx + cx2)4/3 2 (—% - ZZ—ZX) (bx + cxz)
4/3 o\ 43
o(bx+cx? c(bx+cx ) \/ dex  4c2x2 1+v3 —x
= +
3 b 4/3 3 c 22 4/3
209 (e 4 c2) N (_5 - b_z) (bx + c2?)

b2 b b2 »?

43 4/3
N ——Cx(l;cx) (bx + cxz) / c(b + 2cx) (bx + cxz) (1 -3 - 22/3:/——”(2:“) )

43 43
3([7 + 2cx) (_C(bx;cxz)) 302312 (_ C(bx+cx2)) \/_1 dox 40252 \/_1 )

Mathematica [C] time = 0.01, size = 45, normalized size = 0.06

3fcx 1 4 2 cx
3 'z'*lel(‘gfgfaf‘z)

b/x(b + cx)

Antiderivative was successfully verified.

[In] Integratel[(b*x + c*x72)7(-4/3),x]

[Out] (-3*(1 + (c*x)/b)~(1/3)*Hypergeometric2F1[-1/3, 4/3, 2/3, -((c*x)/b)]1)/(b*(
xk(b + c*x))~(1/3))

fricas [F] time = 0.97, size = 0, normalized size = 0.00

2
(cx2 + bx) 3
c2x4 + 2 bex3 + b2x?’

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(c*x~2+b*x)~(4/3),x, algorithm="fricas")
[Out] integral((c*x~2 + bx*x)~(2/3)/(c”2*x"4 + 2%b*c*x~3 + b~2*x"2), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

(cx2 + bx)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(4/3),x, algorithm="giac")

[Out] integrate((c*x~2 + b*x)~(-4/3), x)

maple [F] time = 0.88, size = 0, normalized size = 0.00

1
dx

(c x2 + bx)g

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+b*xx)~(4/3),x)
[Out] int(1/(c*x"2+b*x)~(4/3),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
dx

(cx2 + bx)é

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(4/3),x, algorithm="maxima"

[Out] integrate((c*x"2 + b*x)~(-4/3), x)

time = 0.23, size = 36, normalized size = 0.05

mupad [B]
43
x(5 )R (55 5 -5)
B 4/3
(cx2 + bx) /

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(4/3),x)
[Out] -(3*x*x((c*x)/b + 1)7(4/3)*hypergeom([-1/3, 4/3], 2/3, -(c*x)/b))/(b*x + c*x

~2)7(4/3)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

'S

(bx + cxz)§

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cxx**2+b*x)**(4/3),x)

[Out] Integral((bxx + c*xx**2)*x(-4/3), x)
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339 [ ———zdx

(bx+cx2)7/3

Optimal. Leaf size=838

2\3/5 (_ cx(h+cx)) 2/3 023 3 cx(b+cx) +1 _2/3 3 Cx(b+cx) VB4l

15v3+/2 + V3 b2(1 223 3¢ b“x)) o Elsin!

2

3
( 22/33 cx(b+cx) \/§+1 _22/3 cx(b+cx) ~v3+1

|—7+4

1- 22/33 cx(b+cx)

(_22/3 3[ cx(b+cx \/§+1)

22 c(b + 2cx) (cx2 + bx)7/3 —

[Out] 3/4%(2%c*x+b)*(—c*(c*x~2+b*x) /b~2)~(7/3) /c/ (—cxx*(c*x+b) /b~2) ~(4/3) / (c*x~2+

b*xx) ~(7/3)+15/2% (2*c*xx+b) * (—c* (c*x™2+b*x) /b~2) ~(7/3) /c/ (—c*xx*x (c*x+b) /b~2) ~ (
1/3) / (cxx™2+b*x) ~(7/3)+15/2*% (2xcxx+b) * (—c* (c*x~2+b*x) /b~2) ~(7/3)*2~(2/3) /c/
(c*xx™2+b*x) ~(7/3) / (1-27(2/3) * (—~c*x* (c*x+b) /b~2) ~(1/3)-3"(1/2) ) -5*x27(1/6) *3~
(3/4)*b™ 2% (—c* (c*xx™2+b*x) /b~2) ~(7/3) % (1-27(2/3) * (—c*xx* (c*x+b) /D72) ~(1/3) ) *E
11ipticF((1-27(2/3) * (=cxx* (c*x+b) /b~2) " (1/3)+37(1/2)) / (1-27(2/3) * (—c*x* (c*x
+b) /b~2)7(1/3)-37(1/2)) ,2%xI-I*37(1/2) ) * ((1+27(2/3) * (—c*x* (c*x+b) /b~2) ~(1/3)
+2x27 (1/3) * (mc*xx* (c*x+b) /b~2) " (2/3)) / (1-27(2/3) * (=c*x* (c*x+b) /b~2) " (1/3) -3~
(1/2))72)7(1/2) /c/ (2%cxx+b) / (cxx™2+b*x) ~(7/3) / ((-1+27(2/3) * (-c*x* (c*x+b) /b~
2)7(1/3))/(1-27(2/3) * (—c*x*x (c*xx+b) /b~2)~(1/3)-37(1/2))~2)~(1/2)+15/4*3~(1/4
)*¥b7 2% (—cx (c*xx™2+b*x) /b"2) ~(7/3) % (1-27(2/3) * (—c*xx* (c*xx+b) /b~2) ~(1/3) ) *Ellip
ticE((1-27(2/3) % (—c*x* (c*x+b) /b~2) ~(1/3)+37(1/2)) / (1-27(2/3) * (—c*x* (c*x+b) /
b~2) " (1/3)-37(1/2)),2+¥I-I*37(1/2) ) * ((1+27(2/3) * (—c*x* (c*xx+b) /D72) ~(1/3) +2*2
~(1/3) * (—cxx* (c*x+b) /b~2) 7 (2/3) )/ (1-27(2/3) * (~cxx* (c*x+b) /b~2) ~(1/3)-37(1/2
))72)7(1/2)*%(1/2%67 (1/2)+1/2%27 (1/2) )*27(2/3) /c/ (2*%c*xx+b) / (c*x™2+b*x) ~(7/3)
/ ((=1+27(2/3) * (-cxx* (c*xx+b) /b~2) ~(1/3)) / (1-27(2/3) * (—cxx* (c*xx+b) /b~2) ~(1/3)
-37(1/2))"2)"(1/2)

Rubi [A] time = 1.04, antiderivative size = 838, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 7, integrand size = 13,

mumber oL WIes _ (0,538, Rules used = {622, 619, 199, 235, 304, 219, 1879}

integrand size

(c"c(b+cx)) 2/33 cx(b+cx) +1 22/33 cx(b+cx) \/§+1

15v3+4/2 + 3 b2(1 223 3¢ b“")) Elsin™!

3
( 22/33 cx(b+cx) \/§+1 _22/3 cx(b+cx) \/§+1

|—7+4

1- 22/33 cx(b+cx)

(_22/3 3[ cx(b+cx \/§+1)

22 c(b + 2cx) (cx2 + bx) G

Antiderivative was successfully verified.

[In] Int[(b*x + c*xx~2)~(-7/3),x]

[Out] (3x(b + 2*ckx)*(-((ck(b*x + c*x72))/b72))7(7/3))/ (4*cx(-((c*x*(b + c*x)) /b~

2))"(4/3)*%(b*x + cxx"2)7(7/3)) + (15%(b + 2xcxx)*x(=((c*x(b*x + c*xx~2))/b"2))
“(7/3))/ (2xcx (- ((c*xx(b + c*x))/b72)) " (1/3)*(bxx + c*x72)7(7/3)) + (15%(b +
2%cxx)* (- ((cx(b*x + c*x72))/b72))7(7/3))/(27(1/3) *c*x(b*x + c*x72)7(7/3)*(1
- Sqrt[3] - 27(2/3)*(-((c*xx*(b + c*x))/b72))"(1/3))) + (16%37(1/4)*Sqrt[2

+ Sqrt[3]1]1*b™2x (- ((cx(b*x + c*x72))/b72))7(7/3)*(1 - 27(2/3)*(-((cxxx(b + ¢
*x))/b72))7(1/3))*Sqrt [(1 + 27(2/3)*(-((c*xxx(b + c*x))/b72))~(1/3) + 2%27(1
/3)*%(=((c*xx*(b + c*x))/072))7(2/3))/(1 - Sqrt[3] - 27(2/3)*(-((c*x*(b + c*x
))/b72))~(1/3))"2]*E1lipticE[ArcSin[(1 + Sqrt[3] - 27(2/3)*(-((c*xx*x(b + c*x
))/b~2))~(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((cxx*x(b + c*x))/b~2))~(1/3))], -

+ 4%Sqrt[3]11)/(2%27(1/3) *c*x (b + 2%cxx)*(b*x + cxx~2)~(7/3)*Sqrt [-((1 - 27°(
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2/3)*(=((cxx*x(b + c*x))/b72))7(1/3))/(1 - Sqrt[3] - 27(2/3)*(-((ckx*x(b + c*
x))/072))7(1/3))72)]1) - (5%x27(1/6)*37(3/4)*b”™2* (- ((c*x(b*x + c*x72))/b72)) " (
7/3)*%(1 - 27(2/3)* (- ((c*xx*(b + c*x))/b72))7(1/3))*Sqrt [(1 + 27(2/3)*(-((c*x
*(b + c*x))/b72))7(1/3) + 2x27(1/3)*(-((c*xx(b + c*x))/b"2))~(2/3))/(1 - Sq
rt[3] - 27(2/3)*(-((cxx*(b + c*x))/b"2))~(1/3))"2]*EllipticF[ArcSin[(1 + Sq
rt[3] - 27(2/3)*(-((cxx*x(b + c*x))/b~2))~(1/3))/(1 - Sqrt([3] - 27(2/3)*(-((
ckx*x(b + c*x))/b"2))"(1/3))]1, -7 + 4*xSqrt[31]1)/(cx(b + 2*c*x)*(b*x + c*x~2)
“(7/3)*Sqrt [-((1 - 27(2/3)* (= ((c*x*(b + c*x))/b"2))"(1/3))/(1 - Sqrt[3] - 2
“(2/3)x (= ((cxxx(b + c*x))/b"2))~(1/3))72)1)

Rule 199

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> -Simp[(xx(a + bxx™n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + bxx"n)~
(p + 1), x]1, x]1 /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Integer
Ql2*p] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 - Sqrt[3]]*(s + r*x)*Sqrt[(s”2 - r*s
*x + r72*%x72)/((1 - Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 + Sqrt[3])*s
+ r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4xSqrt[3]11)/(37(1/4)*r*Sqrt[a + b*x"3
1#Sqrt [-((s*(s + r*x))/((1 - Sqrt[3])*s + r*x)"2)]), x]] /; FreeQ[{a, b}, x
] && NegQ[al

Rule 235

Int[((a) + (b_.)*(x_)"2)"(-1/3), x_Symboll :> Dist[(3*Sqrt [bxx~2])/(2*b*x)
, Subst[Int[x/Sqrt[-a + x73], x], x, (a + bxx"2)"(1/3)], x] /; FreeQ[{a, b}
, x]

Rule 304

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 3]]}, -Dist[(Sqrt[2]*s)/(Sqrt[2 - Sqrt[3]]*r), Int[1/S
grtla + b*x73], x], x] + Dist[1/r, Int[((1 + Sqrt[3])*s + r*x)/Sqrtla + b*x
~3], x], x]1] /; FreeQ[{a, b}, x] && NegQ[a]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQl[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*xx)/b) - (c™2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rule 1879

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)~3], x_Symbol] :> With[{r = N
umer [Simplify [((1 + Sqrt[3])*d)/cl], s = Denom[Simplify[((1 + Sqrt[3])*d)/c
11}, Simp[(2*d*s~3*Sqrt[a + b*x~3])/(a*r 2x((1 - Sqrt[3])*s + r*x)), x] + S
imp[(37(1/4)*Sqrt[2 + Sqrt[3]]*d*s*(s + r*x)*Sqrt[(s™2 - r*s*x + r~2*x72)/(
(1 - Sqrt[3])*s + r*x) 2]*EllipticE[ArcSin[((1 + Sqrt[3])*s + r*x)/((1 - Sq
rt[3])*s + rxx)], -7 + 4xSqrt[3]])/(r"2*Sqrtla + bxx~3]*Sqrt[-((s*(s + r*x)



)/((1 - Sqrt[3])*s + r*x)~2)]), x]] /; FreeQ[{a, b,
EqQ[b*c~3 - 2%(5 + 3%Sqrt[3])*a*d~3, 0]

Rubi steps

dx

73
_E_ﬁ)

1
oo i

c, d},
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x] && NegQ[al &&

bx + cx? (bx + cx?2
7/3
c(bx+cx2) 1 c 2c2x
{8 22/3b2 (_b—Z Subst f W dx,x 3T 7
%)
=~ 773
c? (bx + cxz) !
/3
bx+cx2) 2¢
713 52”%#(—4 ) Subst dx,x,—+ — =
b 2 g4 ‘
3(b + 2cx) (—C( xl;cx )) ( b f (1_172;2 43 b b
- 473 75 73
4c (— Cx(bbzcx)) (bx + cxz) ! c? (bx + sz)
7/3
b 2
c(bx+cx2) 713 bx+cx 5b2 ( x;—zcx )) Subst
3(b + 2cx) - 15(b + 2cx) | —
= +
4/3 7T
4c (_Cx(l;cx)) (bx + cx2)7/3 2c+ Cx(b“x) (bx + cx2) : V22 (bx
7/3
c(bx+cx2) " bx+cx 7 bx+cx ) / -1- 4_C
3(b +2cx) |- = 15(b + 2cx) | — 2 b

+
4/3 73
4c (— Cx(;;cx)) (bx + cx2)7/ 3 ch/ Cx(b+cx) (bx + cx2

24

7/3
c(bx+cx2) 7 bx+cx 73 bx+cx2) - 4
3(b+2cx) |- 7z 15(b + 2cx) [ - 2 b
B 43 7t
A (_ cx(l;:cx)) (bx N sz)7/3 2 _cx(b+1:x) (b N sz / 5 \3/5

15(b + 2cx) (—

7/3
C(bx+cx2)
> ) 15b2(—

c(bx+cx2))7/3 /_1 R
b2

cx(b+cx)

Mathematica [C] time = 0.01, size = 50, normalized size = 0.06

cx 47 1
+1,F (—51 Ty —;)

4b2x\3/x(b + cx)

Antiderivative was successfully verified.

3

3

[In] Integrate[(b*x + c*x~2)7(-7/3),x]

(b + cxz) 7

V2 (b + 2cx) (bx + cxz)7/3 ‘
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[Out] (-3*%(1 + (c*x)/b)~(1/3)*Hypergeometric2F1[-4/3, 7/3, -1/3, -((c*x)/b)]1)/(4*
b~ 2kx* (xx (b + c*x))~(1/3))

fricas [F] time = 0.92, size = 0, normalized size = 0.00

2
(cx2 + bx) 3
c3x6 + 3bc?x5 + 3 b%cxt + b3x3’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(7/3),x, algorithm="fricas")

[Out] integral((c*x”2 + bx*x)7(2/3)/(c™3%x™6 + 3*b*c™2*x"5 + 3*%b"2xc*x"4 + b~ 3%x"3
), Xx)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

(cx2 + bx)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(7/3),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-7/3), x)
maple [F] time = 1.34, size = 0, normalized size = 0.00

1
[

(c x2 + bx)5

N

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*xx~2+b*x)~(7/3),x)
[Out] int(1/(c*x™2+b*x)~(7/3),%)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

N

(cx2 + bx)§
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(7/3),x, algorithm="maxima"
[Out] integrate((c*x~2 + b*x)~(-7/3), x)

mupad [B] time = 0.25, size = 36, normalized size = 0.04

cx 7/3 4 7 1 cx
3x(3 +1)7 oF (‘gfa? BEY T)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(bxx + c*xx~2)~(7/3),x)

[Out] -(3*x*x((c*x)/b + 1)7(7/3)*hypergeom([-4/3, 7/3], -1/3, -(c*x)/b))/(4x(b*x +
c*xx~2)~(7/3))
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sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

(bx + cxz)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+b*x)**(7/3),%)

[Out] Integral((bxx + c*x**2)**(-7/3), x)
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3.40 f (bx + cxz)5/4 dx

Optimal. Leaf size=119

3/4
5 _c(bx+cx2) (l .1 (Zﬂ )| ) 5/4
5PP(b+ 2cx)Vbx + cx2 .\ o ( 2 Flysin |5 +1)|2 N (b + 2cx) (bx + cxz) /

8ac? 8423 (bx + cx2)3/4 7c

[Out] -5/84*b~ 2% (2*c*x+b) * (c*xx™2+b*x) ~(1/4) /c™2+1/T* (2*c*x+b) * (c*x~2+b*x) ~(5/4) /c
+5/168*b~ 5% (—c* (cxx™2+b*x) /b~2) ~(3/4) * (cos (1/2*arcsin(1+2*cxx/b))~2) ~(1/2)/
cos(1/2*arcsin(1+2*c*x/b))*EllipticF(sin(1/2*arcsin(1+2*c*x/b)),27(1/2))/c”

3/ (c*x™2+bx*x) " (3/4)*27(1/2)

Rubi [A] time = 0.05, antiderivative size = 119, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 13,

number of rules _ ) 308, Rules used = {612, 622, 619, 232}

integrand size

/
5 _c(bx+cx2) (1 . 1 (zﬂ )| ) 5/4
562(b + 20x) Vbx + cx2 o ( b Flzsin\ % +1))2 (b + 2cx) (bx + cxz) !
- + +

Bac? 8423 (bx + cx2)3/4 7c

Antiderivative was successfully verified.
[In] Int[(b*x + c*x~2)"(5/4) ,x]

[Out] (-5*%b~2x(b + 2%cxx)*(b*x + c*xx"2)7(1/4))/(84*c™2) + ((b + 2*xc*x)*(b¥x + c*x
~2)7(5/4))/(Txc) + (Bxb~b*x(-((cx(b*x + c*xx~2))/b"2))~(3/4)*EllipticF[ArcSin
[1 + (2xc*x)/bl/2, 2])/(84%Sqrt[2]*c~3*(b*x + c*xx~2)~(3/4))

Rule 232

Int[((a_) + (b_.)*(x_)"2)"(-3/4), x_Symbol] :> Simp[(2*EllipticF[(1*ArcSin[
Rt[-(b/a), 2]1*x1)/2, 2]1)/(a~(3/4)*Rt[-(b/a), 21), x] /; FreeQ[{a, b}, x] &&
GtQla, 0] && NegQ[b/al

Rule 612

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2x*c*x
)*(a + b*x + c*x72)7p)/(2%ckx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + bxx + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2%cxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(cx(b*x + c*x72))/b"2))"p, Int[(-((c*x)/b) - (c"2%¥x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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(b +2cx) (bx + cx2)5/4 (5172) i Vbx + cx? dx

5/4
f (oe+ex?)™ e = 7c B 28¢
sa (5b* ' 4
3 5b%(b + 2cx)\/4 bx + cx? N (b + 2cx) (bx + cxz) . ( ) (bx+cx?) /
- 84c2 7c 336¢2
34
c(bx+cx2) 1
» (5174 (_ > ) ] ) — i d
5P (b + 2cx)Vbx + cx2 .\ (b + 2cx) (bx + sz) . (_7_17_2)

2 34
84c 7c 3362 (bx + cxz) /

3/4
6 c(bx+cx2) 1
[517 (— m Subst f py

1
5%

5/4
5b%(b + 2cx)\/4 bx + cx? . (b + 2cx) (bx + cxz)

2
e e 168+/2 c* (bx + cxz)
3/4
5/4 5 _c(bx+cx2) (l .1 ( &
502(b + 2cx)Vbx + cx2 (b + 2cx) (bx + cxz) /4 5b ( b2 Fl5sin |1+~
== + +
? 3/4
84c 7c 84\/§C3 (bx N sz) %

Mathematica [C] time = 0.01, size = 48, normalized size = 0.40

25T e o (-3, 5 2-%)

4/cx

9 ?+1

Antiderivative was successfully verified.

[In] Integratel[(bxx + c*x72)7(5/4),x]

[Out] (4*xb*xx~2x(x*x(b + cxx))~(1/4)*Hypergeometric2F1[-5/4, 9/4, 13/4, -((cx*x)/b)]
)/ (9% (1 + (c*x)/b)~(1/4))

fricas [F] time = 0.90, size = 0, normalized size = 0.00
>
integral ((cx2 + bx)4, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(5/4),x, algorithm="fricas")
[Out] integral((c*x~2 + b*x)~(5/4), x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

5

f (cx2 + bx)Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(5/4),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(5/4), x)
maple [F] time = 0.62, size = 0, normalized size = 0.00

5

f(cxz + bx)Z dx



Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+bxx)~(5/4),x%)
[Out] int((c*x™2+b*x)~(5/4),%)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

5

f (cx2 + bx)Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+bxx)~(5/4),x, algorithm="maxima"
[Out] integrate((c*x~2 + b*x)~(5/4), x)

mupad [B] time = 0.19, size = 36, normalized size = 0.30

it (338 5)
9(% + 1)5/4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x~2)"(5/4),x)

167

[Out] (4*x*(b*x + c*x~2)~(5/4)*hypergeom([-5/4, 9/4], 13/4, -(c*x)/b))/(9*((c*x)/

b + 1)7(5/4))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
5

f(bx + sz)Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+b*xx)**(5/4),x%)

[Out] Integral((b*x + cxxx*2)*x(5/4), x)
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3.41 f (bx + cxz)?’/4 dx

Optimal. Leaf size=90

4 c(bx+cx2) 1 . (2
(b + 2cx) (bx + cxz)g/4 334/~ = E (E sin™! (% + 1)| 2)
5¢ 10V2 2Vbx + cx?
[Out] 1/5%(2%c*x+b)*(c*xx~2+b*x) ~(3/4)/c-3/20%b" 3% (—c* (c*x"2+b*x)/b~2) ~(1/4) *(cos(

1/2*arcsin(1+2*c*x/b))~2)~(1/2) /cos(1/2*arcsin(1+2*c*x/b) ) *E1lipticE(sin(1/
2¥arcsin(1+2*xc*x/b)) ,27(1/2))/c”2/ (c*xx"2+b*x) ~(1/4)*2~(1/2)

Rubi [A] time = 0.03, antiderivative size = 90, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 13,

number of rules _ ) 308, Rules used = {612, 622, 619, 228}

integrand size

3/4 4 c(bx+cx2) 1 . _1(2
(b+20x)(bx+cx2)/ 3634/ - 72 E(Esm 1(%+1)|2)

5¢ B 10V2 2Vbx + cx?

Antiderivative was successfully verified.
[In] Int[(b*x + c*x72)~(3/4) ,x]

[Out] ((b + 2*c*x)*(b*x + c*x72)7(3/4))/(5%c) - (3*b73*(-((c*x(b*x + c*x72))/b"2))
~(1/4)*EllipticE[ArcSin[1 + (2*c*x)/bl/2, 2])/(10*Sqrt[2]*c™2* (b*x + c*x~2)
~(1/4))

Rule 228

Int[((a_) + (b_.)*(x_)"2)"(-1/4), x_Symbol] :> Simp[(2*EllipticE[(1*ArcSin[
Rt[-(b/a), 2]*x])/2, 2])/(a~(1/4)*Rt[-(b/a), 2]), x] /; FreeQ[{a, b}, x] &&
GtQla, 0] && NegQ[b/al

Rule 612

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)*(a + b*x + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + b*x + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*xx)/b) - (c™2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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TR (b + 2cx) (bx + cx2)3/4 (3b2) f %;W dx

5¢ 20cVbx + cx?

4 c(bx+cx2) 1 c 2%
4 [\ ) b _eex
” (3b \/ m ]Subst f T dx, X, = = =3

~ (b + 2cx) (bx + cxz) -5

+
5S¢ 2023 Vbx + cx?
3/4 4 c(bx+cx2) 1 . _ 2cx
_ (b+2cx) (bx + cxz) sy - 2 E (5 sin” (1 + 7)

5¢ 10V2 2Vbx + cx?

f (bx + cxz) dx = = — 30c
(3172 4 /_c(bx-;cxz) ]f 1 iy
3/4 b 4 ox 22
(b + 2cx) (bx + cxz) 5

)

Mathematica [C] time = 0.01, size = 45, normalized size = 0.50

ax(xtb + )R (-3, 5 55-9)
cx 3/4

Antiderivative was successfully verified.

[In] Integratel[(b*x + c*xx~2)7(3/4),x]

[Out] (4*xx*x(x*(b + c*x))~(3/4)+*Hypergeometric2F1[-3/4, 7/4, 11/4, -((c*x)/b)]1)/(7
*(1 + (cxx)/b)~(3/4))

fricas [F] time = 1.04, size = 0, normalized size = 0.00
3
integral ((cx2 + bx)4, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(3/4),x, algorithm="fricas")
[Out] integral((c*x"2 + b*x)~(3/4), x)
giac [F]  time = 0.00, size = 0, normalized size = 0.00

3

f (cx2 + bx)Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(3/4),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(3/4), x)
maple [F] time = 0.74, size = 0, normalized size = 0.00

3

f(cx2 + bx)Z dx

Verification of antiderivative is not currently implemented for this CAS.



[In] int((c*x™2+bxx)~(3/4),%)
[Out] int((c*x"2+b*x)~(3/4) ,x)
maxima [F]  time = 0.00, size = 0, normalized size = 0.00

3

f (cx2 + bx)Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(3/4),x, algorithm="maxima"
[Out] integrate((c*x~2 + b*x)~(3/4), x)

mupad [B] time = 0.17, size = 36, normalized size = 0.40
17 1

7(% + 1)3/4

3/4
4x(cx2+bx)/ ZFl(_S 7 11 Cx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x~2)~(3/4) ,x)

170

[Out] (4*x*(b*x + c*x”2)~(3/4)*hypergeom([-3/4, 7/4], 11/4, -(c*x)/b))/(T*((c*x)/

b + 1)7(3/4))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f(bx + sz)Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+b*x)**(3/4),%)

[Out] Integral((bxx + c*x**2)**(3/4), x)
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3.42 f Vbx + cx? dx

Optimal. Leaf size=90

3/4
b 2
b+ ZCx)\/4 bx + cx? v (_C( x;cx )) F ( % sin”! (2% " 1)| 2)

3c 322 (bx + cx2)3/4

[Out] 1/3*(2*cxx+b)* (c*x™2+b*x) ~(1/4) /c-1/6*b"3* (—c* (c*x~2+b*x) /b~2) " (3/4)*(cos (1
/2*arcsin(1+2xc*x/b))~2)~(1/2) /cos(1/2*arcsin(1+2*c*x/b) ) *EllipticF(sin(1/2
*arcsin(1+2*xc*x/b)) ,27(1/2))/c”2/ (ckxx"2+b*x) ~(3/4)*2~(1/2)

Rubi [A] time = 0.03, antiderivative size = 90, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 13,

mumber o 14IeS — 0,308, Rules used = {612, 622, 619, 232}

integrand size

3 _c(bx+cx) (1 .1 (Zﬂ ) )
(b + 2cx)Vbx + cx? b( & ) Flasin (% +1 |2

3c 3v2¢c2 (bx + cx2)3/4

Antiderivative was successfully verified.
[In] Int[(bxx + c*xx~2)"(1/4),x]

[Out] ((b + 2%cxx)*(b*x + c*x72)7(1/4))/(3*c) - (b~3*(-((cx(b*x + c*x72))/b"2)) " (
3/4)*EllipticF[ArcSin[1 + (2%cx*x)/bl/2, 2])/(3*Sqrt[2]*c 2% (b*x + c*xx~2)7 (3
/4))

Rule 232

Int[((a_) + (b_.)*(x_)"2)"(-3/4), x_Symbol] :> Simp[(2*EllipticF[(1*ArcSin[
Rt[-(b/a), 2]1*x]1)/2, 2]1)/(a~(3/4)*Rt[-(b/a), 2]), x] /; FreeQ[{a, b}, x] &&
GtQla, 0] && NegQ[b/al

Rule 612

Int[((a_.) + (b_)*(x_) + (c_)*(x)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
Y*x(a + bxx + c*¥x72)7p)/(2xcx(2%p + 1)), x] - Dist[(p*(b~2 - 4xaxc))/(2xc*(2
*p + 1)), Int[(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*xx)/b) - (c™2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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P [ — g dx
4 3/4
4 2 1 (b + 2cx)Vbx + cx? ~ (bx+ca?)
f Vbx + cx? dx o Toc
3/4
bx+cx2) 1
)
bz cxX C2X2 3/4
b+ 2ex)Vbx + cx2 (_7_72)
- B 3/4
3c 12¢ (bx + cxz) !
3/4
c(bx+cx2) 2c2
( 4 (_b—Z) ]Subst ) o dx,x,—= - ==
_(b+ 2cx)\/4 bx + cx? N =
= 3/4
3c 623 (bx + cx2) /

3/4
b 2
) (2 2)

B (-
_ (b +2cx) Vbx + ca2 ( b 2 b
c

3 3v2 2 (bx + cx2)3/4

)

Mathematica [C] time = 0.01, size = 45, normalized size = 0.50

4xx(b + cx) ,F; (—i, Z; Z; —%)

4/cx

5 ?+1

Antiderivative was successfully verified.

[In] Integratel[(bxx + c*x72)7(1/4),x]

[Out] (4*xx*x(x*(b + c*x))~(1/4)+*Hypergeometric2F1[-1/4, 5/4, 9/4, -((c*x)/b)])/(b*
(1 + (cxx)/b)~(1/4))

fricas [F] time = 0.96, size = 0, normalized size = 0.00
1
integral ((cx2 + bx)4, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(1/4),x, algorithm="fricas")
[Out] integral((c*x”~2 + bxx)~(1/4), x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

1

f (cx2 + bx)Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x™2+b*x)~(1/4),x, algorithm="giac")
[Out] integrate((c*x~2 + bx*x)~(1/4), x)

maple [F] time = 0.57, size = 0, normalized size = 0.00

1

f(cx2 + bx)Z dx



Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x™2+b*x)~(1/4),%)
[Out] int((c*x™2+b*x)~(1/4),%)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

1

f (cx2 + bx)Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x)~(1/4),x, algorithm="maxima")
[Out] integrate((c*x~2 + bx*x)~(1/4), x)

mupad [B] time = 0.17, size = 36, normalized size = 0.40

)1/4

4x(cx2+bx 13,9, Cx)

2F1 (_Z’ i

5(% + 1)1/4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx + c*x~2)~(1/4),x)
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[Out] (4*x*(b*x + c*x~2)~(1/4)*hypergeom([-1/4, 5/4], 9/4, -(c*x)/b))/(5x((c*x)/b

+ 1)7(1/4))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f Vox + ca? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+b*x)**(1/4),x)

[Out] Integral((b*x + ckxx**2)**(1/4), x)
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1
3.43 f W dx

Optimal. Leaf size=58
4] C(bx+cx2) 1 . 1 (2cx
\/Eb ) E(ESIH (7 +1)|2)

cVbx + cx2

[Out] b*(-c*(c*x"2+b*x)/b"2) " (1/4)*(cos(1/2*%arcsin(1+2*c*x/b))~2) " (1/2)/cos(1/2*a
rcsin(1+2*c*x/b))*E1lipticE(sin(1/2*arcsin(1+2*c*x/b)) ,27(1/2))*27(1/2)/c/(
cxx"2+b*x) " (1/4)

Rubi [A] time = 0.02, antiderivative size = 58, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 13,

numberof rules _ ) 231, Rules used = {622, 619, 228}

4 2
\/Ebﬂ—c(bx;cx ) E (%sin_1 (2% + 1)| 2)

c\/4 bx + cx?

integrand size

Antiderivative was successfully verified.
[In] Int[(b*x + c*xx~2)~(-1/4),x]

[Out] (Sqrt[2]*b*(-((cx(b*x + c*xx~2))/b"2))~(1/4)*E1llipticE[ArcSin[1 + (2%c*x)/b]
/2, 21)/(cx(bxx + c*x~2)"(1/4))

Rule 228

Int[((a_) + (b_.)*(x_)"2)"(-1/4), x_Symbol] :> Simp[(2*EllipticE[(1*ArcSin[
Rt[-(b/a), 2]1*x]1)/2, 2]1)/(a~(1/4)*Rt[-(b/a), 2]), x] /; FreeQ[{a, b}, x] &&
GtQla, 0] && NegQ[b/al

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b72 - 4*axc))"p), Subst[Int[Simp[l - x72/(b"2 - 4*ax*xc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(cx(b*x + c*x72))/b"2))7p, Int[(-((c*x)/b) - (c™2%x"2)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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1 T2
dx =
f Vbx + cx2 Vbx + cx2
4 c(bx+cx2) 1 ¢ 2c%x
2. [ _ _L_=£L4
(b > )Subst /- — dx,x,—;
Nox Vbx + cx?

o(b
\/_b (b ) (; sin”? (1 + 2%)
cVbx + cx?

)

Mathematica [C] time = 0.01, size = 45, normalized size = 0.78

137
4V 2F1(444’ g)

3x(b + cx)

Antiderivative was successfully verified.

[In] Integrate[(b*x + c*x72)7(-1/4),x]

[Out] (4*x*x(1 + (c*x)/b)~(1/4)+*Hypergeometric2F1[1/4, 3/4, 7/4, -((cxx)/b)])/(3*(
x*x(b + cxx))~(1/4))

fricas [F] time = 1.06, size = 0, normalized size = 0.00

1
integral | ——, x

(cx2 + bx)‘I

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(1/4),x, algorithm="fricas")
[Out] integral((c*x~2 + bxx)~(-1/4), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

IS

(cx2 + bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(1/4),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-1/4), x)

maple [F] time = 0.72, size = 0, normalized size = 0.00

1
dx

IS

(c x2 + bx)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(c*x"2+b*x)~(1/4),x)
[Out] int(1/(c*x"2+b*x)~(1/4) ,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
dx

—

(cx2 + bx)Z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x™2+b*x)~(1/4),x, algorithm="maxima")
[Out] integrate((c*x~2 + b*x)~(-1/4), x)

mupad [B] time = 0.20, size = 36, normalized size = 0.62

cx 1/4 13 7 cx
ax(E41) R (13 5 -9

)1/4

3(cx2 +bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(1/4),x)

[Out] (4*x*((c*x)/b + 1)~ (1/4)*hypergeom([1/4, 3/4]1, 7/4, -(c*x)/b))/(3*(bxx + c*
x"2)7(1/4))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
[
Vbx + cx?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ckx**2+b*x)**(1/4),x)

[Out] Integral((bxx + c*xx**2)*x(-1/4), x)
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344 [ ———dx

(bx+cx2)3/4

Optimal. Leaf size=59

242b (—C(bx“xz) )3/4 F ( Lsin1 (zﬂ + 1)| 2)

b2 2 b

c (bx + cxz)g/4

[Out] 2%b*x(—c*(c*xx"2+b*xx)/b"2) " (3/4)*(cos(1/2*%arcsin(1+2*c*x/b))"2)~(1/2)/cos(1/2
*xarcsin(1+2%c*x/b))*E1lipticF(sin(1/2*arcsin(1+2xc*x/b)),27(1/2))*27(1/2)/c
/ (c*x~2+b%*x) ~(3/4)

Rubi [A] time = 0.02, antiderivative size = 59, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 13,

number O 1S _ ().231, Rules used = {622, 619, 232}

integrand size

oo ) (i (2 4) )

b2 2 b

3/4
c (bx + cxz) /
Antiderivative was successfully verified.

[In] Int[(b*x + c*xx~2)~(-3/4),x]

[Out] (2xSqrt[2]*bx(-((c*(b*x + c*x~2))/b"2))~(3/4)*EllipticF[ArcSin[1 + (2*cx*x)/
bl1/2, 2])/(cx(b*x + c*x~2)~(3/4))

Rule 232

Int[((a_) + (b_.)*(x_)"2)"(-3/4), x_Symbol] :> Simp[(2*EllipticF[(1*ArcSin[
Rt[-(b/a), 2]1x*x]1)/2, 2])/(a~(3/4)*Rt[-(b/a), 2]1), x] /; FreeQ[{a, b}, x] &&
GtQla, 0] && NegQ[b/al

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xa*xc))”p), Subst[Int[Simp[l - x~2/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*x)/b) - (c™2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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3/4
c(bx+cx2) 1 J
p— _— x
bz ( cx C2X2 )3/4

b b2

(bx + cac2)3/4
\/Ebz C(bx+cx2) S b t d Cc 2C2x
_ 2 ups f 22 34 x,x,—E - b_2
_C_Z)
c? (bx + cxz)?)/4

Mathematica [C] time = 0.01, size = 43, normalized size = 0.73

cx 3/4 135 cx
4x (5 +1) 2F1(zfzfz'7)
(x(b + cx))¥4

Antiderivative was successfully verified.

[In] Integrate[(b*x + c*x~2)7(-3/4),x]

[Out] (4*xx*(1 + (c*x)/b)~(3/4)+*Hypergeometric2F1[1/4, 3/4, 5/4, -((c*xx)/b)])/(x*(
b + c*x))~(3/4)

fricas [F] time = 0.76, size = 0, normalized size = 0.00

1

integral X

(cx2 + bx)‘% ’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(3/4),x, algorithm="fricas")
[Out] integral((c*x~2 + bxx)~(-3/4), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

w

(cx2 + bx)Z
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(3/4),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-3/4), x)

maple [F] time = 0.72, size = 0, normalized size = 0.00

1
dx

INE

(c X2+ bx)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(c*x"2+b*x)~(3/4),x)
[Out] int(1/(c*x"2+b*x)~(3/4) ,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
dx

w

(cx2 + bx)Z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x™2+b*x)~(3/4),x, algorithm="maxima")
[Out] integrate((c*x~2 + b*x)~(-3/4), x)

mupad [B] time = 0.19, size = 36, normalized size = 0.61

(g (5 3 -2)
(c x2+b x)3/4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*xx~2)~(3/4),x)

[Out] (4*xx*x((cxx)/b + 1)7(3/4)*hypergeom([1/4, 3/4], 5/4, -(c*x)/b))/(b*x + cxx~2
)~ (3/4)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
1
3 dx
(bx + cxz)4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+b*x)**(3/4),%)
[Out] Integral((b*x + cxx**2)*x(-3/4), x)
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345 [ ———dx

(bx%%cx2)5%4

Optimal. Leaf size=83

4 c(bx+cx2) 1 . _1{2cx
442 _b—ZE(Esm 1(7+1)|2) 4(b + 2cx)

bVbx + cx2 b2\bx + cx?

[Out] -4*(2%c*x+b) /b~ 2/ (c*x"2+b*x) ~(1/4)+4* (—c*(c*x"2+b*x) /b~2) " (1/4)*(cos (1/2*ar
csin(1+2*c*x/b))~2)~(1/2) /cos(1/2*arcsin(1+2*c*x/b) ) *E1lipticE(sin(1/2*arcs
in(1+2*c*x/b)) ,27(1/2))*27(1/2) /b/ (cxx~2+b*x) ~(1/4)

Rubi [A] time = 0.03, antiderivative size = 83, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 13,

number of rules _ ) 308, Rules used = {614, 622, 619, 228}

integrand size

4 c(bx+cx2) 1 . _q{2cx
V2 E (s (5 41)12) g oew

bVbx + cx? B v2\bx + cx?

Antiderivative was successfully verified.
[In] Int[(b*x + c*xx"2)~(-5/4),x]

[Out] (-4*(b + 2*xc*xx))/(b~2*(bxx + c*x"2)7(1/4)) + (4*xSqrt[2]*(-((c*x(b*x + c*x72)
)/b~2))"(1/4)*E1lipticE[ArcSin[1 + (2xc*x)/b]/2, 2]1)/(bx(b*x + c*x~2)~(1/4)
)

Rule 228

Int[((a_) + (b_.)*(x_)"2)"(-1/4), x_Symbol] :> Simp[(2*EllipticE[(1*ArcSin[
Rt[-(b/a), 2]*x])/2, 2])/(a~(1/4)*Rt[-(b/a), 2]), x] /; FreeQ[{a, b}, x] &&
GtQla, 0] && NegQ[b/al

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x)"2)"(p_), x_Symbol] :> Simp[((b + 2*cxx
Yx(a + b*xx + c*xx”2) " (p + 1))/ ((p + D*x(b"2 - 4xa*xc)), x] - Dist[(2%c*x(2%p +
3))/((p + 1)*x(b~2 - 4*axc)), Int[(a + b*x + cxx"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQl[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(c*x(b*x + c*x72))/b~2))7p, Int[(-((c*xx)/b) - (c"2%x72)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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f 1 d 4(b + ZCJC) 4C) f bx+cx
_—ix = —
(bx + cx2)5/4 b2bx + cx2 b?

2
b ox c2x2

c(bx+cx2) ]f 4 1 dx

b B2

4
deq[—
4(b + 2cx) N

B2\bx + cx? B2\bx + cx?
bx+cx 1 2
[2\/_ ]SUbSt f o 2o dx, X,—Z - b_2
4(b + 2cx)
p2\bx + cx? cVbx + cx?

bx+cx2 1 . 4 2cx
4(b + 2cx) 4‘/_ (2 sin (1 + T)

_bz\/4 bx + cx-’- bVbx + cx?

)

Mathematica [C] time = 0.01, size = 45, normalized size = 0.54

4cx

4 15 3 cx)

121:1(444 b

bx(b + cx)

Antiderivative was successfully verified.

[In] Integratel[(b*x + c*x~2)~(-5/4),x]

[Out] (-4*%(1 + (c*x)/b)~(1/4)*Hypergeometric2F1[-1/4, 5/4, 3/4, -((c*xx)/b)]1)/(b*(
xx(b + c*x))~(1/4))

fricas [F] time = 0.97, size = 0, normalized size = 0.00

(cx2 + bx)‘%

c2x4 + 2 bex3 + b2x?’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(5/4),x, algorithm="fricas")
[Out] integral((c*x~2 + bx*x)~(3/4)/(c”2*x"4 + 2%b*c*x~3 + b~2*x"2), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

w1 Gl

(cx2 + bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(5/4),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-5/4), x)

maple [F] time = 0.92, size = 0, normalized size = 0.00

1
dx

a1

(c x2 + bx)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*xx"2+b*x)~(5/4),%)

[Out] int(1/(c*x"2+b*x)~(5/4),x%)
time = 0.00, size = 0, normalized size = 0.00

1
[

(cx2 + bx)

maxima [F]

w1 U1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(5/4),x, algorithm="maxima"
[Out] integrate((c*x~2 + b*x)~(-5/4), x)

mupad [B] time = 0.22, size = 36, normalized size = 0.43

cx 5/4 15 3 cx
4x( +1) R, (‘z'z; v T)

b
)5/4

(cx2+bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(5/4) ,x)
[Out] -(4*x*((c*x)/b + 1)~ (5/4)*hypergeom([-1/4, 5/4], 3/4, -(c*x)/b))/(b*x + c*x

~2)7(5/4)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

163

(bx + cx2)Z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+b*x)**(5/4) ,%)

[Out] Integral((bxx + c*x**2)**(-5/4), x)
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346 [ ———dx

(bx%%cx2)9/4

Optimal. Leaf size=115

4 c(bx+cx2) 1 . _1{2cx
48¢(b + 2cx) sp+2er) V2 E(zsm (T+1)|2)

564Vbx + ca? 5h2 (bx + cx2)5/4 563bx + cx2

[Out] -4/5%(2*cxx+b)/b~2/ (c*xx~2+b*x) ~(5/4)+48/5*c* (2xcxx+b) /b~ 4/ (cxx™2+b*x) ~(1/4)
-48/5*c* (—cx (cxx™2+b*x) /b72) ~(1/4) *(cos (1/2*arcsin (1+2*c*x/b)) ~2) ~(1/2) /cos
(1/2*%arcsin(1+2*c*x/b) )*EllipticE(sin(1/2*%arcsin(1+2*c*x/b)),27(1/2))*27(1/
2)/b"3/ (c*xx"2+b*x) " (1/4)

Rubi [A] time = 0.04, antiderivative size = 115, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 13,

number O 1415 — 0.308, Rules used = {614, 622, 619, 228}

integrand size

4 c(bx+cx2) 1 . _1{2cx
48¢(b + 2cx) sproer) V2 E(Esm (7+1)|2)

564Vbx + e 52 (bx + cx2)5/4 563bx + cx2

Antiderivative was successfully verified.
[In] Int[(b*x + c*x72)~(-9/4),x]

[Out] (-4*x(b + 2xc*x))/(5¥b72x(b*x + c*x72)7(5/4)) + (48*c*x(b + 2xc*xx))/(5¥b~4x(b
*x + c*xx72)7(1/4)) - (48%Sqrt[2]*cx(-((cx(bxx + c*x72))/b72)) " (1/4)*Ellipti
cE[ArcSin[1 + (2*cx*x)/bl/2, 21)/(5*¥b~3*(bxx + c*xx~2)~(1/4))

Rule 228

Int[((a_) + (b_.)*(x_)"2)"(-1/4), x_Symbol] :> Simp[(2*¥EllipticE[(1*ArcSin[
Rt[-(b/a), 2]1x*x])/2, 2])/(a~(1/4)*Rt[-(b/a), 2]1), x] /; FreeQ[{a, b}, x] &&
GtQla, 0] && NegQ[b/al

Rule 614

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)k(a + b*xx + c*xx”2)7(p + 1))/((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xc*(2*p +
3))/((p + 1)*x(b~2 - 4*a*xc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
eger(Q [4x*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*((-4
xc)/ (b2 - 4xaxc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4xaxc), x]7p, x], X, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(cx(bxx + c*x72))/072))7p, Int[(-((c*x)/b) - (c"2%x72)/b"2)"p, x]1, x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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(12¢) f ;de

f 1 g 4:(b + ZCX) (bx+cx2)

o4t =~ 54 2
(bx + cx-’-) / 5b2 (bx + cxz) ! 5b

5 1
_ 4(b + 2cx) N 48c(b + 2cx) _ <4SC >f Yoero2 dx
502 (bx + sz)5/4 5b4Vbx + cx? 5b*
(bx+cx2) 1
[48C b2 f 4] ox 242 dx
4(b + 2cx) 48c(b + 2cx) T2

+ —_—
5b2 (bx + 0962)5/4 5b4bx + cx? 5b4Vbx + cx?

[24\/_ c(brrer) )Subst f ;
4(b + 2cx) 48¢c(b + 2cx)

+
5b2 (bx + ch)S/4 5p4/bx + cx2 502Vbx + cx2

)

bx+cx2) 1 . 20x
4(b + 2cx) 48c(b +2cx) 48\/§C E ( 5 sin (1 + 7)

+
5b2 (bx + cx2)5/4 5b4Vbx + cx? 5193\/4 bx + cx?

Mathematica [C] time = 0.01, size = 50, normalized size = 0.43

4CX

4 5 9 1 cx)

12F1( T Ty

502x+/x(b + cx)

Antiderivative was successfully verified.

[In] Integratel[(b*x + c*xx~2)7(-9/4),x]

[Out] (-4*(1 + (c*x)/b)~(1/4)*Hypergeometric2F1[-5/4, 9/4, -1/4, -((c*x)/b)]) /(6%
b~ 2*x* (x*x (b + c*x))”~(1/4))

fricas [F] time = 0.86, size = 0, normalized size = 0.00

3
| (cx2 + bx)4
integra ,X
& c3x6 + 3 bc?x® + 3b%cxt + b3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x”2+b*x)~(9/4),x, algorithm="fricas")

[Out] integral((c*x”2 + b*x)7(3/4)/(c™3%x"6 + 3*b*c™2*x"5 + 3*%b™2xc*x"4 + b~ 3%x"3
), Xx)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

(cx2 + bx)4

1 \©

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+b*x)~(9/4),x, algorithm="giac")
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[Out] integrate((c*x~2 + b*x)~(-9/4), x)

maple [F] time = 1.37, size = 0, normalized size = 0.00

1
dx

(c x2 + bx)Z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+b*x)~(9/4) ,x)
[Out] int(1/(c*x"2+b*x)~(9/4) ,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

(cx2 + bx)4

1 \©

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x™2+b*x)~(9/4),x, algorithm="maxima")
[Out] integrate((c*x~2 + b*x)~(-9/4), x)

mupad [B] time = 0.26, size = 36, normalized size = 0.31

el ) (35 )
5 (c x2 + bx)9/4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(9/4),x)

[Out] -(4*x*x((c*x)/b + 1)7(9/4)*hypergeom([-5/4, 9/4]1, -1/4, -(c*x)/b))/(5x(b*x +
c*x72)7(9/4))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

(bx + cxz)"i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+b*x)**(9/4) ,%)
[Out] Integral((b*x + cxx**2)*x(-9/4), x)
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3.47 f ! dx

(bx+cx2)13/4

Optimal. Leaf size=146

4 c(bx+cx2) 1 o (2ex
2 . -1
448¢%(b + 2cx) N 112¢(b + 2cx) 4(b + 2cx) +448\/§C \/ Tz E (E sin (T + 1)| 2)

1566Vbx + cx? 454 (bx + cx2)5/4 9K2 (bx " cx2)9/4 1565 Vbx + cx?

[Out] -4/9%(2*cxx+b) /b~2/ (cxx~2+b*x) ~(9/4)+112/45%c* (2*xc*x+b) /b~4/ (c*x™2+b*x) ~(5/
4)-448/15%c™ 2% (2%c*x+b) /b~ 6/ (c*xx™2+b*x) ~(1/4) +448/15*%c™ 2% (—c* (c*xx~2+b*x) /b~
2)"(1/4)*(cos(1/2*arcsin(1+2*c*x/b)) "2) " (1/2) /cos (1/2*arcsin(1+2*xc*x/b) ) *El
lipticE(sin(1/2*arcsin(1+2*c*x/b)),27(1/2))*27(1/2) /b~5/ (c*x~2+bxx) " (1/4)

Rubi [A] time = 0.06, antiderivative size = 146, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 4, integrand size = 13,

oumber 011U — 0.308, Rules used = {614, 622, 619, 228}

integrand size

4 c(bx+cx2) 1 1 2cx
2/ -1
448c?(b + 2cx) +448\/§C ——z  E (E sin (T + 1)| 2) N 112¢(b + 2cx) 4(b + 2cx)

1565 Vbx + cx2 1565Vbx + cx? 45p* (bx + Cx2)5/4 _9b2 (bx + cxz)g/4

Antiderivative was successfully verified.
[In] Int[(b*x + c*x72)"(-13/4),x]

[Out] (—4*x(b + 2*xc*xx))/(9%b~ 2% (b*x + c*x72)7(9/4)) + (112*c*x(b + 2*c*x))/(45%b~4x*
(b*x + c*x72)7(5/4)) - (448*c™2%(b + 2%c*x))/(15*xb"6x(b*xx + c*x~2)"(1/4)) +
(448+Sqrt [2] xc™2* (- ((cx(b*x + c*x72))/b~2))~(1/4)*EllipticE[ArcSin[1 + (2%
cxx)/bl/2, 2]1)/(15%xb"5*x(b*x + c*x~2)~(1/4))

Rule 228

Int[((a_) + (b_.)*(x_)"2)"(-1/4), x_Symbol] :> Simp[(2*EllipticE[(1*ArcSin[
Rt[-(b/a), 2]*x])/2, 2])/(a~(1/4)*Rt[-(b/a), 2]), x] /; FreeQ[{a, b}, x] &&
GtQla, 0] && NegQ[b/al

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)k(a + b*xx + c*x”2) (p + 1))/((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xc*(2*p +
3))/((p + D*x(b"2 - 4*xa*xc)), Int[(a + b*x + c*x”2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4x*p]

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4xaxc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 622

Int[((b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Dist[(b*x + c*x~2) p/(-(
(cx(bxx + c*x72))/b"2))7p, Int[(-((c*x)/b) - (c™2%x~2)/b"2)7p, x], x] /; Fr
eeQ[{b, c}, x] && RationalQ[p] && 3 <= Denominator[p] <= 4

Rubi steps
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(280) [ ;2)9/4 dx

f 1 d 4(b + ZCX) (bx+cx
38 X =~ Cy 2
(bx + cxz) ! 9b2 (bx + cxz) / ob
112¢%) | ———— dx
_ 4(b+2cx) N2e(b+2cx) (12e) ] (brre2)™
- 4 5/4 4
9b2 (bx + cx2)9/ 45p4 (bx + cxz) / 15b
3 1
4(b + 2cx) 12c(b+2cx) 448¢?(b + 2cx) (448C ) / Y dx

9b? (bx + cxz)g/4

4(b + 2cx)

+
4514 (bx + e 1568 Vbx + c? 1505

(44&:3 \4/ __C(bx;ch)_ J J ?/

112¢(b + 2cx) 448¢?(b + 2cx)

9b? (bx + cx2)9/4

4(b + 2cx)

+ - +
45p4 (bx + cx2)5/ 4 1565Vbx + cx? 1565Vbx + cx?

4 o2
(224x/§c _ ;Cx ) ]51

112¢(b + 2cx) 448¢(b + 2cx)

op? (bx + cx2)9/4

4(b + 2cx)

450 (b +02) " 1508Vt o2 155

4 c(bx+cx2)
2
112(b +2cx) _ M8A(b+20x) U8\2c*-———E (

op? (bx + cxz)9/4

+
45p* (bx + cx2)5/4 1566Vbx + cx? 1565Vbx -

Mathematica [C] time = 0.01, size = 50, normalized size = 0.34

4/cx

9 13 5 cx
47 +1a2h (‘zf zf‘zf‘z)

93x2/x(b + cx)

Antiderivative was successfully verified.

[In] Integrate[(b*x + c*xx72)7(-13/4),x]
[Out] (-4*(1 + (c*x)/b)~(1/4)*Hypergeometric2F1[-9/4, 13/4, -5/4, -((c*x)/b)]1)/(9

*b"3*x” 2% (x*x (b + c*x))~(1/4))

fricas [F] time = 1.11, size = 0, normalized size = 0.00

3
(cx2 + bx)‘I

integral

cAx8 + 4 bc3x7 + 6 b%c2x6 + 4 b3cxS + b4’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(c*x”2+bxx)~(13/4),x, algorithm="fricas")

[Out] integral((c*x"2 + b*x)~(3/4)/(c™4*x"8 + 4xb*c™3%x”7 + 6%xb~2%c"2*x"6 + 4%b~3

*cxx~5 + bT4xx"4), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(c*x~2+b*x)~(13/4),x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)~(-13/4), x)

maple [F] time = 0.77, size = 0, normalized size = 0.00

1

(c x2 + bx) 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+b*x)~(13/4),x)
[Out] int(1/(c*x"2+b*x)~(13/4) ,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1
= dx

(cx2 + bx)Z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x™2+b*x)~(13/4),x, algorithm="maxima")
[Out] integrate((c*x~2 + bx*x)~(-13/4), x)

mupad [B] time = 0.29, size = 36, normalized size = 0.25

(e (35 2)
9 (c x2 + bx)l?)/4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x + c*x~2)~(13/4) ,x)

[Out] -(4*xx*x((c*x)/b + 1)~ (13/4)*hypergeom([-9/4, 13/4], -5/4, -(c*x)/b))/(9*(b*x
+ c*x”2)7(13/4))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

E
(bx + cxz) 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ckx**2+b*x)**(13/4),%)

[Out] Integral((b*x + cxx**2)*x(-13/4), x)
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3.48 f (bx + cxz)p dx

Optimal. Leaf size=55

b+cx

(_%)_p_l (bx + cxz)p+1 2F1 (—PIP +Lp+2; T)
b(p +1)

[Out] -(-c*x/b)~(-1-p)* (c*x~2+b*x) ~ (1+p)*hypergeom([-p, 1+pl, [2+p], (c*x+b) /D) /b/(
1+p)

Rubi [A] time = 0.01, antiderivative size = 55, normalized size of antiderivative

= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 11,
number of rules _ ) 091, Rules used = {624}

integrand size

b+cx

(_%)—P—l (bx + sz)p+1 ,F1 (_p,p +Lp+2; T)
bp +1)

Antiderivative was successfully verified.
[In] Int[(b*x + c*x72)7p,x]

[Out] -(((-((c*xx) /b))~ (-1 - p)*(b*x + c*x72)"(1 + p)*Hypergeometric2Fi[-p, 1 + p,
2+ p, (b+ cxx)/bl)/(bx(1 + p)))

Rule 624

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> With[{q = Rt[b~2

- 4xaxc, 2]}, -Simp[((a + b*x + c*x"2)"(p + 1)*Hypergeometric2F1[-p, p + 1
, pt+t2, (b+ g+ 2xcxx)/(2%q)])/(gqx(p + 1)*((q - b - 2*c*x)/(2%q)) " (p + 1)
), x1]1 /; FreeQ[{a, b, c, p}, x] && NeQ[b~2 - 4*axc, 0] && !'IntegerQ[4xp]

Rubi steps

cx b+cx

—1- 1
f(bx 4 sz)P gy = _(_7) P (bx + cxz) +p JF (—]9,1 fp24p T)
b1 +p)

Mathematica [A] time = 0.01, size = 45, normalized size = 0.82

x(x(b+ cx)y (T + 1)_” oFi(-pp+1p+2;-T)
p+1

Antiderivative was successfully verified.

[In] Integrate[(bxx + c*x72)7p,x]

[Out] (x*(x*(b + c*x)) p*Hypergeometric2Fi[-p, 1 + p, 2 + p, -((c*x)/b)]1)/((1 + p
)*(1 + (c*xx)/b)"p)

fricas [F] time = 0.95, size = 0, normalized size = 0.00

integral ((cx2 + bx)p, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x) p,x, algorithm="fricas")
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[Out] integral((c*x~2 + b*x) p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (cx2 + bx)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x) p,x, algorithm="giac")
[Out] integrate((c*x~2 + b*x)"p, x)

maple [F] time = 0.50, size = 0, normalized size = 0.00

f (c X%+ bx)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x~2+b*x) "p,x)
[Out] int((c*x~2+b*x) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f (cx2 + bx)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x) p,x, algorithm="maxima")
[Out] integrate((c*x~2 + b*x) p, x)

mupad [B] time = 0.32, size = 48, normalized size = 0.87

x(cx2+bx)p2F1 (—p,p+1; p+2; —%x)
(F+1) (r+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x"2)7p,x)

[Out] (xx(b*x + c*x72) p*hypergeom([-p, p + 1], p + 2, -(c*x)/b))/(((c*x)/b + 1)~
px(p + 1))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (bx + sz)P dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xk*2+b*x)%*p,x)

[Out] Integral ((b*x + C*x**2)**p, X)
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3.49 f (cz + cxz)4 dx

Optimal. Leaf size=51

4

6 4 c*x?
Py + B3 22.5 3.7

cx® + =accox’ + zac’x’ + —
5 7 9

[Out] a~4*xx+4/3%a"3%c*x"3+6/5%a~2%c”2%x " 5+4/7T*axc 3*xx"7+1/9%c”4*x"9

Rubi [A] time = 0.02, antiderivative size = 51, normalized size of antiderivative =

. ber of rul
1.00, number of steps used = 2, number of rules used = 1, integrand size =9, e e

= 0.111, Rules used = {194}

integrand size

4.9
622 c*x

4 4
—a2c%x0 + —adcx® + atx + —ac’K’ + —
5 3 7 9

Antiderivative was successfully verified.

[In] Int[(a + c*xx"2)74,x]

[Out] a™4*x + (4*%a”3xc*x73)/3 + (6*%a"2xc™2%x75)/5 + (4*a*xc™3*x77)/7 + (c™4%x79)/9
Rule 194

Int[((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*
x"n)7p, x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rubi steps

4
f (a+cx2) dx = f (a4+4a3cx2+6a2c2x4+4ac3x6+c4x8) dx
4.9
45 3 6,55 4 5, Cx

= a*x + —acx® + —a??x® + —ac®x + —
3 5 7 9

Mathematica [A] time = 0.00, size = 51, normalized size = 1.00

4 4.9

6 4 c*x
atx + §a3cx3 + ga202x5 + ;a03x7 +—

9

Antiderivative was successfully verified.

[In] Integrate[(a + c*xx"2)74,x]
[Out] a"4*xx + (4*xa"3xc*xx"3)/3 + (6%xa”2%c”2%x"5)/5 + (4*axc™3*x"7)/7 + (c"4%x"9)/9

fricas [A] time = 0.73, size = 43, normalized size = 0.84

1 4 6 4
—x2c* + =x7cPa + =x°c%a? + =x3ca® + xa*
9 7 5 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x"2+a)~4,x, algorithm="fricas")
[Out] 1/9%x79%c™4 + 4/7xx"7*c"3%a + 6/5*x"b*xc " 2*%a~2 + 4/3*x"3*c*a”3 + x*a~4
giac [A] time = 0.39, size = 43, normalized size = 0.84

1 3.7, 0 205 4 5 4

4.9 4
—CX +-ac’x’ + -a°c°x +§EICX

+4
9 7 5 @x
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x"2+a)”4,x, algorithm="giac")
[Out] 1/9%c™4*x™9 + 4/T*a*xc”™3%x”7 + 6/5%a”~2%c”™2*%x"5 + 4/3%a”3*c*x™3 + a~4*x

maple [A] time = 0.04, size = 44, normalized size = 0.86

1 4 6 4
—c* + —acdx” + =a?c*x° + —a
9 7 5

Scxd + atx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+a)”4,x)
[Out] a~4*xx+4/3%a”3%c*x"3+6/5%a~2%c”2%x " 5+4/7T*axc 3*xx"7+1/9%c”~4*x™9

maxima [A] time = 1.31, size = 43, normalized size = 0.84

1 4 6 4
— 2+ —acdx” + = a?cx® + = aPex® + atx
9 7 5 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x"2+a)”4,x, algorithm="maxima")
[Out] 1/9%c™4xx™9 + 4/7*xa*xc”3*x~7 + 6/5*%a"2*%c™2*x"5 + 4/3%a"3*c*x"3 + a 4x*xx
mupad [B] time = 0.03, size = 43, normalized size = 0.84

L Addex® 6a2c*x®  4acdx’ X
atx + + + +
3 5 7 9

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + c*x72)74,x)
[Out] a"4*xx + (c™4%x79)/9 + (4*xa"3xc*x"3)/3 + (4*xa*xc™3*x"7)/7 + (6%xa”2xc”2*xx"5)/b

sympy [A] time = 0.07, size = 49, normalized size = 0.96

. 4a8cx®  6a?cx®  dacdx” X
atx + + + +
3 5 7 9

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+a)**4,x)

[Out] a*x*x4*xx + 4*a*xkx3kckxx**x3/3 + Bkxa*xx2kckkxkx*x*5/5 + 4kakxck*x3xx*x*x7/7 + cCk*x4*xx*x%*9

/9
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3.50 f (a + cxz)3 dx

Optimal. Leaf size=35
3x7

3
a3x + a?ex® + gac2x5 + —

[Out] a"3*x+a~2*xc*x"3+3/5*axc ™ 2xx"b+1/7*c~3*x"7

Rubi [A] time = 0.01, antiderivative size = 35, normalized size of antiderivative =

f rul
1.00, number of steps used = 2, number of rules used = 1, integrand size =9, number of rules

= 0.111, Rules used = {194}

integrand size

3,7
2 3 c'x

3
a?cxd + adx + gacsz + =

7

Antiderivative was successfully verified.

[In] Int[(a + c*xx"2)73,x]

[Out] a™3%x + a™2%c*x”3 + (3*axc™2*x75)/5 + (c™3*x77)/7
Rule 194

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Int[ExpandIntegrand[(a + bx
x"n)7p, xJ, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, 0]

Rubi steps

f(a + cxz)3 dx = f(a3 + 3a%cx? + 3ac*x* + c3x6) dx

3 23,3 o5 x
=a’x + acx +gacx +T

Mathematica [A] time = 0.00, size = 35, normalized size = 1.00

3 23,2 25 >’
a3x + acx +gacx +7

Antiderivative was successfully verified.

[In] Integrate[(a + c*xx"2)73,x]
[Out] a”3*%x + a"2*c*xx~3 + (3*axc™2xx"5)/5 + (c"3%xx"7)/7

fricas [A] time = 0.75, size = 31, normalized size = 0.89

1 3
—x7c® + —x
7 5

5c2a + x3ca® + xa®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+a)~3,x, algorithm="fricas")
[Out] 1/7*x77*c™3 + 3/b*x"bxc™2%a + x"3%c*a™2 + x*a”3

giac [A] time = 0.53, size = 31, normalized size = 0.89

1 3
5 3x7 + z ac?x® + a?cx® + adx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+a)”3,x, algorithm="giac")
[Out] 1/7*c™3*x77 + 3/B¥a*c™2xx”5 + a”2%c*x™3 + a”3*x

maple [A] time = 0.04, size = 32, normalized size = 0.91

1 3
—c3x" + —ac
7

2x° + a?cx3 + a3x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+a)”~3,x)
[Out] a"3*x+a”2*cxx~3+3/5*a*xc™2%x"5+1/7*c~3%x"7

maxima [A] time = 1.35, size = 31, normalized size = 0.89

1 3
- a7 + z ac?x® + a%cx® + adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x"2+a)”~3,x, algorithm="maxima")
[Out] 1/7*c”3%x"7 + 3/5*%a*xc™2*xx”5 + a~2*c*x”3 + a " 3%x

mupad [B] time = 0.04, size = 31, normalized size = 0.89

5

3ac’x 3

7

c X

7

Bx+atcxd+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + c*x72)73,x)
[Out] a"3*x + (c™3%x"7)/7 + a~"2xc*xx~3 + (3*axc™2*xx"5)/5

sympy [A] time = 0.07, size = 32, normalized size = 0.91

2x5 3,7

3ac c’x
+_

5 7

a3x + a?ex® +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+a)**3,x)

[Out] a**3%x + a**x2kxckx**3 + 3kakckkx2xx*x*5/5 + Cx*x3xx*x*x7/7

194
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3.51 f (a + cx2)2 dx

Optimal. Leaf size=25
c?x®

2
a’x + —acx® + —
3 5

[Out] a~2*x+2/3*a*xcxx”3+1/5%xc”2xx"5

Rubi [A] time = 0.01, antiderivative size = 25, normalized size of antiderivative =

f rul
1.00, number of steps used = 2, number of rules used = 1, integrand size =9, number of rules

= 0.111, Rules used = {194}

integrand size

s 2 . c2x°
a2+ Zacx® + ——

Antiderivative was successfully verified.

[In] Int[(a + c*x"2)"2,x]

[Out] a~2*x + (2%a*c*x~3)/3 + (c™2%x~5)/5
Rule 194

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*
x"n)"p, x1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rubi steps

f(a + cxz)2 dx = f (a2 + 2acx? + c2x4) dx

s 2 . c2x°
= a%x + —acx® + —
3 5

Mathematica [A] time = 0.00, size = 25, normalized size = 1.00

s 2 . c2x°
a%x + Zacx® + —
3 5

Antiderivative was successfully verified.

[In] Integrate[(a + c*xx"2)72,x]

[Out] a™2*x + (2%a*xc*x~3)/3 + (c"2*x75)/5

fricas [A] time = 0.73, size = 21, normalized size = 0.84
1

2
—x°c? + =x3ca + xa?
5 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x”2+a)~2,x, algorithm="fricas")
[Out] 1/5%x"6*c™2 + 2/3*x"3*c*a + x*a~2

giac [A] time = 0.43, size = 21, normalized size = 0.84

1 2
=20 + Zacx® + a’x
5 3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c*x"2+a)~2,x, algorithm="giac")
[Out] 1/5%c™2%x75 + 2/3%a*c*x”3 + a”2*x

maple [A] time = 0.04, size = 22, normalized size = 0.88

1 2
—c?x0 + Zacx® + a’x
5 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+a)”"2,x)
[Out] a~2*x+2/3*a*c*xx”3+1/5%c”2xx"5

maxima [A] time = 1.36, size = 21, normalized size = 0.84

1 2
— x5 + Zacx® + ax
5 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x"2+a)~2,x, algorithm="maxima"
[Out] 1/5%c™2%x”5 + 2/3%a*c*x”3 + a~2*x

mupad [B] time = 0.03, size = 21, normalized size = 0.84

3 2

Qacx®  2x°

3 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + c*x72)72,x)
[Out] a~2*%xx + (c™2%x75)/5 + (2%a*c*xx~3)/3

sympy [A] time = 0.06, size = 22, normalized size = 0.88

2acx®  2x°

a’x + +—
3 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+a)**2,x)

[Out] a**2*x + 2*%a*xcxx**x3/3 + c*x*x2*xx**x5/5
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3.52 f (a + cxz) dx

Optimal. Leaf size=12

cX
ax + —
3

[Out] a*x+1/3%c*x”3
Rubi [A] time = 0.00, antiderivative size = 12, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 1, number of rules used = 0, integrand size =7, e e

= 0.000, Rules used = {}

integrand size

.\ cx3
ax + —
3

Antiderivative was successfully verified.
[In] Int[a + c*x~2,x]
[Out] a*x + (c*xx73)/3

Rubi steps

f(a+cx2) dx:ax+¥

Mathematica [A] time = 0.00, size = 12, normalized size = 1.00

Antiderivative was successfully verified.

[In] Integratela + c*x72,x]

[Out] a*x + (c*xx73)/3

fricas [A] time = 0.71, size = 10, normalized size = 0.83
1

—x3c+xa
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(c*x~2+a,x, algorithm="fricas")
[Out] 1/3*x73%c + x*a

giac [A] time = 0.35, size = 10, normalized size = 0.83

1 3
—cx° +ax
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(c*x~2+a,x, algorithm="giac")
[Out] 1/3%c*x"3 + a*x

maple [A] time = 0.04, size = 11, normalized size = 0.92

1 3
—cx’ +ax
3



Verification of antiderivative is not currently implemented for this CAS.

[In] int(c*x"2+a,x)
[Out] a*x+1/3*c*x”3

maxima [A] time = 1.29, size = 10, normalized size = 0.83

L 3
—cx’ +ax
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(c*x”2+a,x, algorithm="maxima"
[Out] 1/3%c*x"3 + a*x

mupad [B] time = 0.02, size = 10, normalized size = 0.83

cxd
— tax
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(a + c*x"2,x)
[Out] a*x + (c*x~3)/3

sympy [A] time = 0.06, size = 8, normalized size = 0.67

cx3
ax + —
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(c*x**2+a,x)

[Out] a*x + c*xx**x3/3

198
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353 [—dx

a+cx2

Optimal. Leaf size=24

o ()

Va/e
[Out] arctan(x*c~(1/2)/a~(1/2))/a~(1/2)/c~(1/2)
Rubi [A] time = 0.01, antiderivative size = 24, normalized size of antiderivative =

. ber of rul
1.00, number of steps used = 1, number of rules used = 1, integrand size =9, /e =

= 0.111, Rules used = {205}
tan~! (ﬂ)

_ \ve)
Vaye

Antiderivative was successfully verified.

integrand size

[In] Int[(a + c*x~2)"(-1),x]
[Out] ArcTan[(Sqrt[cl*x)/Sqrtlall/(Sqrtl[al*Sqrtlc])
Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

(%)

1
fa+cx2dx_ Va+/c

Mathematica [A] time = 0.01, size = 24, normalized size = 1.00

(£

Va e

Antiderivative was successfully verified.

[In] Integrate[(a + c*x72)7(-1),x]
[Out] ArcTan[(Sqrtl[cl*x)/Sqrtlall/(Sqrt[al*Sqrt(c])

fricas [A] time = 0.81, size = 67, normalized size = 2.79

v-ac log (cxz—Zﬂ) +ac arctan (@)

cx2+a

7

2ac ac

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a),x, algorithm="fricas")

[Out] [-1/2*xsqrt(-a*xc)*log((c*x~2 - 2xsqrt(-a*xc)*x - a)/(cxx"2 + a))/(axc), sqrt(
axc)*arctan(sqrt(a*xc)*x/a)/(axc)]



200
giac [A] time = 0.40, size = 15, normalized size = 0.62

arctan (i)
\ac

Jac

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a),x, algorithm="giac")
[Out] arctan(c*x/sqrt(axc))/sqrt(a*c)

maple [A] time = 0.04, size = 16, normalized size = 0.67

arctan =
T

Jac

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+a),x)
[Out] 1/(axc)~(1/2)*arctan(c*xx/(a*xc)~(1/2))

maxima [A] time = 2.90, size = 15, normalized size = 0.62

arctan =
\ac

Jac

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a),x, algorithm="maxima")
[Out] arctan(c*x/sqrt(axc))/sqrt(axc)

mupad [B] time = 0.07, size = 16, normalized size = 0.67

atan (%)

Vave

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*x"2),x)
[Out] atan((c™(1/2)*x)/a~(1/2))/(a~(1/2)*c~(1/2))
sympy [B] time = 0.14, size = 53, normalized size = 2.21

1 1 1 1 1 1
- Og(-ﬂﬂ-; +X) N - Og(ﬂﬂ—; + X

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(c*x**2+a),x)

[Out] -sqrt(-1/(axc))*log(-a*xsqrt(-1/(a*xc)) + x)/2 + sqrt(-1/(a*c))*log(a*sqrt(-1
/(axc)) + x)/2
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3.54  [——dx

(a+ex2)”

Optimal. Leaf size=45
-1 (oex
! (3F) L X
2a%24/c 2a (a + cxz)

[Out] 1/2*x/a/(cxx”"2+a)+1/2*arctan(x*c”(1/2)/a"~(1/2))/a~(3/2)/c~(1/2)

Rubi [A] time = 0.01, antiderivative size = 45, normalized size of antiderivative =

f rul
1.00, number of steps used = 2, number of rules used = 2, integrand size =9, number of rules

= 0.222, Rules used = {199, 205}

()

2a%2+/c ’ 2a (a + cxz)

integrand size

Antiderivative was successfully verified.

[In] Int[(a + c*x~2)~(-2),x]

[Out] x/(2%a*x(a + c*x72)) + ArcTan[(Sqrt[c]l*x)/Sqrtl[a]]l/(2xa~(3/2)*Sqrt[c])
Rule 199

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> -Simp[(xx(a + bxx™n) (p + 1
))/(axnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*nx(p + 1)), Int[(a + b*x"n)”~
(p + 1), x], x] /; FreeQ[{a, b}, x] &% IGtQ[n, 0] && LtQ[p, -1] && (Integer
Ql2*xp] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1
[

g4 sz) 2a (a + cxz) 2a
)
2a (a + cxz) 2a%2+/c

Mathematica [A] time = 0.02, size = 45, normalized size = 1.00

()

2a%2+/c ¥ 2a (a + cxz)

Antiderivative was successfully verified.

[In] Integrate[(a + c*x~2)7(-2),x]

[Out] x/(2%ax(a + c*x72)) + ArcTan[(Sqrt[cl*x)/Sqrtlall/(2xa~(3/2)*Sqrt[c])
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fricas [A] time = 0.83, size = 120, normalized size = 2.67

2acx — (cx2 + a)\/—ac log (@) acx + (sz " a)\/% arctan(‘/i_cx)

cx2+a

4

4 (a2c2x2 + a3c) 2 (u2c2x2 + a3c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~2,x, algorithm="fricas")

[Out] [1/4*(2xaxc*x - (c*x”2 + a)*sqrt(-a*xc)*log((c*x™2 - 2*sqrt(-axc)*x - a)/(cx*
X"2 + a)))/(a”2%c”2*x"2 + a”3*c), 1/2*(axc*x + (c*x”2 + a)*sqrt(axc)*arctan
(sqrt(axc)*x/a))/(a"2%c™2%x"2 + a~3%c)]

giac [A] time = 0.42, size = 35, normalized size = 0.78

arctan =
ac x

2+/aca * 2(cx2+a)a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)”2,x, algorithm="giac")
[Out] 1/2*arctan(c*x/sqrt(axc))/(sqrt(a*xc)*a) + 1/2xx/((c*x”2 + a)*a)

maple [A] time = 0.05, size = 36, normalized size = 0.80

arctan (i)
X Vac

2(cx2+a)a ¥ 2+/ac a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+a)"2,x)
[Out] 1/2*x/a/(cxx~2+a)+1/2/a/(a*xc) ~(1/2)*arctan(1l/(axc)~(1/2)*c*x)

maxima [A] time = 3.11, size = 35, normalized size = 0.78

arctan =
X Vac

2(acx2+a2) * 2+faca

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)”2,x, algorithm="maxima")
[Out] 1/2*x/(axc*x”2 + a~2) + 1/2*arctan(c*x/sqrt(axc))/(sqrt(a*c)*a)

mupad [B] time = 0.14, size = 33, normalized size = 0.73

atan(\/zx)

X 4 \a
24 (cx2+a) 2432 \/c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*x~2)72,x)
[Out] x/(2*ax(a + c*x72)) + atan((c~(1/2)*x)/a~(1/2))/(2*a"~(3/2)*c~(1/2))
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sympy [B] time = 0.22, size = 78, normalized size = 1.73

1 1 1 1
X ——- log (—azw/—ﬁ +x) . ——- log (ﬂzw/—ﬁ +x)

202 + 2acx® 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ckx**2+a)**2,x)

[Out] x/(2%a*x*2 + 2*axc*x**2) - sqrt(-1/(a*x*3%c))*log(-a**2*xsqrt(-1/(a*x*3*c)) + x
)/4 + sqrt(-1/(ax*3xc))*log(a*x*2*xsqrt(-1/(ax*3*c)) + x)/4
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1
355 [——dx
(CH‘CXZ)
Optimal. Leaf size=62
1 [ Vex
3tan~! (W) 3y X

8a52+/c iy (a+cx?) i 4a(a+ sz)z

[Out] 1/4x*x/a/(c*xx"2+a) " 2+3/8*x/a"2/(c*x"2+a)+3/8*arctan(x*xc”(1/2)/a~(1/2))/a"~(5/
2)/c~(1/2)

Rubi [A] time = 0.02, antiderivative size = 62, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 3, number of rules used = 2, integrand size =9, e e

= 0.222, Rules used = {199, 205}

integrand size

3x 3tan~! (%)

8a2 (a + cxz) ’ 8a52+/c * 4a(a+ sz)z

X

Antiderivative was successfully verified.
[In] Int[(a + c*xx~2)"(-3),x]

[Out] x/(4*ax(a + cxx"2)72) + (3*x)/(8*a"2x(a + c*xx"2)) + (3*ArcTan[(Sqrt[cl*x)/S
qrt[all)/(8*a~(5/2)*Sqrt[c])

Rule 199

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Simp[(x*x(a + bxx™n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*xx"n)~
(p + 1), x1, x] /; FreeQ[{a, b}, x] &% IGtQ[n, 0] && LtQ[p, -1] && (Integer
Q[2xp] || (n == 2 && IntegerQ[4*p]) || (n == 2 && IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
1
3 d
1 X f (a+cx2)2 *
f 3 dx = 5 + 1
(a + cxz) 4q (a + cxz) a
_ X N 3x 3 f aixz dx
4a(a+ cxz)2 802 (a + cx?) 8a®
X 3y 3tan! (%)

4a (a + cxz)2 8a2 (a + cxz) - 8,15/2\/2

Mathematica [A] time = 0.03, size = 55, normalized size = 0.89

N
tan (W) .\ 5ax + 3cx3

8a%24/c 8a? (a + cxz)2
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Antiderivative was successfully verified.

[In] Integratel[(a + c*x72)7(-3),x]

[Out] (B*xa*xx + 3*c*xx~3)/(8*a"2*(a + c*x72)72) + (3*ArcTan[(Sqrt[cl*x)/Sqrtlal])/(
8*a~(5/2)*Sqrt[c])

fricas [A] time = 0.87, size = 188, normalized size = 3.03

cx?-2 \J—acx-a
6 acx® +10a%cx - 3 (czx4 +2acx?® + az)\/—ac log (T) 3ac’x® +5a%cx + 3 (c2x4 +2acx?® + az)

/4

16 (a3c3x4 +2a%c%x? + a5c) 8 (a3c3x4 +2a%%x2 + q

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/(c*x”"2+a)~3,x, algorithm="fricas")

[Out] [1/16%(6*a*c™2%x”3 + 10*a~2*ckx — 3*x(c™2*%x74 + 2%a*xc*xx™2 + a~2)*sqrt(-axc)*
log((c*x™2 - 2*xsqrt(-a*c)*x - a)/(c*x™2 + a)))/(a"3%c™3%x74 + 2%a~4*c™2%x"2

+ a”bxc), 1/8%(3*axc”2*x”3 + b¥xa”2xc*x + 3*%(cT2xx"4 + 2kaxc*kx"2 + a~2)*sqr
t(a*xc)*arctan(sqrt(a*xc)*x/a))/(a”3*%c™3*xx"4 + 2%a~4*c™2%x"2 + a”~b*c)]

giac [A] time = 0.34, size = 45, normalized size = 0.73

cx

\/%) .\ 3cxd +5ax
8 \ac a? 8 (cx2 + a)zaz

3 arctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/(c*x"2+a)~3,x, algorithm="giac")

[Out] 3/8*arctan(c*x/sqrt(a*xc))/(sqrt(a*xc)*a”2) + 1/8*%(3xcxx"3 + bxaxx)/((c*x"2 +
a)~2*a”~2)

maple [A] time = 0.05, size = 51, normalized size = 0.82

cX
X . 3x 3 arctan (ﬁ)

4(Cx2+a)2g 8(Cx2+a)a2 " 8+/ac a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+a)~3,x)

[Out] 1/4xx/a/(cxx"2+a) " 2+3/8*xx/a"2/(c*x"2+a)+3/8/a"2/(a*xc) (1/2)*arctan(1/(a*xc)”
(1/2) *c*x)

maxima [A] time = 2.99, size = 58, normalized size = 0.94

3cx3 3arctan(i)
cx’ +5ax Vac

8 (a202x4 + 2a3cx? + a4) 8 \ac a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)”3,x, algorithm="maxima")

[Out] 1/8%(3%cxx™3 + bkaxx)/(a”2*%c™2*x74 + 2*xa”3*%c*x”2 + a"4) + 3/8xarctan(c*x/sq
rt(axc))/(sqrt(a*xc)*a~2)
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time = 0.16, size = 55, normalized size = 0.89

mupad [B]
5x | 3cx’ 3atan(‘/zx)
81 82 Va
a>+2acx?+c2xt 8ad2\c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*x72)73,x)
[Out] ((5*x)/(8%a) + (3xc*x~3)/(8*%a"2))/(a"2 + c™2*¥x"4 + 2%axc*x~2) + (3*atan((c”
(1/2)*x)/a~(1/2)))/(8*%a~(5/2)*c~(1/2))

sympy [A] time = 0.34, size = 105, normalized size = 1.69

1 [ 1 1 [ 1
3\ = log (—a3 -+ x) 3\ log (a3 -+ x) 5ax + 3013
- + +

16 16 8at + 16a3cx? + 8a2c%x*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ckx**2+a)**3,x)

[Out] -3*sqrt(-1/(a*x5*c))*log(-a**3*sqrt(-1/(a*x*5xc)) + x)/16 + 3*sqrt(-1/(ax*b5*
c))*log(ax*3*sqrt (-1/(ax*b*xc)) + x)/16 + (b*axx + 3xckx**3)/(8*a*xx4 + 16%ax

*3kCKkKk*kD + SkakkkCkkDkx*k*k4)
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3.56 f (cz + cx2)5/2 dx

Optimal. Leaf size=84

543 tanh™ ( \/\/_C_xZ ) 5 5 32 1 5/2
L+ —a?xVa+cx? + —ax (a + cxz) +—x (a + cxz)

[Out] 5/24xaxx*(cxx"2+a)~(3/2)+1/6*xx*x(c*xx"2+a) " (5/2)+5/16*a " 3*arctanh (x*xc”~(1/2)/(
c*xx"2+a)~(1/2))/c”(1/2)+5/16*a"2xx* (cxx~2+a) ~(1/2)

Rubi [A] time = 0.02, antiderivative size = 84, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 3, integrand size = 11,

number OIS _ ,273, Rules used = {195, 217, 206}

integrand size
— cx
543 tanh ™ (\/_—)

5 ] 5 1 5/2
Eazx\/a +cx? + Tove are ) | Y (a + sz)3/2 + . (a + cxz) !

Antiderivative was successfully verified.
[In] Int[(a + c*x~2)"(5/2),x]

[Out] (Bxa~2*x*Sqrtla + cxx"2])/16 + (b*a*xxx(a + c*xx"2)7(3/2))/24 + (xx(a + c*xx"2
)7(5/2))/6 + (5*a~3xArcTanh[(Sqrt[c]*x)/Sqrtla + c*x72]]1)/(16xSqrt[c])

Rule 195

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p

+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*x™n)"~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2+*p]l || (EqQ[n, 2] &&
IntegerQ[4*xpl) || (EqQ[n, 2] &% IntegerQ[3+*p]) || LtQ[Denominator[p + 1/n],
Denominator [pl])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rubi steps

f(a + cxz)S/2 dx = %x (a + cxz)5/2 + %(Sa) f (a + sz)3/2 dx

= 25—4ax (a + cxz)g)/2 + %x (a + cxz)S/2 + % (5a2) f\/a +cx? dx
= iazx\/a +cx? + 25—4ax (a + cx2)3/2 + %x (a + cx2)5/2

1 1
5 15 07) [ ==
- ST + San(oro) e ot o L ) s | s

16 ——dx,
543 tanh™ ( Vex )
5 5 32 1 5/2 VoroZ
= Eazx\/a +cx? + 7% (a + cxz) +ox (a + cxz) + atex?

16+/c
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Mathematica [A] time = 0.11, size = 76, normalized size = 0.90

15452 sinh ™! (%)
—Va + cx?

2
48 \/51/%+1

Antiderivative was successfully verified.

+ 33a%x + 26acx® + 8c%x°

[In] Integratel[(a + c*x~2)~(5/2),x]

[Out] (Sqrtla + c*x72]*(33*%a"2*x + 26*a*xc*x~3 + 8*c™2*xx~5 + (156%a~(5/2)*ArcSinh[(
Sqrt [c]*x)/Sqrt[all)/(Sqrt[c]l*Sqrt[1 + (c*x~2)/al)))/48

fricas [A] time = 0.82, size = 146, normalized size = 1.74

15a3+/c log (—2 cx? —2Vex?2 +arJex - a) +2 (8 Ax° + 26 ac’x® + 33 azcx)\/cx2 +a 15a%+/—c arctan (\/—i
CX

4

96 ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+a)~(5/2),x, algorithm="fricas")

[Out] [1/96%(15*%a~3*sqrt(c)*log(-2xc*x"2 - 2xsqrt(c*x”2 + a)*sqrt(c)*x - a) + 2x*(
8%c73xx75 + 26*axc”2xx"3 + 33*a”2*xcxx)*sqrt(cxx”2 + a))/c, -1/48%(15*%a"3xsq
rt(-c)*arctan(sqrt(-c)*x/sqrt(c*x™2 + a)) - (8*%c™3*x"5 + 26*a*xc™2*x"3 + 33%
a~2xcxx)*sqrt (cxx™2 + a))/c]

giac [A] time = 0.36, size = 63, normalized size = 0.75

5a3 10g(|—\/5x +Vex2 +a |) 1

1642 b (2 (4czx2 +13 ac)x2 +33 az)mx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+a)~(5/2),x, algorithm="giac")

[Out] -5/16%a~3*%log(abs(-sqrt(c)*x + sqrt(c*x”2 + a)))/sqrt(c) + 1/48%(2*x(4*c™2*x
T2 + 13%axc)*x72 + 33*%a"2)*sqrt(c*x”2 + a)*x

maple [A] time = 0.04, size = 66, normalized size = 0.79

NG

3
2 ax (cx2+a) X

SPIn(VEx +VoT+a) syeEra s s va) e

16+/c 16 24 6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+a)~(5/2),x)

[Out] 1/6*x*x(c*x"2+a) ~(5/2)+5/24*xa*xx*(c*xx"2+a) ~(3/2)+5/16%xa " 2*xx*x(c*xx"2+a) " (1/2)+5
/16*%a"3/c”(1/2)*1n(c” (1/2) *x+(c*xx"2+a) ~(1/2))

maxima [A] time = 1.38, size = 58, normalized size = 0.69
543 arsinh (i)

a
16+/c

B

5 3
% (cx2 + a)zx + % (cx2 + a)zax + % Vex? + aa®x +

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c*x~2+a)~(5/2),x, algorithm="maxima")
[Out] 1/6%(c*x”2 + a)~(5/2)*x + 5/24*%(c*x”2 + a)~(3/2)*a*x + 5/16*%sqrt(c*xx"2 + a)
*a~2*x + 5/16*a"3*arcsinh(c*x/sqrt(a*xc))/sqrt(c)

mupad [B] time = 0.20, size = 37, normalized size = 0.44

21 (—5, 77

5/2
( cx? 1)
a

)5/2 51 3 cxz)

x(cx2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + c*x72)"(5/2),x%)
[Out] (xx(a + c*x72)7(5/2)*hypergeom([-5/2, 1/2], 3/2, -(cxx"2)/a))/((c*x"2)/a +

1)7(5/2)

sympy [A] time = 4.43, size = 97, normalized size = 1.15

)

5 2 3 2 2 .
Naixy1+ S 1322081+ Va2l 1+ 5a° asmh( NG
T+ T+ T+
16 2 6

1
4 16+/c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+a)**(5/2),%)

[Out] 11xaxx(5/2)*x*sqrt(1l + c*x**2/a)/16 + 13*ax*(3/2)*cxx**3*sqrt (1l + c*x**2/a)
/24 + sqrt(a)*xck*2*xxx*kxbxsqrt (1 + c*xx**2/a)/6 + b*ax*3xasinh(sqrt(c)*x/sqrt(

a))/(16*sqrt(c))
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3.57 f (cz + cx2)3/2 dx

Optimal. Leaf size=65

342 tanh ™ (ﬂ)
N ) 3 1 3/2
WG arex ) | gax\/a +cx? + i (a + cxz) !
c

[Out] 1/4*x*(c*x"2+a)”(3/2)+3/8*a"2*xarctanh(x*c”~(1/2)/(c*x"2+a)~(1/2))/c~(1/2)+3/
8xaxxx (cxx"2+a) "~ (1/2)

Rubi [A] time = 0.01, antiderivative size = 65, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 11,

number o 1ues _ 0.273, Rules used = {195, 217, 206}

integrand size

342 tanh ™ (ﬂ)
N ) 3 1 32
e arex ) | gax\/a +cox2 + i (a + cxz) /
c

Antiderivative was successfully verified.
[In] Int[(a + c*xx~2)"(3/2),x]

[Out] (3*%axx*Sqrtla + c*x72])/8 + (x*(a + c*x72)7(3/2))/4 + (3*a~2*ArcTanh[(Sqrt[
c]*x)/Sqrtla + cxx~2]])/(8*Sqrt[c])

Rule 195

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p

+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + bxx™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3*pl) || LtQ[Denominator[p + 1/n],
Denominator [p]])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/8qrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rubi steps

1 32 1
f(a + cxz)g/2 dx = Zx (a + cxz) - —(311) f Va + cx? dx
3/2
:—ax\/a+cx2 + x a+cx 3a f
8 ( \/a+cx2

32 1 1
= gax\/a +cx? + x(a + cx ) ! § (3a2) Subst (fmd%x,ﬁ)
342 tanh_l( Vex )

Va+cx?
8+/c

1
- %ax\/a +cx2 + 7 (a + cx2)3/2 +
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Mathematica [A] time = 0.08, size = 65, normalized size = 1.00

32 ginh ! (Y
3a°“ sinh (\/E)

\/E,/§+1

Antiderivative was successfully verified.

+ Bax + 2¢x3

1
§Va+cx2

[In] Integrate[(a + c*x~2)7(3/2),x]

[Out] (Sqrtla + c*xx"2]*(b*xa*xx + 2%c*x~3 + (3*a”(3/2)*ArcSinh[(Sqrt[c]*x)/Sqrt[a]]
)/ (8qrt[c]*Sqrt[1 + (c*x~2)/al)))/8

fricas [A] time = 0.96, size = 124, normalized size = 1.91

Vex2+a
16¢ 8¢

3a%2+/clog|-2cx?2 =2 Vex?2 +afex —al +2(2c¢2x° + 5acx)Vex? +a 3a%+/—c arctan veex ) 22
g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+a)~(3/2),x, algorithm="fricas")

[Out] [1/16%(3*a"2*sqrt(c)*log(-2*c*x~2 - 2*sqrt(c*x”2 + a)*sqrt(c)*x - a) + 2%(2
*xc”"2%x"3 + bkaxckx)*sqrt(c*x”™2 + a))/c, -1/8%(3*xa”2*sqrt(-c)*arctan(sqrt(-c
)*x/sqrt(cxx™2 + a)) - (2%c™2xx"3 + Bkaxc*x)*sqrt(c*x™2 + a))/cl

giac[A] time = 0.43, size = 49, normalized size = 0.75

3a%log (|—\/Ex +Vex? +a |)
8+

Verification of antiderivative is not currently implemented for this CAS.

% <2CJC2 + Sa)‘\/cx2 +ax-—

[In] integrate((c*x~2+a)~(3/2),x, algorithm="giac")

[Out] 1/8%(2%c*x”2 + b*a)*sqrt(c*x”2 + a)*x - 3/8*a"2xlog(abs(-sqrt(c)*x + sqrt(c
*x"2 + a)))/sqrt(c)

maple [A] time = 0.04, size = 51, normalized size = 0.78

3
3a21n(\/5x+\/cx2+a) 3Vex? + a ax (cx2+a)§x
+ +
8+/c 8 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+a)~(3/2),x)

[Out] 1/4*x*(c*xx~2+a) " (3/2)+3/8*axx*x(c*xx"2+a) " (1/2)+3/8%a"2/c~(1/2)*1n(c”(1/2) *x+
(c*x~2+a)~(1/2))

maxima [A] time = 1.30, size = 43, normalized size = 0.66

2 o &
3a arsmh(\/ﬁ)

8+c

3
= 3
(cx2 + a)zx + 5 Vex? + aax +

I

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+a)~(3/2),x, algorithm="maxima")
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[Out] 1/4*(c*x"2 + a)~(3/2)*x + 3/8*sqrt(c*x”2 + a)*a*x + 3/8*a”2*arcsinh(c*x/sqr

t(axc))/sqrt(c)
mupad [B] time = 0.16, size = 37, normalized size = 0.57
3/2 2
x(cx2 + a) oFi (—%, %; ;; —%)

( = 1)3/2
a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + c*x72)~(3/2),x%)
[Out] (x*(a + c*x~2)~(3/2)*hypergeom([-3/2, 1/2], 3/2, -(c*xx"2)/a))/((cxx"2)/a +

1)7(3/2)

sympy [A] time = 3.01, size = 70, normalized size = 1.08

Vex

Sagxwll L Vacxd,[1+ o 342asinh (—a)
8 a + 4 a +

8/c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+a)**(3/2),%)
[Out] 5*a*x*(3/2)*x*sqrt(1l + c*xx*x2/a)/8 + sqrt(a)*c*x*x*3*sqrt(l + c*x*x*2/a)/4 + 3
xa*xx2*asinh (sqrt (c) *x/sqrt(a))/(8*sqrt(c))
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3.58 f\/a + cx? dx

Optimal. Leaf size=46

atanh™ (ﬂ)
1x Va+cx? + ater?
2 2+/c

[Out] 1/2*axarctanh(xxc”(1/2)/(c*x"2+a)~(1/2))/c”(1/2)+1/2*x*x(c*x"2+a)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 46, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 11,

number o 1ues _ 0,273, Rules used = {195, 217, 206}

()
atan N3

2+/c

integrand size

1
Ex\/a +cx? +

Antiderivative was successfully verified.
[In] Int[Sqrtl[a + c*x72],x]

[Out] (x*Sqrtla + c*x72])/2 + (axArcTanh[(Sqrt[cl*x)/Sqrtla + c*x72]])/(2%Sqrt[c]
)

Rule 195

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*xp
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*x™n) " (p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*pl || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3+*p]) || LtQ[Denominator[p + 1/n],
Denominator [p]l])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 || LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, 0]

Rubi steps

1 1 1
Va+cx? dx = —xVa+cx? + —af—dx
f 2 2 J ~a+cx?

1 1 1 X
= _ 2 4 = - -
2x‘\/a+cx + 2aSubst(fl_sz dx, x, a+cx2)

Va+cx?
24/e

1
= Ex\/a +cx? +

Mathematica [A] time = 0.02, size = 49, normalized size = 1.07

alog (\/E Va+cx? + cx)
2yc

1
Ex\/a +cx? +



214

Antiderivative was successfully verified.

[In] Integrate[Sqrtl[a + cxx"2],x]
[Out] (x#Sqrtla + c*x2])/2 + (axLoglc*x + Sqrtl[cl*Sqrtla + c*x~2]1])/(2*Sqrt[c])

time = 0.93, size = 94, normalized size = 2.04

fricas [A]
2Vex? +acx + avc 1Og(—2cx2—2 ch2+a\/Ex—a) Vex? +acx —ay—c arctan(\/@)
cxc+a
’ 2c

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x"2+a)~(1/2),x, algorithm="fricas")

[Out] [1/4*(2xsqrt(c*xx™2 + a)*c*xx + a*xsqrt(c)*log(-2%c*x”2 - 2*sqrt(c*x”2 + a)*sq
rt(c)*x - a))/c, 1/2%(sqrt(c*x”2 + a)*c*x - axsqrt(-c)*arctan(sqrt(-c)*x/sq

rt(c*x™2 + a)))/c]
time = 0.40, size = 37, normalized size = 0.80

alog (|—\/Ex +Vex? +a |)
Vo2 +ax—
cx? +ax e

giac [A]

N| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x”2+a)”~(1/2),x, algorithm="giac")
[Out] 1/2*sqrt(c*x”2 + a)*x - 1/2*axlog(abs(-sqrt(c)*x + sqrt(c*x”2 + a)))/sqrt(c
)

maple [A] time = 0.04, size = 36, normalized size = 0.78

aln(\/Ex+\/cx2+a) Ve +ax
+
2+/c 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+a)~(1/2),x)
[Out] 1/2*x*(c*x"2+a)”(1/2)+1/2%a/c”(1/2)*1n(c”(1/2) *x+(c*x"2+a)~(1/2))

maxima [A] time = 1.36, size = 28, normalized size = 0.61

a arsinh (i)

Jac

Vex2 +ax +
2+c

N =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x”"2+a)~(1/2),x, algorithm="maxima")

[Out] 1/2*sqrt(c*x”2 + a)*x + 1/2%a*xarcsinh(c*x/sqrt(axc))/sqrt(c)

mupad [B] time = 0.13, size = 35, normalized size = 0.76

NeZva aln(\/Ex+\/cx2+a)
+
2 2+/c

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a + c*x~2)"(1/2),x)

[Out] (xx(a + c*xx"2)7(1/2))/2 + (a*xlog(c™(1/2)*x + (a + c*x"2)7(1/2)))/(2xc~(1/2)
)

sympy [A] time = 1.91, size = 41, normalized size = 0.89

Vax 1+ % aasinh(%)

+

2 24/c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+a)**(1/2),x)

[Out] sqrt(a)*x*sqrt(l + c*x**2/a)/2 + a*asinh(sqrt(c)*x/sqrt(a))/(2*xsqrt(c))
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1
3.59 f m dx

Optimal. Leaf size=25

1 ex
tanh (\/a+cx2)

Ve

[Out] arctanh(xxc~(1/2)/(c*x"2+a)~(1/2))/c~(1/2)

Rubi [A] time = 0.01, antiderivative size = 25, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 11,

oumber oL 1W1eS — 0,182, Rules used = {217, 206)

1 ex
tanh ( va+cx2 )

Ve

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrtla + c*x~2],x]

[Out] ArcTanh[(Sqrt[cl*x)/Sqrtla + c*x~2]]1/Sqrt[c]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 217
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],

x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, 0]

Rubi steps

1 1 X
——dx = Subst ( f dx, x, )
f\/a+cx2 1-cx? Va + cx?

1 Aex
fanh (Va+cx2 )

Ve

Mathematica [A] time = 0.01, size = 25, normalized size = 1.00

_1{ Aex
tanh ( Va+cx2 )

\/E

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtla + c*xx"2],x]
[Out] ArcTanh[(Sqrt[cl*x)/Sqrtla + c*x72]]1/Sqrt([c]

fricas [A] time = 0.99, size = 59, normalized size = 2.36

log (—2cx2 —2Vex2 +arfex - a) v arctan( Ve )
Vex+a

24/ ’ c
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)”(1/2),x, algorithm="fricas")

[Out] [1/2%log(-2*c*x"2 - 2xsqrt(c*xx”2 + a)*sqrt(c)*x - a)/sqrt(c), -sqrt(-c)*arc
tan(sqrt(-c)*x/sqrt(c*x”2 + a))/c]

giac [A] time = 0.41, size = 23, normalized size = 0.92

log (|—\/Ex +Vex2 +a |)
W

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(c*x"2+a)~(1/2),x, algorithm="giac")
[Out] -log(abs(-sqrt(c)*x + sqrt(c*x”2 + a)))/sqrt(c)
maple [A] time = 0.04, size = 21, normalized size = 0.84
ln(\/Ex+ Ve x? +a)
Nz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+a)~(1/2),x)
[Out] 1n(c™(1/2)*x+(cxx"2+a)~(1/2))/c~(1/2)

maxima [A] time = 1.39, size = 13, normalized size = 0.52

arsinh (%)

Ve
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(1/2),x, algorithm="maxima"
[Out] arcsinh(c*x/sqrt(a*c))/sqrt(c)

mupad [B] time = 0.19, size = 20, normalized size = 0.80

ln(\/Ex+M)
Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*xx~2)"(1/2),x)
[Out] log(c™(1/2)*x + (a + c*x72)7(1/2))/c~(1/2)

sympy [A] time = 1.05, size = 17, normalized size = 0.68

asinh (%)

Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+a)**(1/2),x)

[Out] asinh(sqrt(c)*x/sqrt(a))/sqrt(c)
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3.60 [ ——5dx

(a+cx2)3/2

Optimal. Leaf size=16
X

ava + cx?
[Out] x/a/(c*xx"2+a)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 16, normalized size of antiderivative

= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 11,
number of rules _ ),091, Rules used = {191}

integrand size

X

avVa + cx?

Antiderivative was successfully verified.
[In] Int[(a + c*x72)7(-3/2),x]

[Out] x/(a*Sqrtla + c*x~2])

Rule 191

Int[((a_) + (b_)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rubi steps

Mathematica [A] time = 0.00, size = 16, normalized size = 1.00

X

ava + cx?

Antiderivative was successfully verified.

[In] Integrate[(a + c*x72)7(-3/2),x]
[Out] x/(axSqrtla + c*xx~2])
fricas [A] time = 0.74, size = 23, normalized size = 1.44

Vex?2 +ax

acx? + a?
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c*x"2+a)~(3/2),x, algorithm="fricas")

[Out] sqrt(c*x™2 + a)*x/(a*xcxx™2 + a~2)

giac [A] time = 0.48, size = 14, normalized size = 0.88

X

Vex2 +aa



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(3/2),x, algorithm="giac")
[Out] x/(sqrt(c*x™2 + a)*a)

maple [A] time = 0.04, size = 15, normalized size = 0.94

X

Vex2+aa

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+a)~(3/2),x%)
[Out] x/a/(cxx"2+a)”~(1/2)
maxima [A] time = 1.25, size = 14, normalized size = 0.88

X

Vex2 +aa

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(3/2),x, algorithm="maxima")
[Out] x/(sqrt(c*x~2 + a)*a)
mupad [B] time = 0.03, size = 14, normalized size = 0.88

X

avVex?+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*x72)"(3/2),x)
[Out] x/(a*x(a + c*x72)"(1/2))

sympy [A] time = 0.65, size = 17, normalized size = 1.06

X

3 2
= cx
241+ —

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+a)**(3/2),x%)
[Out] x/(a*x*x(3/2)*sqrt(1 + c*xx**2/a))
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3.61 [ ——5dx

(a+cx2)5/2

Optimal. Leaf size=39

2x X
+

3a2Va +cx®> 34 (a + cxz)3/2

[Out] 1/3*x/a/(c*xx"2+a) ~(3/2)+2/3*xx/a"2/(c*x"2+a) " (1/2)

Rubi [A] time = 0.01, antiderivative size = 39, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 11,

numberofrules _ ) 18> Rules used = {192, 191}

integrand size

2x X
+

3a*Va+cx? 34 (a + cxz)g)/2

Antiderivative was successfully verified.

[In] Int[(a + c*x72)7(-5/2),x]

[Out] x/(3%ax(a + c*xx72)7(3/2)) + (2*x)/(3xa"2*Sqrtla + cxx72])
Rule 191

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 192

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Simp[(xx(a + b*x™n) (p + 1
))/(axnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*xx™n)~
(p + 1), x1, x] /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1], 0]
&& NeQ[p, -1]

Rubi steps
1
2 f —3/2 dx
f 1 Jx = X N (a+cx2)
52 4t T 32
(a + cxz) / 3a (a + cxz) / 3a
X 2x

+
3a (a + cx2)3/2 3a2Va + cx?

Mathematica [A] time = 0.01, size = 29, normalized size = 0.74

X (Ba + ZCxZ)

342 (a + (:362)3/2

Antiderivative was successfully verified.

[In] Integratel[(a + c*xx"2)~(-5/2),x]
[Out] (x*(3%a + 2%c*x72))/(3*a"2+(a + c*x72)7(3/2))
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fricas [A] time = 0.71, size = 47, normalized size = 1.21

(2 cxd + 3ax)\/cx2 +a

3 (a2c2x4 + 2 a3cx? + a4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(5/2),x, algorithm="fricas")
[Out] 1/3%(2%c*x”3 + 3*a*x)*sqrt(c*x™2 + a)/(a”2xc™2*x"4 + 2%a~3*c*x™2 + a~4)

giac [A] time = 0.51, size = 27, normalized size = 0.69

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(c*x"2+a)~(5/2),x, algorithm="giac")
[Out] 1/3%x*(2%c*x~2/a”2 + 3/a)/(c*x”2 + a)~(3/2)

maple [A] time = 0.04, size = 26, normalized size = 0.67

(20x2 + 3a)x
3(cx2 + a)g a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+a)~(5/2),x)
[Out] 1/3%x*(2%c*x"2+3%a)/(c*x"2+a)”(3/2)/a"2
maxima [A] time = 1.02, size = 31, normalized size = 0.79

2x X

+
3
2 2 3
Vex2 +aa
3 3(cx2+a)2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(5/2),x, algorithm="maxima"
[Out] 2/3*x/(sqrt(c*x”2 + a)*a~2) + 1/3*x/((c*x"2 + a)~(3/2)*a)
mupad [B] time = 0.19, size = 28, normalized size = 0.72

2x (cx2 +a) +ax
32

3 a? (c x% + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*x~2)"(5/2),%)
[Out] (2*x*x(a + c*x"2) + ax*x)/(3*xa"2x(a + c*xx"2)7(3/2))
sympy [B] time = 0.86, size = 95, normalized size = 2.44

2cx3

3ax
7 cx? 5 cx? * 7 cx? 5 cx?
3a2 1+7 + 3a2cx? 1+7 3a2 1+7 + 3a2cx? 1+7
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+a)**(5/2),x)

[Out] 3xa*x/(3xa*x*x(7/2)*sqrt(l + cxx*x2/a) + 3*ax*(5/2)*cxx**2*xsqrt (1l + c*x**2/a)
) + 2xckxx*x3/(3*xax*(7/2)*sqrt (1 + c*x**2/a) + 3kax*x(5/2)*c*x*x*2xsqrt(l + c*
x*%2/a))
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3.62 [ ——zdx

(a+cx2)7/2

Optimal. Leaf size=58

8x 4x X
+ +

15a3Va+cx? 1542 (a + sz)g/z 5a (a + cxz)S/2

[Out] 1/5*x/a/(c*xx"2+a)~(5/2)+4/15%xx/a"2/(c*x"2+a)~(3/2)+8/15xx/a"~3/(c*x"2+a) " (1/
2)

Rubi [A] time = 0.01, antiderivative size = 58, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 11,

number of rules _ 0,182, Rules used = {192, 191}

integrand size

8x 4x X
+ +

15a3Va +cx* 1542 (a + sz)g/z 5a (a + cxz)S/2

Antiderivative was successfully verified.
[In] Int[(a + c*xx~2)"(-7/2),x]

[Out] x/(5xax(a + c*xx"2)~(5/2)) + (4xx)/(16*xa"2*x(a + c*x~2)"(3/2)) + (8*x)/(15*a~
3xSqrtla + cxx~2])

Rule 191

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 192

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Simp[(xx(a + bxx™n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + bxx"n)~
(p + 1), x], x]1 /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1], O]
&& NeQ[p, -1]

Rubi steps
1
4 | ——dx
f 1 4 X N f (a+cx2)5/2
772 94X = 572
(a + cxz) ! 5a (a + cxz) ! 5a
1
8 | ——dx
X N 4x N f (a+cx2)3/2
= 5/2 32 2
5a (a + cxz) ! 1542 (a + cxz) ! 15a
X 4x 8x

= + +

5a (a + cxz)S/2 1542 (a + sz)a/z 15a3Va + cx?

Mathematica [A] time = 0.01, size = 40, normalized size = 0.69

X (155{2 + 20acx? + 8c2x4)
)5/2

1543 (a + cx?

Antiderivative was successfully verified.
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[In] Integratel[(a + c*xx72)~(-7/2),x]
[Out] (x*x(15*%a"2 + 20*a*xc*x™2 + 8*c™2xx"4))/(15%a~3*(a + c*x~2)~(5/2))

fricas [A] time = 1.08, size = 69, normalized size = 1.19

(8 c2x® + 20 acx® +15 azx)\/cx2 +a

15 (a3c3x6 +3a%c?x* + 3a5cx? + a6)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(7/2),x, algorithm="fricas")
[Out] 1/15%(8*c™2xx"5 + 20*a*xc*x~3 + 15*a~2*x)*sqrt(c*x”2 + a)/(a”3*c”3*x"6 + 3*a
T4xcT2xx"4 + 3*%a"bxcxx"2 + a”6)

time = 0.46, size = 41, normalized size = 0.71

2¢2x2 5 15
(4x2( =+ —zc) + —)x
a a a

5
2

giac [A]

15 (cx2 + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+a)~(7/2),x, algorithm="giac")
[Out] 1/15%(4xx"2%(2xc”2*%x"2/a"3 + b*xc/a"2) + 15/a)*x/(c*xx”"2 + a)~(5/2)

maple [A] time = 0.04, size = 37, normalized size = 0.64
(8c2x4 +20ac x? + 15a2) X
5
15 (cx2 + a)z a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+a)~(7/2),x)
[Out] 1/15%x*(8%c™2*x~4+20*a*xc*xx~2+15%a~2)/(c*x"2+a)~(5/2)/a"3

maxima [A] time = 1.31, size = 46, normalized size = 0.79

8x 4x X
+

+
15Vex? +aad 15(cx2+a);a2 5(cx2+a)a

NGl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(7/2),x, algorithm="maxima"
[Out] 8/15%x/(sqrt(c*x™2 + a)*a~3) + 4/15*x/((c*x”2 + a)~(3/2)*a~2) + 1/5*x/((c*x
~2 + a)~(5/2)*a)
mupad [B] time = 0.19, size = 44, normalized size = 0.76
2
8x(cx2 + a) +3a2x+4ax (cx2 + a)
5/2

1543 (c X2+ a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*x~2)~(7/2),x)
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[Out] (8*x*(a + c*x™"2)72 + 3%a™2%x + 4xaxx*(a + c*x72))/(15%a"3*%(a + c*xx~2)"(5/2)
)

sympy [B] time = 1.46, size = 413, normalized size = 7.12
15a°x

15a2 A1 + +45azcx2\/1 + & +45a2c2x4\/1 + & +15a203x6\/1 + & o 15a2 A1 + & +45azcx2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+a)**(7/2),x%)

[Out] 15xax*bxx/(15*%a*x*(17/2)*sqrt(l + cxx**2/a) + 45*ax*(15/2)*cxx**2xsqrt(l + ¢
xx*k*2/a) + 4Abkaxx(13/2)kc*kx2kx*x4d*xsqrt (1 + ckx*xx2/a) + 15xax* (11/2)*ck*3*x*
*x6*xsqrt (1 + cxx**2/a)) + 35xaxxdkxckxx**x3/(16xa*x*(17/2)*sqrt(l + c*xx**x2/a) +

45xaxx (15/2) xcxxx*2xsqrt (1 + c*x**2/a) + 4bkax*x(13/2)kcx*k2xx*x4*xsqrt (1l + c*
xx*k2/a) + 16kax*x(11/2)*ckx*x3*x*x*x6*xsqrt (1l + cxx**2/a)) + 28*a*x*x3*xc*k*x2*x*x5/ (1

Bkax* (17/2)*sqrt (1 + cxx**2/a) + 45*xax*(15/2)*cxx**2xsqrt (1l + c*x**2/a) + 4

Bxax* (13/2) xck*2xx*x*x4xsqrt (1 + cxx**2/a) + 16*ax*x(11/2)*cx*3*xx*xx6*xsqrt (1l +
ckx**k2/a)) + Bkaxk2xck*3kxx*k7/(15xa*xx(17/2)*sqrt (1l + c*x**2/a) + 45*xax*x(15/

2) *cxx*x2%sqrt (1 + cxx*x2/a) + 45xa*x*(13/2) xck*2*kxx*xdxsqrt (1l + cxx*x*2/a) +

15xa*x (11/2) xcx*x3*xx*6xsqrt (1 + c*xx*x*2/a))
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3.63 [ ——5dx

(a+cx2)9/2

Optimal. Leaf size=77
16x 8x 6x X
ot o2 + 2 T 52 T
35a*Va + cx 3543 (a + cxz) 3542 (a + cxz) 7a (a + cx?

)7/2

[Out] 1/7*x/a/(cxx"2+a)~(7/2)+6/35*x/a"2/(c*xx"2+a)~(5/2)+8/35*x/a"~3/(c*x"2+a) " (3/
2)+16/35*x/a~4/ (cxx"2+a) "~ (1/2)

Rubi [A] time = 0.02, antiderivative size = 77, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 2, integrand size = 11,

number of s — (.182, Rules used = {192, 191}

integrand size

16x 8x 6x X
+

+ +
35a*Va +cx?> 3543 (11 + cx2)3/2 3542 (a + cx2)5/2 7a (a + cx2

)7/2

Antiderivative was successfully verified.
[In] Int[(a + c*x72)7(-9/2),x]

[Out] x/(7xax(a + c*x~2)7(7/2)) + (6xx)/(35*xa"2*x(a + c*xx~2)"(5/2)) + (8*x)/(35*a~
3x(a + c*xx72)7(3/2)) + (16*x)/(3b*a"4xSqrtl[a + c*xx~2])

Rule 191

Int[((a_) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x]1 /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 192

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Simp[(xx(a + b*x™n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*xx"n)~
(p + 1), x1, x] /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1], 0]
&& NeQ[p, -1]

Rubi steps
6 f ! 7 dx
f 1 p X (u+cx2)
— _dx= +
92 72
(a + cxz) / 7a (a + cxz) ! 7a
24 [ ——5 dx
_ X N 6x N (a+cx2)
= 72 52 2
7a (a + cxz) ! 3542 (a + cxz) / 35a
1
16 | ————=dx
_ X N 6x N 8x N f (a+cx2)3/2
= 72 572 32 3
7a (a + cxz) ! 3542 (a + cxz) / 3543 (a + cx2) / 35a
X 6x 8x 16x

= + + +
7a (a + cxz)7/2 3542 (a + ch)S/2 3543 (a + cxz)B/2 35a*Va + cx?

Mathematica [A] time = 0.01, size = 51, normalized size = 0.66

X (35a3 + 70a%cx? + 56ac?x* + 16c3x6)
)7/2

3544 (a + cx?
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Antiderivative was successfully verified.
[In] Integrate[(a + c*xx72)7(-9/2),x]
[Out] (x*(35%a”3 + 70*a~2*c*x~2 + 56xa*c”™2xx"4 + 16*c”~3*x"6))/(35%a"4*(a + c*x"2)
~(7/2))
fricas [A] time = 0.70, size = 91, normalized size = 1.18

(16 c3x7 + 56 ac?x® + 70 a?cx® + 35 a3x)\/cx2 +a

35 (a4c4x3 +4a5c3x% + 6 a6c?x* + 4 a”cx? + a3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(9/2),x, algorithm="fricas")

[Out] 1/35%(16%c™3*x~7 + 56*a*c™2*xx~5 + 70%a~2*c*xx~3 + 35%a”3*x)*sqrt(c*x™2 + a)/
(a™4*c™4%x"8 + 4*a”bxcT3*x"6 + 6%a"6*c”2*%x"4 + 4*xa”~Txcxx"2 + a~8)

time = 0.41, size = 55, normalized size = 0.71
3.2 2
(2 (4x2(2c4x + 7—;) + iZc)xz + §)x
a a a a
7

35 (cx2 + a)E

giac [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x~2+a)~(9/2),x, algorithm="giac")
[Out] 1/35%(2x(4*x~2%(2%xc™3%x"2/a"4 + 7*c~2/a"3) + 35*%c/a”2)*x"2 + 35/a)*x/(c*xx"2
+ a)~(7/2)

maple [A] time = 0.05, size = 48, normalized size = 0.62
(16c3x6 +56a c>x* + 70a%c x* + 35a3) x
7
35 (cx2 + a)z at

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*x"2+a)~(9/2),x)
[Out] 1/35%x*(16%c™3*x"6+56%axc™2*x"4+70%a~2*c*xx"2+35%a~3)/(cxx"2+a) ~(7/2)/a"4

maxima [A] time = 1.35, size = 61, normalized size = 0.79

16 x 8x 6x X
+ — +

+
35 Vex? +aat 35(cx2+a)§a3 35(cx2+a)§a2 7(cx2+a)a

NI

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x"2+a)~(9/2),x, algorithm="maxima")
[Out] 16/35%x/(sqrt(c*x™2 + a)*a~4) + 8/35*x/((c*xx~2 + a)~(3/2)*a"3) + 6/35*x/((c
*x72 + a)”"(5/2)*a"2) + 1/7*x/((c*xx"2 + a)~(7/2)*a)

time = 0.20, size = 61, normalized size = 0.79

mupad [B]
16 x N 8x 4 6x 4 X
35atVex2+a 3543 (c x2 + a)3/2 35 a2 (c x2 + a)5/2 7a (c x2 + a)m
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*x~2)7(9/2),x)

[Out] (16*x)/(35*a"4*(a + c*x"2)7(1/2)) + (8*x)/(35*%a"3x(a + c*x72)7(3/2)) + (6*x
)/ (35%xa"2x(a + c*xx"2)7(5/2)) + x/(7xax(a + c*xx~2)~(7/2))

sympy [B] time = 2.20, size = 1265, normalized size = 16.43

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*x**2+a)**(9/2),x)

[Out] 35*ax*xx14x*x/(3b*ax*(37/2)*sqrt(l + c*x*x*2/a) + 210%a**(35/2)*c*x*x*2*sqrt (1l +
ckxx*k2/a) + B52b6kax*(33/2)kcx*k2xx*kx4*xsqrt (1 + c*x**2/a) + T00xa**(31/2)*c**
3xx*xx6*xsqrt (1 + cxx**2/a) + B525xa*xx(29/2) xckx4*xx*x*8xsqrt (1l + ckxxx*2/a) + 21
Oxax*xx (27/2) xc*xb*xx*x*10*sqrt (1 + c*x**2/a) + 3b5*ax*(25/2)*cx*x6xx**x12*sqrt (1
+ cxx**2/a)) + 175xaxx13*ckx*x*3/(35%xa*x*(37/2)*sqrt (1 + ckxx*x*2/a) + 210xa*x*(
35/2) *cxx*x*¥2xsqrt (1 + cxx**2/a) + 526%ax*(33/2) kcx*2*xxx*x4d*xsqrt(l + c*xx**2/a
) + TO0O*ax*x(31/2)kc*x3*xx*x6xsqrt (1 + ckx*xx2/a) + 525xa**(29/2) xcx*4xx**8*sq
rt (1 + cxx*x2/a) + 210%ax*(27/2)*c*xxb*xx**10*sqrt (1 + c*x**2/a) + 3b*a*xx*(25/
2) *cx*k6xx*kx12xsqrt (1 + cxx**2/a)) + 371kax*12*cx*2xx*x5/ (3b5*a*x*(37/2) *sqrt(
1 + c*x**2/a) + 210%ax*(35/2)*xcxx**2xsqrt (1 + c*x**2/a) + 525*xax*(33/2)*cxx*
2kx*xx4xsqrt (1 + cxx*x2/a) + 700%a*x*x(31/2)*c*x*3*x**6*sqrt (1l + c*x**2/a) + 52
Bxax* (29/2) xck*x4xxx*8xsqrt (1 + cxx**2/a) + 210%ax*(27/2) *cx*xb*xxx*x10*sqrt (1
+ ckx**2/a) + 3bkax*(25/2)kcxk6xx*x12%sqrt (1 + cxx*x2/a)) + 429*ax*k1lkcx*3*
x*x7/(35%xa*x*(37/2)*sqrt (1 + ckxx*x*2/a) + 210%a*x*(35/2)kcxx*x2*xsqrt (1 + cxx**
2/a) + 525xax*(33/2)xcx*k2xxx*k4xsqrt (1 + c*x**2/a) + 700*xax*(31/2)*cx*k3xx**6
xsqrt (1 + ckxx*x*x2/a) + 52b6kax*(29/2) kcx*x4xx*x8*sqrt (1 + ckxx**2/a) + 210%ax**(
27/2) xcx*5xxx*10*xsqrt (1 + c*xx**2/a) + 3b*ax*x(25/2) *cxx6*xxxx12%sqrt (1l + c*xx*
x2/a)) + 286kax*10*kcx*x4xx**9/ (35*ax* (37/2)*sqrt(1 + cxx**2/a) + 210*%a*x*(35/
2) *cxx*xx2%sqrt (1 + cxx**2/a) + B525xa*x*x(33/2)xc*x*x2*x*x*4xsqrt(l + ckxx*2/a) +
700%ax* (31/2) *cx*3xx**x6*xsqrt (1 + cxx*x2/a) + 525*xa*x*x(29/2) xckx4d*xx*x*8*sqrt (
1 + c*x**2/a) + 210%ax*(27/2) xcx*5xxx*10*sqrt (1 + cxxx*2/a) + 35*xa*x*(25/2)*
Ck*k6xxk*k12%xsqrt (1 + c*xx*%2/a)) + 104*%a*x*Oxc**x5xx*x*11/(35%a*x*(37/2)*sqrt (1 +
ckxx*k2/a) + 210%ax*(35/2)*cxx*x2*xsqrt (1 + cxx**2/a) + B525*xa**x(33/2)*c**2*x
xkdxsqrt (1 + cxx**x2/a) + 700%ax*(31/2)*kcx*3*xx**x6*sqrt (1l + c*x**2/a) + 525%a
*xk (29/2) kcxkdxxx*x8*%sqrt (1 + c*xx**2/a) + 210%a**(27/2) xc**5*xxx*x10*sqrt (1l + ¢
*xx*%2/a) + 35kax*(25/2)kcx*k6kxx*x12+sqrt (1 + ckxx**2/a)) + 16xa*x*8xc*x*6xx**13
/ (35%ax*x(37/2) *sqrt (1 + c*x**2/a) + 210%a*xx(35/2)*c*xx*x*2*xsqrt(l + c*x**2/a)
+ B526%ax* (33/2) *cx*2*xxx*x4d*xsqrt (1 + c*x**2/a) + T700*a*xx(31/2)*c**3*x**x6*sqr
t(1 + c*x**2/a) + B26xa**(29/2) xck*4*xxx*8xsqrt (1 + cxx**x2/a) + 210%ax*(27/2
) kcxkBxx*xx10%sqrt (1 + cxx**x2/a) + 35xa*xx(25/2) xc*x6*xx*12%sqrt (1 + c*x**2/a

))
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3.64  [(4+12x+ 9x2)3/ " dx

Optimal. Leaf size=23

1 3/2
2
—(Br+2) (922 +12x + 4)

[Out] 1/12%(2+3%x)* (9*x~2+12%x+4) ~(3/2)

Rubi [A] time = 0.00, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 14,

number of rules _ 5 071, Rules used = {609}

integrand size
1 3/2

2

(B +2) (922 +12x + 4)

Antiderivative was successfully verified.

[In] Int[(4 + 12*x + 9*xx~2)~(3/2),x]

[Out] ((2 + 3*x)*(4 + 12%xx + 9%x~2)~(3/2))/12

Rule 609

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x)
x(a + bxx + c*xx72)7p)/(2%cx(2%p + 1)), x] /; FreeQ[{a, b, c, p}, x] && EqQ[
b~2 - 4xaxc, 0] && NeQ[p, -27(-1)]

Rubi steps

f (4+12x+ 9x2)3/ ? dx = 11—2(2 +32) (4 +12x + 9x2)3/ ?

Mathematica [A] time = 0.04, size = 20, normalized size = 0.87

11—2(3x +2)(Gr+22)"

Antiderivative was successfully verified.

[In] Integrate[(4 + 12*xx + 9%x~2)~(3/2),x]

[Out] ((2 + 3*x)*x((2 + 3*x)~2)7(3/2))/12

fricas [A] time = 1.04, size = 19, normalized size = 0.83
27
Zx‘L +18x3 +18x% + 8x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2+12*x+4)~(3/2),x, algorithm="fricas")
[Out] 27/4%x74 + 18%x73 + 18%x72 + 8*x

giac [B] time = 0.39, size = 45, normalized size = 1.96

4
Z(C%xz +4x)zsgn(3x+2) +2(3x2+4x)sgn(3x+2)+ gsgn(3x+2)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((9*x~2+12xx+4)~(3/2),x, algorithm="giac")
[Out] 3/4%(3%x72 + 4xx) 2*%sgn(3*x + 2) + 2%(3*%x”2 + 4*x)*sgn(3*x + 2) + 4/3*sgn(3

*x + 2)
maple [A] time = 0.05, size = 35, normalized size = 1.52
3
(272 + 722 + 722 + 32) ((3x + 2)°)* x

4(3x+2)°
Verification of antiderivative is not currently implemented for this CAS.

[In] int((9*x~2+12xx+4)~(3/2),x)
[Out] 1/4%x*(27*x~3+72%x"2+72%xx+32) * ((3%x+2) ~2) ~(3/2) / (3%x+2) "3

maxima [A] time = 2.96, size = 30, normalized size = 1.30

NI

(9x2 +12x+4)gx+%(9x2 +12x+4)

=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2+12xx+4)~(3/2),x, algorithm="maxima")
[Out] 1/4%(9%x"2 + 12%x + 4)°(3/2)*x + 1/6%(9%x"2 + 12%x + 4)~(3/2)

mupad [B] time = 0.05, size = 19, normalized size = 0.83

3/2
9x +6) (9x2+12x+4)/

36

Verification of antiderivative is not currently implemented for this CAS.

[In] int((12%x + 9*x72 + 4)7(3/2),x)

[Out] ((9%x + 6)*(12%x + 9*x~2 + 4)7(3/2))/36

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f (922 +12x + 4)7 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((9*x**2+12*xx+4)*%x(3/2) ,%)
[Out] Integral ((9xx**2 + 12xx + 4)**(3/2), x)
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3.65 f V4 +12x + 9x2 dx

Optimal. Leaf size=23

1
E(Sx +2)VIx2 +12x + 4

[Out] 1/6%(2+3%x)*((2+3*x)~2)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 14,

mumber of rules _ 0.071, Rules used = {609}

integrand size

1
g(3x +2)V9x2 +12x + 4

Antiderivative was successfully verified.

[In] Int([Sqrt[4 + 12%x + 9*x~2],x]

[Out] ((2 + 3*x)*Sqrt[4 + 12%x + 9*x~2])/6
Rule 609

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x)
*x(a + bxx + c*xx72)7p)/(2%cx(2%p + 1)), x] /; FreeQ[{a, b, c, p}, x] && EqQ[
b~2 - 4xaxc, 0] && NeQlp, -27(-1)]

Rubi steps

1
f\/4 +12x +9x2 dx = 8(2 + 3x)V4 +12x + 9x2

Mathematica [A] time = 0.01, size = 25, normalized size = 1.09

x+/(3x +2)2 (Bx + 4)

6x+4

Antiderivative was successfully verified.

[In] Integrate[Sqrt[4 + 12*x + 9*x~2],x]
[Out] (x*Sqrt[(2 + 3*x)72]*(4 + 3*x))/(4 + 6%x)

fricas [A] time = 0.99, size = 9, normalized size = 0.39
3
—x?+2x
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2+12xx+4)~(1/2),x, algorithm="fricas")
[Out] 3/2*%x"2 + 2%x

giac [A] time = 0.38, size = 26, normalized size = 1.13

2
(3x2+4x)sgn(3x+2)+ 5sgn(3x+2)

N =

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((9*x~2+12xx+4)~(1/2),x, algorithm="giac")
[Out] 1/2%(3*x72 + 4xx)*sgn(3*x + 2) + 2/3*sgn(3*x + 2)

maple [A] time = 0.04, size = 25, normalized size = 1.09

(Bx +4)1/(Bx +2)% x
6x +4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((9*x"2+12*x+4)~(1/2),x)
[Out] 1/2%x*(3*x+4)*((3*xx+2)"2)~(1/2)/(3*x+2)

maxima [A] time = 2.86, size = 30, normalized size = 1.30

1
VoOx2+12x+4x+ §‘V9x2 +12x+4

1
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2+12xx+4)~(1/2),x, algorithm="maxima"

[Out] 1/2%sqrt(9*x~2 + 12%x + 4)*x + 1/3*sqrt(9*x~2 + 12%x + 4)

mupad [B] time = 0.05, size = 19, normalized size = 0.83

Bx+2) Vo9x2+12x+4
6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((12*%x + 9%x~2 + 4)~(1/2),x)
[Out] ((3*x + 2)*x(12*x + 9*x"2 + 4)~(1/2))/6

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/9x2 +12% + 4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((9*x**2+12*xx+4)*x(1/2) ,%)

[Out] Integral(sqrt(9*x*x2 + 12*x + 4), x)

232
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1
. d
3.66 f 4+12x+9x2 X

Optimal. Leaf size=29
(Bx +2) log(3x + 2)

3Vox2 +12x + 4

[Out] 1/3%(2+3*x)*1n(2+3*x)/((2+3%x)~2)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 29, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ),143, Rules used = {608, 31}

integrand size

(Bx +2)log(3x + 2)
3Vox2 +12x + 4

Antiderivative was successfully verified.

[In] Int[1/Sqrt[4 + 12*x + 9*x~2],x]

[Out] ((2 + 3*x)*Log[2 + 3*x])/(3*Sqrt[4 + 12xx + 9*x~2])
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 608

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(b/2 + c*x)
/Sqrtla + b*x + c*x72], Int[1/(b/2 + cxx), x], x] /; FreeQ[{a, b, c}, x] &&
EqQ[b~2 - 4xaxc, 0]

Rubi steps

1
f 1 p (6+9X)fmdx
x =
V4 +12x + 9x2 V4 +12x + 9x2

_ (24 3x)log(2 + 3x)

3V4 +12x + 9x2

Mathematica [A] time = 0.01, size = 26, normalized size = 0.90

(Bx +2)log(3x + 2)

3+/(3x + 2)2

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[4 + 12xx + 9*x~2],x]
[Out] ((2 + 3*x)*Logl[2 + 3*x])/(3*Sqrt[(2 + 3*x)~2])

fricas [A] time = 0.79, size = 8, normalized size = 0.28

1
3 log (3x +2)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(9*x~2+12*x+4)~(1/2),x, algorithm="fricas")
[Out] 1/3*log(3*x + 2)

giac [A] time = 0.29, size = 25, normalized size = 0.86

log (|3 x+2||sgn(3x + 2)|)
3sgn(3x +2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x~2+12*x+4)~(1/2),x, algorithm="giac")
[Out] 1/3*log(abs(3*x + 2)*abs(sgn(3*x + 2)))/sgn(3*x + 2)

maple [A] time = 0.05, size = 23, normalized size = 0.79

(3x +2) In (3x + 2)

3+/(3x + 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(9*x"2+12*x+4)~(1/2),x%)
[Out] 1/3*(3*x+2)*1n(3*x+2)/((3%x+2)"2)"(1/2)

maxima [A] time = 2.83, size = 6, normalized size = 0.21

1.2
3 9%8\* "3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9%x~2+12*x+4)~(1/2),x, algorithm="maxima")
[Out] 1/3*log(x + 2/3)
mupad [B] time = 0.28, size = 14, normalized size = 0.48

In(9x + 6) sign (18 x +12)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(12*x + 9*x~2 + 4)~(1/2),x)
[Out] (log(9*x + 6)*sign(18*x + 12))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
Vox2 +12x + 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x**2+12%x+4)**(1/2),x)
[Out] Integral(1/sqrt(9*x**2 + 12*x + 4), x)
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1
367 | — dx
(4+12x+922)
Optimal. Leaf size=25
1
_6(3x +2)Vox2 +12x + 4

[Out] -1/6/(2+3%x)/((2+3%x)~2)"(1/2)
Rubi [A] time = 0.00, antiderivative size = 25, normalized size of antiderivative

= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 14,
mumber of rules _ 0.071, Rules used = {607}

integrand size

1

6(Bx +2)VIx2 +12x + 4

Antiderivative was successfully verified.

[In] Int[(4 + 12%x + 9*x~2)7(-3/2),x]

[Out] -1/(6%(2 + 3*x)*Sqrt[4 + 12%x + 9xx72])
Rule 607

Int[((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simp[(2%(a + b*x
+ cxx72)7(p + 1))/((2xp + 1)*x(b + 2*xc*x)), x] /; FreeQ[{a, b, c, p}, x] &
EqQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rubi steps

1 1
f 35 dx = —
(4+12v +92) 6(2 + 3x) V4 + 12x + 922

Mathematica [A] time = 0.00, size = 20, normalized size = 0.80

3x+2
6(Gx+22)"

Antiderivative was successfully verified.

[In] Integrate[(4 + 12*x + 9*x~2)~(-3/2),x]
[Out] -1/6%(2 + 3*x)/((2 + 3*x)72)7(3/2)
fricas [A] time = 0.96, size = 14, normalized size = 0.56

1
6(9x2+12x+4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x~2+12*x+4)~(3/2),x, algorithm="fricas")
[Out] -1/6/(9*%x"2 + 12%x + 4)

giac [F] time = 0.00, size = 0, normalized size = 0.00

sagepx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9%x~2+12*x+4)~(3/2),x, algorithm="giac")
[Out] sageO*x

maple [A] time = 0.05, size = 17, normalized size = 0.68

3x+2

6((3x+2))

3
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(9*x"2+12xx+4)"(3/2) ,x%)
[Out] -1/6%(3*x+2)/((3*x+2)72)~(3/2)
maxima [A] time = 2.89, size = 9, normalized size = 0.36

1
6(3x +2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x~2+12*x+4)~(3/2),x, algorithm="maxima")
[Out] -1/6/(3*x + 2)72

mupad [B] time = 0.17, size = 21, normalized size = 0.84

VIx2 +12x +4

6(3x+2)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(12%x + 9%x"2 + 4)~(3/2),x)
[Out] -(12%x + 9%x™2 + 4)~(1/2)/(6%(3%x + 2)73)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

N W

(9x2 +12x + 4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x**2+12%x+4)**(3/2),x)
[Out] Integral((9*x*x2 + 12%x + 4)*x(-3/2), x)
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3.68 f V4 —12x + 9x2 dx

Optimal. Leaf size=23

1
_8(2 —-3x)VIx? —12x + 4

[Out] -1/6%(2-3%x)*((-2+3%x)~2)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 14,

mumber of rules _ 0.071, Rules used = {609}

integrand size

1
_8(2 -3x)V9x2 —12x + 4

Antiderivative was successfully verified.

[In] Int[Sqrt[4 - 12*x + 9%x~2],x]

[Out] -((2 - 3*x)*Sqrt[4 - 12xx + 9*x72])/6
Rule 609

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x)
*x(a + bxx + c*xx72)7p)/(2%cx(2%p + 1)), x] /; FreeQ[{a, b, c, p}, x] && EqQ[
b~2 - 4xaxc, 0] && NeQlp, -27(-1)]

Rubi steps

1
f‘\/4 —12x +9x2 dx = _5(2 —3x)V4 — 12x + 9x2

Mathematica [A] time = 0.01, size = 25, normalized size = 1.09

V(2 = 3x)2 x(3x — 4)

6x—4

Antiderivative was successfully verified.

[In] Integrate[Sqrt[4 - 12*x + 9*x~2],x]
[Out] (Sqrt[(2 - 3*x)"2]*x*(-4 + 3xx))/(-4 + 6%*x)

fricas [A] time = 0.96, size = 9, normalized size = 0.39

3
—x2-2x
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(((-2+3%*x)~2)~(1/2),x, algorithm="fricas")
[Out] 3/2*x72 - 2x*x

giac [A] time = 0.35, size = 26, normalized size = 1.13

(3x2 —4x)sgn(3x—2) +§sgn(3x—2)

N =

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(((-2+3%*x)~2)~(1/2),x, algorithm="giac")
[Out] 1/2%(3*x72 - 4xx)*sgn(3*x - 2) + 2/3*sgn(3*x - 2)

maple [A] time = 0.04, size = 25, normalized size = 1.09

(Bx—4)+(Bx - 2)2 X
6x —4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((-2+3%x)~2)"(1/2),%)
[Out] 1/2*%x*(3*x-4)*((-2+3*x)"2)"(1/2)/(-2+3*x)

maxima [A] time = 3.01, size = 30, normalized size = 1.30

1
‘V9x2—12x+4x—§ 9x2-12x+4

N =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(((-2+3*x)~2)~(1/2),x, algorithm="maxima"

[Out] 1/2%sqrt(9*x~2 - 12%x + 4)*x - 1/3*sqrt(9*x~2 - 12*x + 4)

mupad [B] time = 0.11, size = 13, normalized size = 0.57

Bx-2 Bx-2)
6

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((3*x - 2)72)~(1/2),x%)
[Out] (abs(3*x - 2)*(3*xx - 2))/6

sympy [A] time = 0.08, size = 8, normalized size = 0.35

3x? -
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(((-2+3*x)**2)**(1/2),x)
[Out] 3*x*x2/2 - 2xx
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1
. d
3.69 f 4-12x+9x2 X

Optimal. Leaf size=29
(2 -3x)log(2 - 3x)
3V9x?2 —12x + 4

[Out] -1/3%(2-3*x)*1n(2-3*x)/((-2+3*x)"2)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 29, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ),143, Rules used = {608, 31}

integrand size
(2 - 3x)log(2 — 3x)
3V9x2 —12x + 4

Antiderivative was successfully verified.

[In] Int[1/Sqrt[4 - 12xx + 9*x~2],x]

[Out] -((2 - 3*x)*Logl[2 - 3xx])/(3*Sqrt[4 - 12%x + 9*x~2])
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 608

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(b/2 + c*x)
/Sqrtla + b*x + c*x72], Int[1/(b/2 + cxx), x], x] /; FreeQ[{a, b, c}, x] &&
EqQ[b~2 - 4xaxc, 0]

Rubi steps

1

f 1 o (—6+9x)f_6+9x dx

X

VEi-12x+922  VA-12x+ 922

3 _(2 - 3x)log(2 - 3x)

34 —12r+ 922

Mathematica [A] time = 0.01, size = 26, normalized size = 0.90

_ (2 - 3x)log(2 — 3x)

3+/(2 - 3x)2

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[4 - 12xx + 9*x~2],x]
[Out] -1/3%((2 - 3*x)*Logl[2 - 3*x])/Sqrt[(2 - 3*x)~2]

fricas [A] time = 0.87, size = 8, normalized size = 0.28
1
3 log (3x —2)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/((-2+3%x)~2)~(1/2),x, algorithm="fricas")
[Out] 1/3*log(3*x - 2)

giac [A] time = 0.46, size = 15, normalized size = 0.52

1
3 log (I13x —2[)sgn (3 x - 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((-2+3%x)~2)~(1/2),x, algorithm="giac")
[Out] 1/3%log(abs(3*x - 2))*sgn(3*x - 2)

maple [A] time = 0.05, size = 23, normalized size = 0.79

Bx-2)In(Bx -2)

3+/(3x - 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((3%x-2)"2)"(1/2),x)
[Out] 1/3/((3*x-2)72)7(1/2)*(3*x-2)*1n(3*x-2)

maxima [A] time = 2.97, size = 6, normalized size = 0.21

1 (L2
3 9%(*73

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((-2+3%x)~2)"(1/2),x, algorithm="maxima"
[Out] 1/3*log(x - 2/3)
mupad [B] time = 0.35, size = 14, normalized size = 0.48

In(3x —2) sign(3x —2)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((3*x - 2)72)7(1/2),x)
[Out] (log(3*x - 2)*sign(3*x - 2))/3
sympy [A] time = 0.08, size = 7, normalized size = 0.24

log (3x - 2)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((-2+3xx)**2)**(1/2),x)
[Out] log(3*x - 2)/3
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3.70 f V=4 +12x — 9x2 dx

Optimal. Leaf size=23

1
(2~ 3x)V—-9x2 + 12x — 4

[Out] -1/6%(2-3%x)*(-(-2+3%x)"2)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 14,

mumber of rules _ 0.071, Rules used = {609}

integrand size

1
—z(2- 3x)V-9x2 +12x — 4

Antiderivative was successfully verified.

[In] Int[Sqrt[-4 + 12%x - 9*x~2],x]

[Out] -((2 - 3*x)*Sqrt[-4 + 12*x - 9%x~2])/6
Rule 609

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x)
*x(a + bxx + c*xx72)7p)/(2%cx(2%p + 1)), x] /; FreeQ[{a, b, c, p}, x] && EqQ[
b~2 - 4xaxc, 0] && NeQlp, -27(-1)]

Rubi steps

1
f VEAF 12022 dy = (2 - 39 V=4 + 12x - 922

Mathematica [A] time = 0.01, size = 27, normalized size = 1.17

V=2 = 3x)2 x(3x — 4)

6x—4

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-4 + 12xx - 9*x72],x]
[Out] (Sqrt[-(2 - 3*x)"2]*xx(-4 + 3*x))/(-4 + 6%x)

fricas [C] time = 0.72, size = 9, normalized size = 0.39
3
—ix?—2ix
2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(-2+3%x)~2)7(1/2),x, algorithm="fricas")
[Out] 3/2*I*x"2 — 2%I*x

giac [C] time = 0.38, size = 26, normalized size = 1.13
1., 2.
_El (3x - 4x)sgn (-3x+2)- 51 sgn (-3 x +2)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-(-2+3*x)~2)~(1/2),x, algorithm="giac")
[Out] -1/2%I%(3%x"2 - 4*x)*sgn(-3*x + 2) - 2/3xIxsgn(-3*x + 2)

maple [A] time = 0.05, size = 27, normalized size = 1.17

(Bx —4) /- Bx-2)* x

6x —4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-(3*x-2)"2)"(1/2),x%)
[Out] 1/2%x*x(3%xx—4)*(-(3%x-2)"2)"(1/2)/(3*x-2)

maxima [A] time = 3.02, size = 30, normalized size = 1.30

1 1
E\/—9x2 +12x—4x— 5\/—9x2+12x—4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(-2+3%x)~2)"(1/2),x, algorithm="maxima"
[Out] 1/2%sqrt(-9%x~2 + 12*%x - 4)*x - 1/3*%sqrt(-9*x~2 + 12*xx - 4)

mupad [B] time = 0.33, size = 18, normalized size = 0.78

(Bx—2) +/-(Bx-2)*

6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-(3*x - 2)72)"(1/2),x)
[Out] ((3*x - 2)*(-(3*x - 2)72)7(1/2))/6

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/— (Bx — 2)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(-2+3*x)*¥2)**(1/2),x)
[Out] Integral(sqrt(-(3*x - 2)**2), x)
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3.71 dx

f 1

V-4+12x-9x2

Optimal. Leaf size=29

_ (2 -3x)log(2 - 3x)
3V-9x2 + 12x — 4

[Out] -1/3%(2-3*x)*1n(2-3%x)/(-(-2+3*x)"2)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 29, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ),143, Rules used = {608, 31}

integrand size
(2 - 3x)log(2 — 3x)
3V-9x2 +12x — 4

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-4 + 12*x - 9*x~2],x]

[Out] -((2 - 3*x)*Logl[2 - 3%x])/(3*Sqrt[-4 + 12*x - 9%x~2])
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 608

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(b/2 + c*x)
/Sqrtla + b*x + c*x72], Int[1/(b/2 + cxx), x], x] /; FreeQ[{a, b, c}, x] &&
EqQ[b~2 - 4xaxc, 0]

Rubi steps

) (6—9x)f6_1@dx

1
X =
f V-4 +12x — 9x2 V-4 +12x — 9x2
_ (2-3x)log(2 - 3x)

3vV-4 +12x — 9x2

Mathematica [A] time = 0.01, size = 28, normalized size = 0.97

_ (2 - 3x)log(2 — 3x)

34/-(2 - 3x)2

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-4 + 12*x - 9%x~2],x]
[Out] -1/3%((2 - 3*x)*Logl[2 - 3*x])/Sqrt[-(2 - 3%x)~2]

fricas [C] time = 1.11, size = 6, normalized size = 0.21

1,1 2
5l log|x -3

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(-(-2+3%*x)~2)~(1/2),x, algorithm="fricas")
[Out] -1/3xIxlog(x - 2/3)

giac [C] time = 0.45, size = 23, normalized size = 0.79

i log ((—3ix + 2i)sgn (-3 x + 2))
3sgn(-3x+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-(-2+3%*x)~2)~(1/2),x, algorithm="giac")
[Out] 1/3*%Ixlog((-3*I*x + 2*I)*sgn(-3*x + 2))/sgn(-3*x + 2)

maple [A] time = 0.05, size = 25, normalized size = 0.86

(3x —2)In (3x — 2)

34/- Bx - 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-(3%x-2)"2)"(1/2),x%)
[Out] 1/3/(-(3*x-2)72)"(1/2)*(3*x-2) *1n(3*x-2)

maxima [C] time = 2.90, size = 6, normalized size = 0.21

1,1 2
5l log|x -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-(-2+3%*x)~2)~(1/2),x, algorithm="maxima")
[Out] 1/3*Ixlog(x - 2/3)
mupad [B] time = 0.25, size = 15, normalized size = 0.52

In(2 -3x) sign(3x-2) 1i
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-(3*x - 2)72)~(1/2),x)
[Out] -(log(2 - 3*x)*sign(3*x - 2)*1i)/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f A - (Bx - 2)2 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-(-2+3*x)**2)**(1/2),x)
[Out] Integral(1/sqrt(-(3*x - 2)**2), x)
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3.72 f V-4 —12x — 9x2 dx

Optimal. Leaf size=23

1
G+ 2)V-9x2 —12x - 4

[Out] 1/6%(2+3%x)*(-(2+3*x)"2)"(1/2)

Rubi [A] time = 0.00, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 14,

mumber of rules _ 0.071, Rules used = {609}

integrand size

1
G+ 2)V-9x2 —12x — 4

Antiderivative was successfully verified.

[In] Int[Sqrt[-4 - 12*x - 9*x~2],x]

[Out] ((2 + 3*x)*Sqrt[-4 - 12xx - 9*x72])/6
Rule 609

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x)
*x(a + bxx + c*xx72)7p)/(2%cx(2%p + 1)), x] /; FreeQ[{a, b, c, p}, x] && EqQ[
b~2 - 4xaxc, 0] && NeQlp, -27(-1)]

Rubi steps

1
f VoA 120922 dy = Z(2 + 3x) V-4~ 12¢ - 97

Mathematica [A] time = 0.01, size = 27, normalized size = 1.17

xy/—(Bx +2)2 (3x + 4)

6x+4

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-4 - 12xx - 9*x72],x]
[Out] (x*Sqrt[-(2 + 3*x)72]*(4 + 3*x))/(4 + 6%x)

fricas [C] time = 0.85, size = 9, normalized size = 0.39
3
—ix?+2ix
2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(2+3*x)~2)~(1/2),x, algorithm="fricas")
[Out] 3/2*%I*x"2 + 2%I*x

giac [C] time = 0.41, size = 26, normalized size = 1.13
—li (3 x% + 4x)sgn (-3x-2) - Eisgn (-3x-2)
2 3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-(2+3*x)~2)~(1/2),x, algorithm="giac")
[Out] -1/2%I%(3%x"2 + 4*x)*sgn(-3*x - 2) - 2/3xIxsgn(-3*x - 2)

maple [A] time = 0.04, size = 27, normalized size = 1.17

(Bx +4) /- Bx +2)* x

6x+4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-(3*x+2)"2)"(1/2),x)
[Out] 1/2%x*x(3%xx+4)*(-(3%x+2)72)~(1/2)/(3*x+2)

maxima [A] time = 2.96, size = 30, normalized size = 1.30

1 1
E\/—9x2—12x—4x+ 5\/—9x2—12x—4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(2+3*x)~2)~(1/2),x, algorithm="maxima"
[Out] 1/2%sqrt(-9%x~2 - 12*%x - 4)*x + 1/3*%sqrt(-9*x~2 - 12*x - 4)

mupad [B] time = 0.07, size = 18, normalized size = 0.78

Bx +2) \J-(Bx +2)°

6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-(3*x + 2)72)7(1/2),x)
[Out] ((3%x + 2)*x(-(3*x + 2)72)°(1/2))/6

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f - @x+2)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(2+3*x)**2)**(1/2),x)
[Out] Integral(sqrt(-(3*x + 2)**2), x)
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3.73 dx

f 1
V—4-12x—9x2
Optimal. Leaf size=29

(Bx +2) log(3x + 2)
3V-9x2 —12x — 4

[Out] 1/3%(2+3%x)*1n(2+3*x)/(-(2+3*x)~2)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 29, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ),143, Rules used = {608, 31}

integrand size

(Bx +2)log(3x + 2)
3V-9x2 - 12x — 4

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-4 - 12*x - 9*x~2],x]

[Out] ((2 + 3*x)xLog[2 + 3x*x])/(3*Sqrt[-4 - 12*x - 9xx72])
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 608

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(b/2 + c*x)
/Sqrtla + b*x + c*x72], Int[1/(b/2 + cxx), x], x] /; FreeQ[{a, b, c}, x] &&
EqQ[b~2 - 4xaxc, 0]

Rubi steps

e [_(—6 —9x) [ — dx]
V-4 —12x - 9x2
(2 +3x)log(2 + 3x)
3V-4 —12x — 9x2

1
f V-4 —12x — 9x2

Mathematica [A] time = 0.00, size = 28, normalized size = 0.97

(Bx +2)log(3x + 2)

3+/=(3x +2)2

Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[-4 - 12*x - 9%x~2],x]
[Out] ((2 + 3*x)*Log[2 + 3*x])/(3*Sqrt[-(2 + 3*x)~2])

fricas [C] time = 0.86, size = 6, normalized size = 0.21

1 (2
__l —_
3/ 08| ¥ T3

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(-(2+3%x)~2)~(1/2),x, algorithm="fricas")
[Out] -1/3xIxlog(x + 2/3)

giac [C] time = 0.34, size = 23, normalized size = 0.79

i log ((—3ix —2i)sgn (-3 x - 2))
3sgn(-3x-2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-(2+3%x)~2)~(1/2),x, algorithm="giac")
[Out] 1/3*%Ixlog((-3*I*x - 2*I)*sgn(-3*x - 2))/sgn(-3*x - 2)

maple [A] time = 0.05, size = 25, normalized size = 0.86

(3x +2) In (3x + 2)

3+/— (Bx + 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-(3*x+2)"2)"(1/2),x)
[Out] 1/3*x(3*x+2)/(-(3*x+2)72)~(1/2)*1n(3*x+2)

maxima [C] time = 2.78, size = 6, normalized size = 0.21

1'1 +2
iloglx+ 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-(2+3%x)~2)~(1/2),x, algorithm="maxima")
[Out] 1/3*Ixlog(x + 2/3)
mupad [B] time = 0.29, size = 15, normalized size = 0.52

In(-3x-2) sign(3x +2) 1i
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-(3*x + 2)72)~(1/2),%)
[Out] -(log(- 3*x - 2)*sign(3*x + 2)*1i)/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f V- Bx+ 2)? "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-(2+3x*x)**2)*x(1/2),%)
[Out] Integral(1/sqrt(-(3*x + 2)**2), x)
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~1+b2 >
3.74 f( yrs bx + cxz) dx

Optimal. Leaf size=109

(=b —2cx + 1)1 .\ (=b=2cx +1)10 5(=b —2cx +1)° +5(—b —2cx +1)8 5(=b —2cx + 1)7+ (=b —2cx +1)°
22528¢6 2048¢® 2304ct 1024c6 8966 384ct

[Out] 1/384*(-2*cxx-b+1)76/c~6-5/896* (-2*xcxx-b+1)~7/c”6+5/1024* (-2*c*xx-b+1)~8/c"6
-5/2304% (-2%c*xx-b+1)"9/c"6+1/2048* (-2*%c*x-b+1) ~10/c”~6-1/22528* (-2*c*x-b+1) "~
11/c76

Rubi [A] time = 0.14, antiderivative size = 109, normalized size of antiderivative

= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 23,
number of rules _ ) 087, Rules used = {610, 43}

integrand size

(=b —2cx + 1)1 . (=b—2cx +1)10 5(=b—2cx +1)° +5(—b —2cx +1)8 5(=b —2cx + 1)7+ (=b —2cx +1)°
22528¢6 2048¢t 2304ct 1024c6 8966 384c6

Antiderivative was successfully verified.
[In] Int[((-1 + b~2)/(4xc) + b*x + c*x"2)75,x]

[Out] (1 - b - 2*%c*x)"6/(384*c™6) — (5%¥(1 - b - 2%c*x)"7)/(896%c”6) + (5x(1 - b -
2%c*xx)"8)/(1024*%xc”6) — (5%(1 — b - 2xc*x)79)/(2304%c”6) + (1 — b - 2xc*x)”
10/(2048*xc"6) - (1 - b - 2*xc*x)~11/(22528%c"6)

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 610

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Dist[1/c”p, Int[Simp[b/2 - q/2 + c*x, x] p*Simp[b/2 + q/2 + ¢
xx, x]7p, x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && IGtQl[p,
0] && PerfectSquareQ[b~2 - 4xax*c]

Rubi steps

5

f(_l + B2 2)5 N f(%(—l +b) + cx)5 (17”7 + cx) dx

= -
f((%(—l +b) + cx)5 +5 (%(—1 +b)+ cx)6 +10 (%(—1 +b) + cx)7 +10 (%(_]

5
_(1-b-2cx)° 5(1—17—2cx)7+5(1—b—20x)8 51 —b - 2cx)? N (1-b
B 384c0 896¢ 1024c® 2304c° 20

Mathematica [A] time = 0.03, size = 207, normalized size = 1.90

5 4 3 2
(®-1) x 5b(r?-1) e 5 (9b2—1)c3x9+5(b2_1) (9b2—1)x3+5b(b2—1) (3b% -

+
1024¢5 512¢4 36 768¢3 64c?

> 363 —b) 28+
< (3¢° - b)
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Antiderivative was successfully verified.

[In] Integrate[((-1 + b72)/(4*c) + b*x + c*x72)75,x]

[Out] ((-1 + b~2)75*x)/(1024*c”5) + (5xbx(-1 + b~2) 4xx72)/(512%c”4) + (5%(-1 + b
“2)73% (-1 + 9%b"2)*x"3)/(768*c"3) + (5xb*x(-1 + b"2)72%(-1 + 3*xb~2)*x"4)/(64

*c72) + ((-1 + b72)*(1 - 14%b~2 + 21*b"4)*x75)/(32%c) + (b*(15 - 70*b"2 + 6
3*b"4)*x76) /48 + (5%(1 - 14%b"2 + 21*b"4)*c*xx"7)/56 + (5kx(-b + 3*b~3)*c~2*x
~8)/8 + (5x(-1 + 9*b~2)*c~3%x79)/36 + (b*c™4*x710)/2 + (c~5b*x~11)/11

fricas [B] time = 0.79, size = 233, normalized size = 2.14

64512 c10x11 + 354816 bc2x10 + 98560 (9 B2 - 1)c8x9 + 443520 (3 b - b)c7x8 + 63360 (21 b* - 1412 + 1)c6x7 +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-1)/c+b*x+c*x~2)"5,x, algorithm="fricas")

[Out] 1/709632%(64512*c~10%x"11 + 354816*b*xc”9*x~10 + 98560*(9%b~2 — 1)*c"8*x"9 +
443520 (3*%b"3 — b)*c"7*x"8 + 63360%(21*b~4 - 14xb"2 + 1)*c™6%x"7 + 14784x%(
63*b~5 - 70%b~3 + 15%b)*c”5*x"6 + 22176%(21*%b"6 — 35%b"4 + 15%b~2 - 1)*c 4x*

x~5 + 55440%(3*b~7 - 7*b”5 + 5*%b"3 - b)*c"3*x"4 + 4620%(9*b"8 - 28*b~6 + 30

*b74 - 12+4b72 + 1)*c™2xx73 + 6930*%(b”9 - 4*b”7 + 6%b~5 - 4%b"3 + b)*ckx"2 +
693*x(b~10 - 5%b”"8 + 10*b"6 - 10%¥b~4 + 5%b"2 - 1)*x)/c”5

giac [B] time = 0.43, size = 334, normalized size = 3.06

64512 c10x11 + 354816 bc?x10 + 887040 b2c8x® + 1330560 b3c”x8 + 1330560 b*cx” — 98560 cBx” + 931392 bOcOx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-1)/c+b*x+c*x~2)75,x, algorithm="giac")

[Out] 1/709632%(64512*xc~10%x~11 + 354816%b*c~9%x~10 + 887040%b~2*c~8*x~9 + 133056
0*b™3*c™7*x"8 + 1330560*b"4*c”6*x"7 — 98560*c~8*x~9 + 931392*b " 5*xc"b*x"6 -
443520*b*xc”7*x"8 + 465696*b~"6xc"4*xx"5 - 887040%b"2%c”6*x"7 + 166320%b"7*c”3

*x74 - 1034880%b~3*c”5xx"6 + 41580*%b"8*c”2xx"3 - 776160*b"4*c”4*xx"5 + 63360
*CT6*x”7 + 6930%b79*xcxx"2 - 388080%b”5*xc”3*x"4 + 221760*b*c”5*x"6 + 693*%b”1

Oxx - 129360%b~6xc™2*xx"3 + 332640%b"2%c™4*xx"5 — 27720%b"7*cxx"2 + 277200%b~
3*c73*x"4 - 3465xb"8*x + 138600%b"4*xc"2*xx"3 - 22176*c”"4xx"5 + 41580*%b"5*c*x

"2 - 55440%b*xc”3*x"4 + 6930*%b"6*x - 55440%b"2%c”2xx"3 - 27720%b"3*c*xx"2 - 6
930*b~4*x + 4620%c”2*x"3 + 6930*%bxc*x"2 + 3465%b~2*x - 693%x)/c”b

maple [B] time = 0.04, size = 636, normalized size = 5.83

23 (P-1)E 22 w1\ » 9 32 1
c5x11+bc4x10+(4bc + o |4+ 2| - -] c)x +((b2—1)bc2+(4b2c2+2(7—5)c2)b+((
11 2 9 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/4*(b~2-1)/c+b*x+c*x"2)"5,x)

[Out] 1/11*%c™5*xx™11+1/2*%b*c™4*xx~10+1/9%(1/4% (b~ 2-1) *c™3+4%b~2*xc " 3+c* (2% (3/2xb"2-1
/2)*cT2+4*xb"2%c”2) ) ¥x79+1/8% ((b™2-1) *c~2*b+b* (2% (3/2*%b~2-1/2) *c~2+4*b~2*c~2
Y+cx ((b72-1) *c*xb+4* (3/2*xb"2-1/2) *b*c) ) *x~8+1/7*(1/4x(b"2-1) /c* (2% (3/2*%b"2-1
/2)%c72+4*xb"2*%c”2) +b*x ((b72-1) *c*b+4* (3/2*b"2-1/2) *b*c)+c* (1/8*% (b~™2-1) "2+2%(
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b~2-1)*b"2+(3/2%b"2-1/2) "2) ) *x"7+1/6%(1/4% (b~ 2-1) /cx ((b~2-1) *c*b+4* (3/2*b"2
-1/2)*b*xc) +b* (1/8*(b~2-1) "2+2% (b~2-1) *b™2+(3/2%b"2-1/2) "2) +c* (1/4* (b™2-1) "2
/cxb+(b~2-1) /c*b*(3/2*b"2-1/2) ) )*x~6+1/5%(1/4%(b~"2-1) /c*x(1/8*(b~2-1) "2+2* (b
“2-1)*b"2+(3/2%b"2-1/2) "2) +b* (1/4*%x (b~ 2-1) "2/c*b+(b"2-1) /c*b*x (3/2%b"2-1/2) ) +
cx(1/8%(b72-1)"2/c™2%(3/2*xb"2-1/2)+1/4x(b~2-1)"2/c"2*b"2) ) *x~5+1/4* (1/4% (b~
2-1)/cx(1/4% (b"2-1)"2/c*b+(b"2-1) /c*xb* (3/2*¥b~"2-1/2) ) +b* (1/8% (b~2-1) "2/c~ 2% (
3/2%b72-1/2)+1/4%(b72-1)"2/c"2%b"2)+1/16/c” 2% (b~2-1) "3*b) *x~4+1/3* (1/4* (b~2
-1)/c*x(1/8%(b"2-1)"2/c"2% (3/2%b"2-1/2)+1/4*(b"2-1)"2/c"2%¥b"2) +1/16xb~ 2% (b2
-1)73/c"3+1/256/c”3*(b"2-1)"4) *x~3+5/512*%(b~2-1) "4/c " 4xb*x~2+1/1024* (b~ 2-1)
~5/c”bxx

maxima [B] time = 1.41, size = 234, normalized size = 2.15
4
1 5(2cx® +3bx2)(12-1) (625 +15bcx +10

1 10 5 5 1
— b 11+_b4 10+_b2 3 9+_b3 2 8+_b4 7+_b5 6+ +
T R T A 1536 ¢4 1923

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-1)/c+b*x+c*x"2)"5,x, algorithm="maxima")

[Out] 1/11%c™5*xx"11 + 1/2%b*c™4*x"10 + 10/9%b"2*%c~3*x"9 + 5/4*b"3*c"2*%x"8 + 5/7*b
“4xc*kx”7 + 1/6*%b75*x76 + 5/1536%(2*c*kx"3 + 3xbxx"2)*(b"2 - 1)74/c”4 + 1/192
*(6%c72%x"5 + 1b5xb*c*xx~4 + 10%b"2*x"3)*(b"2 - 1)73/c”3 + 1/224%(20*c”3*x"7

+ T70*b*xc™2*x"6 + 84%b~2%c*x”5 + 35xb73*x74)*x(b"2 - 1)72/c”2 + 1/504*(70xc”4

*x79 + 315%b*c”3*x"8 + 540*b " 2*%c”2*x”7 + 420%b"3*c*kx”6 + 126*b"4*x"5)*(b"2

- 1)/c + 1/1024%x(b"2 - 1)75%x/c”5

mupad [B] time = 0.31, size = 184, normalized size = 1.69
5
St x(PP-1) ba® (630 -7002+15) Scx’ (210 -1412+1) pcixld 56327 (902 -1) «° (211

+ + + + +
11 10240 18 56 2 36

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x"2 + (b"2/4 - 1/4)/c)”5,x%)

[Out] (c75*x711)/11 + (xx(b"2 - 1)75)/(1024%c"5) + (b*xx"6*%(63*b"4 — 70%b~2 + 15))
/48 + (B*xcxx"7*(21*b"4 - 14%b~2 + 1))/56 + (b*c™4*x710)/2 + (5*%c™3*x"9*(9*b

"2 - 1))/36 + (x75%(15%b"2 - 35%b~4 + 21*xb"6 - 1))/(32*%c) + (5xbxc™2*xx"8*(3

*b72 - 1))/8 + (5xb*x"2%(b"2 - 1)74)/(512*c™4) + (5xx73*(b"2 - 1)73*%(9*b~2

- 1))/(768%c~3) + (5*b*x"4*(b"2 - 1)72%(3*b"2 - 1))/(64*c”"2)

sympy [B] time = 0.19, size = 253, normalized size = 2.32

+— |+
16 24 16

bctxl0 oyl 9 5b%¢3  5¢3 5 1563¢%  5bc? ; 15b% 5b%c  5¢ . 211° 350 5bh\ X°
+ X - — |+x - |+x -+ —|+x — = |+—
2 11 4 36 8 8 8 4 56

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b**2-1)/c+b*x+c*x**2)**5 x)

[Out] bkxckkdxx*x*x10/2 + cH*5*x**%11/11 + x**O*x (5xb**2%c**x3/4 - Bxc*x*3/36) + x**x8*(1

5*xbx*x3%c**2/8 — bxb*c*x*2/8) + x**x7*(15%¥b**4dxc/8 — 5*b**2%xc/4 + 5%c/56) + xx*

*6% (21*%b**5/16 — 35*b*xx3/24 + 5%b/16) + x**x5x(21xb**x6 — 35%b**4 + 15xb**2 -
1)/(32%c) + x¥*x4x(15%b**7 — 35%b*x5 + 25%b*x3 — 5xb)/(64*c**2) + x**3*(45%

b**8 — 140%b**6 + 150*b**4 — 60*b**2 + 5)/(768*c**3) + xk*2*%(5xb*x*x9 — 20%b*

*7 + 30*%b**5 — 20%b**x3 + 5%b)/(512*c**4) + x*x(b**x10 - 5*b**8 + 10*b**6 — 10

*b**x4 + Bxbk*2 — 1)/(1024*c*%*5)
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—4+1? >
3.75 f( ot bx + cxz) dx

Optimal. Leaf size=109

(=b = 2cx + 2)11 .\ (=b—2cx +2)10 5(=b - 2cx +2)° +5(—b —~2cx +2)% 5(=b-2cx + 2)7+ (=b —2cx +2)°
22528¢6 1024c6 576¢° 128¢6 566 126

[Out] 1/12%(-2%c*x-b+2) "6/c~6-5/56% (-2*c*xx-b+2) ~7/c~6+5/128* (-2*xc*xx-b+2) ~8/c~6-5/
576% (-2%cxx-b+2) "9/c”6+1/1024% (-2*c*x-b+2) ~10/c”6-1/22528* (-2*c*x-b+2) ~11/c

6

Rubi [A] time = 0.14, antiderivative size = 109, normalized size of antiderivative

= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 23,

number of rules 0.087, Rules used = {610, 43}

integrand size

(=b - 2cx + 2)11 .\ (=b —2cx +2)19 5(=b - 2cx +2)° +5(—b —2cx +2)% 5(-b—2cx + 2)7+ (=b —2cx +2)°
22528¢6 1024c6 5766 128¢6 566 126

Antiderivative was successfully verified.
[In] Int[((-4 + b~2)/(4xc) + b*x + c*x"2)75,x]

[Out] (2 - b - 2*%c*x)"6/(12*c”"6) - (5%(2 - b - 2*%c*x)"7)/(56*c™6) + (5%¥(2 - b - 2
*cxx)"8)/(128%c”6) - (5x(2 - b - 2%c*x)"9)/(576%c™6) + (2 - b - 2*xc*x)~10/(
1024%c”6) - (2 - b - 2%c*x)"11/(22528%c”6)

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 610

Int[((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Dist[1/c”p, Int[Simp[b/2 - q/2 + c*x, x] p*Simp[b/2 + q/2 + ¢
xx, x]7p, x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && IGtQl[p,
0] && PerfectSquareQ[b~2 - 4xax*c]

Rubi steps

f(%(—Z +b) + cx)5 (ZTHJ + cx)5 dx

4+ 12 >
f( hl +bx+cx2) dx =

4c c®
1 5 1 6 1 7 1
f(32 (5(—2 +b)+ cx) +80 (5(—2 +b)+ cx) +80 (5(—2 +b)+ cx) +40 (5(-
_ -
_(2-b-2cx)® 5(2—b—2cx)7+5(2—b—20x)8 5(2—b—2cx)9+(2—b—f
B 12¢6 566 128¢6 576¢6 1024

Mathematica [A] time = 0.04, size = 207, normalized size = 1.90

5(b% - 4)3 (9b2 - 4) X3 5b (b2 - 4)2 (3b2 —
763C3 - 64c?

5 4
(b2—4) x 5b (b2—4) x2+ 5 (912 - )20+

5
= (3b% - 4b) c®x8+ +
8 ( ) 102465 5120 36
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Antiderivative was successfully verified.

[In] Integrate[((-4 + b72)/(4*c) + b*x + c*x72)75,x]

[Out] ((-4 + b~2)75%x)/(1024*c”5) + (5%bx(-4 + b~2)"4*x72)/(512%c"4) + (5%x(-4 + b
“2)73% (-4 + 9%b"2)*x"3)/(768*c"3) + (5xb*(-4 + b"2)72%(-4 + 3*xb"2)*x"4)/(64
*¥c72) + ((-4 + b™2)*%(16 - 56*%b~2 + 21x%b"4)*x~5)/(32%c) + (b*x(240 - 280%b~2
+ 63*b"4)*x76) /48 + (5%(16 - 56*b"2 + 21*b~4)*c*x"7)/56 + (5x(-4*b + 3*b~3)
*Cc"2%x78)/8 + (5x(-4 + 9%xb"2)*c"3%x79)/36 + (b*c™4*x710)/2 + (c~5*x~11)/11

fricas [B] time = 0.92, size = 235, normalized size = 2.16

64512 c10x11 + 354816 bc2x10 + 98560 (9 B2 - 4)c8x9 + 443520 (3 b3 — 4 b)c7x8 + 63360 (21 b* - 5652 + 16)c‘

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-4)/c+b*x+c*x~2)"5,x, algorithm="fricas")

[Out] 1/709632%(64512*c~10%x"11 + 354816*b*xc”9*x~10 + 98560*(9*b~2 — 4)*c™8*%x"9 +
443520*%(3*%b"3 — 4xb)*c”7*x"8 + 63360*%(21*%b~4 - 56%b"2 + 16)*c”6*x"7 + 1478

4% (63*%b~5 - 280*%b~3 + 240%b)*c”5xx"6 + 22176%(21%b"6 - 140*b~4 + 240%b"2 -
64)*c~4*x"5 + 55440%(3*b~7 - 28%b~5 + 80*b~3 - 64*b)*c”3*%x"4 + 4620%(9%b~8

- 112%b~6 + 480*b~4 - 768*%b~2 + 256)*c”2*x"3 + 6930*% (b9 - 16*b~7 + 96%b~5

- 256%b~3 + 256*b)*c*x”2 + 693*%(b"10 - 20*b"8 + 160*¥b~6 - 640*b~4 + 1280%b~

2 - 1024)*x)/c”5

giac [B] time = 0.41, size = 334, normalized size = 3.06

64512 c'%x!! + 354816 bc?x10 + 887040 b?cBx” + 1330560 b3c”x® + 1330560 b*cOx” — 394240 c8x” + 931392 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-4)/c+b*x+c*x~2)75,x, algorithm="giac")

[Out] 1/709632%(64512*%c~10*%x~11 + 354816%b*xc~9*x~10 + 887040*b~2%c~8*x~9 + 133056
0*b™3*c™7*x"8 + 1330560*b~4*c™6*x"7 - 394240*c”8xx"9 + 931392*b"5*xc b*x"6 -
1774080%b*xc™7*x"8 + 465696*b~6xc"4*xx"5 - 3548160*b~2*c”6*x"7 + 166320%b~7*
c™3xx74 - 4139520*%b"3*%c"b*x"6 + 41580%b"8*c”"2*x"3 - 3104640%b"4*c"4*x"5 + 1
013760*c™6xx"7 + 6930%b"9*c*xx"2 - 1552320%b"5*c”3*x"4 + 3548160*b*c™5*x"6 +
693*xb~10*x - 517440%b"6xc™2*x"3 + 5322240%b"2%c”4*xx"5 - 110880*b~7*c*xx~2 +
4435200%b"3*c”3*x"4 - 13860*b~8*x + 2217600%b"4*c™2*x"3 - 1419264*c~4*x"5
+ 665280%b"bxcxx"2 - 3548160*b*c”3*xx"4 + 110880*b~6*x - 3548160*b~2%c"2*x"3
- 1774080%b~"3*c*xx"2 - 443520%b"4*x + 1182720%c™2*x"3 + 1774080*b*c*x"2 + 8
87040*%b~2*x - 709632%*x)/c”5

maple [B] time = 0.04, size = 636, normalized size = 5.83

23, (P-4)3° 22 3 S\ 2 9 312
c5x11+bc4x10+(4bc g e 25 -2 c)x +((b2—4)bcz+(4bzcz+2(7—2)c2)b+
11 2 9 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/4%(b"2-4)/c+b*x+c*xx"2)75,x)

[Out] 1/11*c”b*x"11+1/2%b*xc 4*xx~10+1/9%(1/4%(b"2-4) *xc"3+4*xb~2*xc~3+c* (2% (3/2%b~2-2
)*CT24+4xb72%c”2) ) *x"9+1/8% ((b™2-4) xc~2%b+b* (2% (3/2%b"2-2) *c~2+4*xb " 2%c"2) +c*
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((b72-4) *c*b+4* (3/2*b"2-2) *b*c) ) ¥x~8+1/7*(1/4*(b~2-4) /c*x (2% (3/2%b"2-2) *c~ 2+
4xb~2xc”2) +b* ((b™2-4) *cxb+4* (3/2*xb"2-2) ¥b*c) +c* (1/8% (b"2-4) "2+2* (b~2-4) *b"2
+(3/2%b72-2)"2) ) *x"7+1/6%(1/4%x (b~ 2-4) /c*x ((b~2-4) *xc*b+4* (3/2*b~2-2) *b*c) +b* (
1/8%(b"2-4) "242x (b"2-4) *xb"2+(3/2*b"2-2) "2) +c* (1/4*x (b~ 2-4) "2/ cxb+(b"2-4) /c*b
*(3/2%b72-2)) ) *x"6+1/5x(1/4%(b"2-4) /c*x(1/8%(b~2-4) ~2+2% (b~ 2-4) *b~2+(3/2*b"2
-2)"2)+b*(1/4%(b"2-4) "2/c*b+(b"2-4) /cxb* (3/2%b"2-2) ) +c*x (1/8%(b~2-4) "2/c" 2% (
3/2*%b"2-2)+1/4*(b"2-4)"2/c”2%b"2) ) *x"5+1/4* (1/4% (b~2-4) /c*x(1/4*x(b~2-4)"2/c*
b+ (b"2-4) /cxb*(3/2*xb"2-2) )+b*x (1/8%(b"2-4)"2/c"2x(3/2%b"2-2)+1/4%(b"2-4)"2/c
~2%b"2)+1/16/c 2% (b"2-4) "3%b) *x"4+1/3% (1/4%x (b~2-4) /c*x(1/8%(b~2-4) ~2/c~ 2% (3/
2%b72-2)+1/4%x(b7"2-4)"2/c"2%b"2)+1/16*%b" 2% (b"2-4) "3/c~3+1/256/c~3* (b~"2-4) ~4)
*x73+5/512*%(b"2-4) "4/c " 4xb*xx"2+1/1024* (b~ 2-4) "5/c " 5*x

maxima [B] time = 1.52, size = 234, normalized size = 2.15
4
1 5 (2 cx3+3 bxz)(bz - 4) (6 c2x® + 15 bex* + 10 ba

1 10 5 5 1
5,11 _b4 10 _b23 9+_b32 8+_b4 7+_b5 6+ +
Y e g rex crAZrarEe X 1536 c4 1923

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-4)/c+b*x+c*x~2)75,x, algorithm="maxima"

[Out] 1/11*%c™5*x711 + 1/2%b*c”4*x710 + 10/9*%b"2*c~3%x~9 + 5/4%b"3*c”™2*x"8 + 5/7*Db
“4xc*xx”7 + 1/6*%b75*xx"6 + 5/1536%(2%c*kx"3 + 3xb*xx"2)*(b"2 - 4)74/c”4 + 1/192
*(6*c™2%x”5 + 15*%bxc*x™4 + 10*b72*x"3)*(b"2 - 4)73/c”3 + 1/224%(20*%c~3*x"7

+ 70%b*c™2%x"6 + 84*b~2xc*x”5 + 35*xb"3*x"4)*x(b"2 - 4)72/c”2 + 1/504%x(70*c”4

*x79 + 315%b*xc”3*%x"8 + B540*b”"2xc”2*x”7 + 420%b"3*c*kx”"6 + 126*b~4*x"5)*(b"2

- 4)/c + 1/1024%x(b"2 - 4)"5%x/c”5

mupad [B] time = 0.33, size = 184, normalized size = 1.69
5
&5yl x(b2 - 4) b x® (63 b — 28012 + 240) 5cx7 (21 b* — 5612 + 16) b0 5320 (9 b2 —4) x5 (21

+ + + + + +
11 1024 ¢® 48 56 2 36

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x~2 + (b"2/4 - 1)/c)”5,x)

[Out] (c75*x"11)/11 + (x*x(b"2 - 4)75)/(1024%c"5) + (b*x~6*(63*b~4 - 280*%b~2 + 240
)) /48 + (bxcxx”"7*(21%b74 - 56*%b~2 + 16))/56 + (bxc™4*x710)/2 + (5*c™3*x79%(

9%b~2 - 4))/36 + (x"5%(240%b"2 - 140%b~4 + 21*%b"6 - 64))/(32*c) + (5xb*xc™2x
x"8%(3*b"2 - 4))/8 + (5xb*x"2%(b"2 - 4)74)/(512%c”4) + (5xx"3%(b"2 - 4) 3%

9%b~2 - 4))/(768%c~3) + (5*b*x"4*x(b"2 - 4)"2%(3*b"2 - 4))/(64*xc”"2)

sympy [B] time = 0.20, size = 250, normalized size = 2.29

5(21

—

16 6

2
+ _Sbc+_

bctal0 Oyl 9 5b2¢3  5¢3 s 1563¢%  5bc? ; 15b%c 10c\ 21> 350 X
X X - +x 3 7 +x b+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b**2-4)/c+b*x+c*x**2)**5 x)

[Out] bkxcxkdxx*x*x10/2 + cH*5*xx**%11/11 + x**O*x (5xb**2%c**3/4 - BSxc*x*x3/9) + x**8*(15

*D**x3*%C*k*2/8 — Dxbkcxx2/2) + x**x7*(15xbkxdxc/8 — Bxb**2%c + 10*c/7) + x**x6x
(21%b**5/16 - 35*b**3/6 + 5*b) + x**x5x(21*b**6 — 140*bx*x4 + 240%b**2 - 64)/
(32%c) + x**x4*x(15%b**7 — 140%b**5 + 400*b**3 — 320%b)/(64*c**2) + x*k*3*(45%

b**8 — 560*b**6 + 2400%b**4d — 3840*b*x*x2 + 1280)/(768*c**3) + x**2x (5xb**9 -
80*b**7 + 480*b**5 - 1280%bx*3 + 1280%b)/(512*c*x4) + x*(b**x10 - 20%¥b**8 +
160*bx*x6 — 640%b**4 + 1280*b**2 — 1024)/(1024*c*%*5)
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—9+b? >
3.76 f( t bx + cxz) dx

Optimal. Leaf size=109

(=b - 2cx + 3)11 +3(—b —2cx +3)10 5(=b - 2cx + 3)° +135(—b —2cx +3)8 405(=b - 2cx + 3)7 +81(—b -~
22528¢6 2048¢6 256¢° 1024c6 8966 12

[Out] 81/128*(-2*c*xx-b+3) "6/c~6-405/896* (-2*xc*xx-b+3) ~7/c~6+135/1024* (-2*c*xx-b+3) "~
8/c”6-5/256* (-2*xc*x-b+3) "9/c”6+3/2048* (-2*c*xx-b+3) "10/c"6-1/22528* (-2*c*x-b
+3)"11/c”6

Rubi [A] time = 0.14, antiderivative size = 109, normalized size of antiderivative

= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 23,
number of rules _ ) 087, Rules used = {610, 43}

integrand size

(=b - 2cx + 3)11 +3(—b —2cx +3)10 5(=b - 2cx + 3)° +135(—b —2cx +3)% 405(-b - 2cx + 3)7 +81(—b -
22528¢6 2048¢6 2566 1024c6 8966 12

Antiderivative was successfully verified.
[In] Int[((-9 + b~2)/(4*c) + b*x + c*x72)75,x]

[Out] (81%(3 - b - 2*c*x)"6)/(128%c"6) - (405%(3 - b - 2%c*x)"7)/(896xc"6) + (135
*¥(3 - b - 2xc*x)78)/(1024%c”6) - (5x(3 - b — 2%c*x)79)/(256*c”6) + (3*%(3 -
b - 2%c*xx)~10)/(2048%c™6) - (3 - b - 2%c*x)~11/(22528%c"6)

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 610

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Dist[1/c”p, Int[Simp[b/2 - q/2 + c*x, x] p*Simp[b/2 + q/2 + ¢
xx, x]7p, x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && IGtQl[p,
0] && PerfectSquareQ[b~2 - 4xax*c]

Rubi steps

f(%(—3 +b) + cx)5 (37”7 + cx)5 dx

C5

9412 5
f( o+ +bx+cx2) dx =

I (243 (%(—3 +b)+ cx)5 + 405 (%(—3 +b)+ cx)6 +270 (%(—3 +b)+ cx)7 +

5
_ 81(3-b—2cx)®  405(3 - b—2cx)’ . 1353 - b —2cx)® 53 -b-2cx)°
B 128¢® 896 1024¢° 256¢c0

Mathematica [A] time = 0.03, size = 199, normalized size = 1.83

15 192—93 b?-1)x3 15b b2—92 b? -
(*-1) e+ | 22653 ) " ( 621c2(

% (b3 - 3b) c2x8+(

5 4
P-9) x 5b(b*-9) 22 5
+ +=
10245 512c¢4 4
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Antiderivative was successfully verified.

[In] Integrate[((-9 + b~2)/(4xc) + b*x + cxx"2)75,x]

[Out] ((-9 + b~2)75%x)/(1024*c”5) + (5%bx(-9 + b~2) 4*x72)/(512%c~4) + (15%(-9 +
b~2) 3% (-1 + b"2)*x"3)/(256%c"3) + (156xb*x(-9 + b~2) 2% (-3 + b~2)*x74)/(64*c

~2) + (B3%(-9 + b72)*(27 - 42%b"2 + T*b"4)*x75)/(32*xc) + (3*¥b*(135 - 70*b~2

+ 7*b"4)*x76) /16 + (15%(27 - 42*%b"2 + 7*b"4)*c*xx"7)/56 + (15%(-3*b + b~3)*c
“2xx78)/8 + (5x(-1 + b"2)*c"3*x79)/4 + (b*xc”4*xx"10)/2 + (c”b*x"11)/11

fricas [B] time = 0.96, size = 227, normalized size = 2.08

7168 c10x 11 + 39424 b2x10 + 98560 (b2 - 1)c8x9 +147840 (b3 -3 b)c7x8 + 21120 (7 b - 4212 + 27)c6x7 + 1478

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-9)/c+b*x+c*x~2)75,x, algorithm="fricas")

[Out] 1/78848%(7168*c”~10%x"11 + 39424xb*c”9*x~10 + 98560%(b”"2 - 1)*c~8*x"9 + 1478
40%(b"3 — 3*b)*c”T7*x"8 + 21120%(7*b~4 — 42%b"2 + 27)*c”6*x"7 + 14784*(7*b"5

- 70%b"3 + 135%b)*c”5%xx"6 + 7392*%(7*b"6 — 105%b~4 + 405%b"2 - 243)*c~4*x"5

+ 18480%(b~7 - 21%b~5 + 135%b~3 - 243*b)*c”3*x"4 + 4620%(b"8 - 28*b~6 + 27

0*b~4 - 972%b~2 + 729)*c™2*x"3 + 770%(b~9 - 36*b~7 + 486%b~5 - 2916*b~3 + 6
561*b)*c*x"2 + 77x(b~10 - 45%b~8 + 810%b~6 - 7290*b~4 + 32805*b~2 - 59049)*
x)/c”5

giac [B] time = 0.45, size = 334, normalized size = 3.06

7168 ¢10x11 + 39424 b?x10 + 98560 b2c8x? + 147840 b3c”x8 + 147840 b*cPx” — 98560 8x” + 103488 b2cOx® — 44

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-9)/c+b*x+c*x~2)75,x, algorithm="giac")

[Out] 1/78848%(7168*c”~10%x"11 + 39424xb*c”~9*x~10 + 98560%b~2*%c~8*x~9 + 147840%b~3
*CTT*x"8 + 147840%b"4xc”6%x”7 — 98560*%c”8*xx"9 + 103488*xb"5*c”5*x"6 - 443520
*¥bxc”7*x"8 + B51744%b"6*c " 4*xx"5 - 887040*xb"2xc™6%x"7 + 18480*b~7*xc"3*%x"4 - 1
034880*xb~3*%c”5*x"6 + 4620*%b"8*c"2*xx"3 776160xb"4*c™4*x"5 + 570240*%c”6*xx"7

+ 770%b"9*xc*x"2 — 388080*%b~b*xc”™3*xx"4 + 1995840*bxc™5*xx"6 + 77xb"10*x - 129
360*xb76*xc™2%x"3 + 2993760%xb"2xc"4*x"5 — 27720%b"7*kcxx"2 + 2494800*%b"3*c”3%*x

T4 - 3465%b78*x + 1247400%b74*cT2%x”3 1796256*xc™4*x"5 + 374220*%b"5*c*xx™2

- 4490640*b*c”3*x"4 + 62370%b"6%*x — 4490640%xb"2*%c™2*x"3 - 2245320%b"3*c*x"2

- 561330%b74*x + 3367980*%xc™2*xx"3 + 5051970*b*xc*xx~2 + 2525985*b~2*xx - 45467
73*x)/c”5

maple [B] time = 0.04, size = 636, normalized size = 5.83

(b2—9)c3 32 9 2
Syl +bc4x10+(4b2c3 et (4b2C2 +2 (7 - E) CZ) c x9+((b2 _ 9) b2 + (4b2C2 +2 (% _ g) CZ) b+ ((
11 2 9 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/4%(b~2-9)/c+b*x+c*x~2)"5,x)

[Out] 1/11%c”b*x"11+1/2%b*xc™4*xx~10+1/9%(1/4%(b"2-9) *c"3+4*b"2*xc~3+c* (2% (3/2%b~2-9
/2)*%Cc”T2+4%xb"2%c”2) ) *x"9+1/8% ((b~2-9) *c~2*b+b* (2% (3/2%b"2-9/2) *c~2+4*b"2%c"2
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Y+cx ((b72-9) *cxb+4* (3/2*xb"2-9/2) ¥b*c) ) *x~8+1/7*(1/4* (b~2-9) /c* (2% (3/2*%b"2-9
/2)%c”2+4*xb"2*%c”2) +b* ((b~2-9) *c*b+4* (3/2*b"2-9/2) *b*c)+c* (1/8*% (b™2-9) ~2+2*(
b~2-9)*b"2+(3/2%b"2-9/2) "2) ) *x~7+1/6%(1/4% (b~2-9) /c*x ((b~2-9) *c*b+4* (3/2*b~2
-9/2)*b*c)+b*x (1/8% (b"2-9) "2+2% (b~2-9) *b~2+(3/2*b"2-9/2) "2)+c*(1/4*x(b~2-9) "2
/cxb+(b~2-9) /c*xb*x(3/2%b"2-9/2) ) )*x"6+1/5%(1/4%(b~"2-9) /cx(1/8%(b~2-9) "2+2x (b
~2-9)*b”2+(3/2%b"2-9/2) "2) +b* (1/4% (b~2-9) ~2/c*b+(b"2-9) /c*b* (3/2%xb"2-9/2) ) +
c*x(1/8x(b~2-9)"2/c™2*%(3/2%b"2-9/2)+1/4% (b"2-9) "2/c”2xb"2) ) *x~5+1/4* (1/4* (b~
2-9) /cx (1/4%(b~2-9) "2/ c*xb+(b7"2-9) /c*xb* (3/2xb~2-9/2) ) +b* (1/8*% (b~2-9) ~2/c~2x(
3/2xb72-9/2)+1/4x(b"2-9) "2/c"2*xb"2)+1/16/c" 2% (b~2-9) "3%b) *x~4+1/3* (1/4*(b"2
-9)/c*(1/8%x(b~2-9)"2/c”2%(3/2%b~2-9/2) +1/4% (b~2-9) "2/c”2%b"2) +1/16%b~2x (b~2
-9)73/c"3+1/256/c”3*(b"2-9) "4) *x~3+5/512*%(b"2-9) "4/c"4xb*x"2+1/1024* (b~ 2-9)
~5/c”b*x

maxima [B] time = 1.41, size = 234, normalized size = 2.15
4
5 (2 cx®+3 bxz)(b2 -~ 9) (6 cx® +15bex* +10

1 1 10 5 5 1
5.1 _b4 10 _b239+_b328+_b4 7+_b5 6+ +
Y ey g et rexras erae X 1536 ¢4 192 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-9)/c+b*x+c*x"2)"5,x, algorithm="maxima")

[Out] 1/11*%c™5*x~11 + 1/2%b*c”4*x710 + 10/9*b"2*c~3%x~9 + 5/4*b73*c”2*x"8 + 5/7*Db
“4xc*kx”7 + 1/6%b75*x76 + 5/1536%(2*%c*kx”3 + 3*b*xx"2)*(b"2 - 9)74/c”4 + 1/192
*(6*%c72%x75 + 15xbxcxx~4 + 10%b"2*%x"3)*(b"2 - 9)73/c”3 + 1/224*(20*c”3*x"7

+ 70*b*xc™2*x"6 + 84%b~2%c*x”5 + 35xb"3*x"4)*(b"2 - 9)72/c”2 + 1/504*(70*c”4

*x79 + 315%b*c”3*%x"8 + 540%b”2*%c”2*x”7 + 420%b"3*c*kx”6 + 126*b~4*x"5)*(b"2

- 9)/c + 1/1024%(b"2 - 9)75%x/c”5

mupad [B] time = 0.34, size = 176, normalized size = 1.61
5
Sl 5320 (b2 —1) x(b2 - 9) 3bhx° (7b4 — 70 b2 +135) 15¢cx7 (7b4 —P? + 27) bt yl0 325 (

+ + + + + +
11 4 1024 ¢> 16 56 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x"2 + (b"2/4 - 9/4)/c)”5,x)

[Out] (c75*x"11)/11 + (B*c™3*x79%(b"2 - 1))/4 + (xx(b~2 - 9)75)/(1024*c™5) + (3*b
*x" 6% (7T*b~4 - 70%b™2 + 135))/16 + (15xc*x"7x(7*b"4 - 42%b~2 + 27))/56 + (bx*
c"4xx710) /2 + (3*x"5%x(405%b"2 - 105%b~4 + 7*b~6 - 243))/(32%c) + (15*b*c™2x%
x78%(b72 - 3))/8 + (15%x73*(b"2 - 1)*(b"2 - 9)73)/(256%c"3) + (5xbxx"2*(b~2

- 9)74)/(512%c™4) + (15%b*x~4*x(b"2 - 3)*x(b"2 - 9)72)/(64*c"2)

sympy [B] time = 0.20, size = 253, normalized size = 2.32

—+_
16 8 1

bctal0 oyl 9 5b2¢3  5¢3 s 1563¢%  45bc? ; 15b%  45b%c  405c . 216> 1050° 40
+ x - |+x - x - + +x0 [ =— -
2 11 4 4 8 8 8 4 56

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(bx*2-9)/c+bxx+cxx**2)**5,x)

[Out] bkxcxkdxxx*x10/2 + c*5*xx*x*%11/11 + x*x*Ox (5xb**2%c**3/4 - Bxc*x*x3/4) + x**8*(15
*b**x3*kC*k*2/8 — 4bxbxcx*x2/8) + x**x7*(15xb*x*d*xc/8 — 45xbx*x2%xc/4 + 405*c/56) +

x*k6% (21*bx*x5/16 - 105%b**3/8 + 405%b/16) + x**5%x(21*b**6 — 315xb**x4 + 121
S5xb**x2 — 729)/(32*%c) + x*¥4*x(15xb**7 — 315xb**x5 + 2025*xb**3 - 3645%b)/(64*c

*%2) + xk*k3*k(15%b*x*8 — 420%b**6 + 4050*b**4 — 14580%b*x*x2 + 10935)/(256*c**3

)+ x**2% (B¥b**9 — 180*%b**7 + 2430%b**5 - 14580*b**3 + 32805%*b)/(512*c**4)

+ xk(b**10 — 45%b**8 + 810*b**6 — 7290*b*x*x4 + 32805%b**2 - 59049)/(1024*c**

5)
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By, 5
3.77 f (ﬁ—:b + bx + cxz) dx

Optimal. Leaf size=109

(=b - 2cx + 41! .\ (=b —2cx + 410 5(—b - 2cx + 4)° +5(—b —2cx +4)% 10(-b - 2cx + 4)7+8(—b — 2cx + 4)S
22528¢0 512¢° 144c° 16¢° 7ct 3¢t

[Out] 8/3%(-2%c*x-b+4)"6/c~6-10/7*(-2%c*x-b+4)"7/c”6+5/16%(-2*c*x-b+4)~8/c~6-5/14
4% (-2xcxx-b+4)~"9/c”6+1/512% (-2*c*xx-b+4) ~10/c~6-1/22528* (-2*c*xx-b+4)~11/c"6

Rubi [A] time = 0.14, antiderivative size = 109, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 23,
number of rules _ 5 087, Rules used = {610, 43}

integrand size

(=b—2cx + H11 . (=b—2cx + 419 5(=b - 2cx + 4)° +5(—b —2cx +4)8 10(=b - 2cx + 4)7+8(—b — 2cx + 4)f
22528¢6 512¢6 144c6 16¢° 7ct 3¢t

Antiderivative was successfully verified.
[In] Int[((-16 + b"2)/(4*c) + b*x + c*xx"2)75,x]

[Out] (8%(4 - b - 2%c*x)"6)/(3*%c”6) - (10%x(4 - b - 2%c*xx)"7)/(7*c”6) + (5x(4 - b
- 2%c*x)"8)/(16%xc™6) - (5%(4 - b - 2%c*x)~9)/(144%c™6) + (4 - b - 2%c*xx)~10
/(512%c"6) - (4 - b - 2%c*x)~11/(22528*c"6)

Rule 43

Int[((a_.) + (b_)*(x))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - a*d, 0] && IGtQ[m, 0] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 610

Int[((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> With[{q = Rt[b"2

- 4xaxc, 2]}, Dist[1/c”p, Int[Simp[b/2 - q/2 + c*x, x] p*Simp[b/2 + q/2 + ¢
*x, x]7p, xJ, x]]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0] && IGtQlp,

0] && PerfectSquareQ[b~2 - 4*axc]

Rubi steps

f(%(—él +Db) + cx)5 (%b + cx)5 dx

C5

~16 + b? >
f( +bx+cx2) dx =
4c

5 6 7
[ (1024 (%(—4 +b)+ cx) +1280 (%(—4 +b)+ cx) + 640 (%(—4 +b)+ cx) 4
C5
_ 8(4-b-2cx)® 10(4-b-2cx)’ . 5@ -b-2cx)® 54 -b-2cx)’ N (4-1
B 3cb 7c6 16¢6 1446 :

Mathematica [A] time = 0.04, size = 207, normalized size = 1.90

5 2-16) x 5b(12—16) x2 5 5(12 - 16) (92 —16)23 5b (2 —16)
g (3b3 _ 16b) C2x8+( 1024C)5 " ( 512C4) +£ (9b2 _ 16) 39+ ( ;6gc3 ) " ( 24

Antiderivative was successfully verified.
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[In] Integrate[((-16 + b~2)/(4%c) + bxx + c*x72)75,x]

[Out] ((-16 + b~2)75*x)/(1024*c"5) + (5xb*x(-16 + b~2)"4*x"2)/(512*c"4) + (5*(-16

+ b72)7"3%(-16 + 9*xb~2)*x73)/(768*c~3) + (5¥bx(-16 + b~2)"2%x(-16 + 3*xb~2)*x"

4)/(64*c”2) + ((-16 + b~2)*(256 - 224*b~2 + 21*b~4)*x75)/(32*c) + (b*(3840

- 1120%b"2 + 63*b"4)*x76)/48 + (5%(256 - 224%b"2 + 21*b"4)*c*xx"7)/56 + (5%(

-16%b + 3*b73)*c"2*x78)/8 + (5%(-16 + 9*b"2)*c"3*x79)/36 + (b*c"4*x710)/2 +
(c™5*x~11)/11

fricas [B] time = 0.95, size = 235, normalized size = 2.16

64512 c10x11 + 354816 bc2x10 + 98560 (9 b2 - 16)c8x9 + 443520 (3 b -16 b)c7x8 + 63360 (21 b* — 22412 + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-16)/c+bxx+c*x~2)75,x, algorithm="fricas")

[Out] 1/709632%(64512*c~10*x"11 + 354816*b*xc~9*x~10 + 98560*(9*b~2 - 16)*c~8%x~9
+ 443520*%(3*b~3 - 16%b)*c”7*x"8 + 63360*(21*xb~4 - 224%b~2 + 256)*c"6*xx"7 +
14784%(63*%b"5 — 1120%b~3 + 3840%b)*c”5xx"6 + 22176*%(21%b"6 — 560*b~4 + 3840

*b"2 - 4096)*c”4*xx"5 + 55440*%(3*%b"7 - 112*b~5 + 1280%b~3 - 4096%b) *c~3xx"4
+ 4620*%(9*b~8 - 448%b~6 + 7680%b~4 - 49152*b~2 + 65536)*c”2*x~3 + 6930*(b~9

- 64*b”7 + 1536*b~5 - 16384%b~3 + 65536*b)*cxx”2 + 693*%(b~10 - 80*b~8 + 25
60*b~6 - 40960%b~4 + 327680%b~"2 - 1048576)*x)/c”5

giac [B] time = 0.53, size = 334, normalized size = 3.06

64512 c10x11 + 354816 bc?x10 + 887040 b2c8x® + 1330560 b3c”x8 + 1330560 b*cx” — 1576960 cBx® + 931392

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-16)/c+b*x+c*x"2)75,x, algorithm="giac")

[Out] 1/709632%(64512*xc~10%x"11 + 354816%b*c~9%x~10 + 887040%b~2*c~8*x~9 + 133056
0*b™3*c”7*x"8 + 1330560*%b~4*c™6*x"7 — 1576960*c~8*x~9 + 931392*b"5*xc"b*x"6

- 7096320*b*c”7*x"8 + 465696*%b~6*c”4*x"5 - 14192640*b"2*c”6*x"7 + 166320%b~
Txc™3*x"4 - 16558080*b~3*c”5*x"6 + 41580%b"8*c”2xx"3 - 12418560*b"4*c"4*x"5

+ 16220160%c™6*x"7 + 6930*%b~9*c*x"2 - 6209280*b~5xc~3*x"4 + 56770560%b*xc”5

*x76 + 693*xb"10*x - 2069760*b"6xc”2%xx"3 + 85155840%b"2xc"4*x"5 - 443520%b”7
*c*xx™2 + 70963200%b"3*c"3*%x"4 - 55440*%b~8*x + 35481600xb~4*c~2*x"3 - 908328
96*c”4*x"5 + 10644480*b~bxcxx~2 - 227082240*b*xc”3*x"4 + 1774080*%b"6*x - 227
082240xb~2xc™2*xx"3 - 113541120*b~3*c*xx~2 - 28385280*b~4*x + 302776320*c”~2*x

~3 + 454164480%b*c*x~2 + 227082240*%b~2*x - 726663168%x)/c”b

maple [B] time = 0.04, size = 636, normalized size = 5.83

(p?-16)c3 32 )
Sl podylo (4b2C3 t—y 7t (4bzcz +2 (7 - 8) 02) c|x’ ((bz - 16) bc? + (4b202 +2 (% - 8) Cz) b
mn 2 9 " 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/4%(b~2-16)/c+b*x+c*x"2)75,x)

[Out] 1/11%c”5%x"11+1/2%b*xc”4*x~10+1/9%(1/4% (b~ 2-16) *c"3+4*b"2%c~3+c* (2% (3/2*xb"2-
8)*Cc " 2+4xb72%c"2) ) *x"9+1/8*% ((b™2-16) *xc"2%b+b* (2% (3/2%b"2-8) *xc"2+4*b"2%c~2) +
c*x((b72-16) *cxb+4* (3/2%b"2-8) *b*c) ) *x"8+1/7*(1/4%x(b"2-16) /c*x (2% (3/2*b"2-8) *
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CT2+4%b72%c”2) +b*x ((b™2-16) *cxb+4%* (3/2%b"2-8) *b*c) +c*x (1/8* (b™2-16) "2+2* (b~ 2-
16) *b~2+(3/2%b"2-8) "2) ) *x"7+1/6*(1/4* (b~2-16) /c* ((b"2-16) *c*xb+4* (3/2%b"2-8)
*bxc)+b* (1/8%(b"2-16) "2+2% (b~ 2-16) *b~2+(3/2*b"2-8) "2) +c*x (1/4*%(b"2-16) "2/c*Db
+(b"2-16) /c*xb*x(3/2%b"2-8) ) ) *x"6+1/5%(1/4*x(b"2-16) /c*x(1/8% (b"2-16) "2+2x (b~ 2-
16)*b~2+(3/2*b~2-8) "2)+b* (1/4%(b~2-16) "2/c*b+(b~2-16) /c*b* (3/2*b"2-8) ) +c* (1
/8% (b~2-16)"2/c”2x(3/2*xb~2-8)+1/4*%(b"2-16)"2/c”2*b~2) ) *x~5+1/4x (1/4*x (b~ 2-16
)/cx(1/4%(b™2-16) "2/c*b+(b~2-16) /c*b* (3/2%b"2-8) ) +b* (1/8* (b~2-16) ~2/c~2*(3/
2%b”"2-8)+1/4%(b"2-16) "2/c"2*b"2)+1/16/c”2*(b~2-16) “3*b) *x~4+1/3% (1/4* (b~ 2-1
6)/cx(1/8%x(b"2-16)"2/c” 2% (3/2%b"2-8)+1/4*% (b~ 2-16) "2/c"2*xb"2)+1/16*b"2*x (b~ 2-
16)73/c~3+1/256/c”3*(b"2-16) "4) *x~3+5/512*% (b~2-16) “4/c~4*xb*x~2+1/1024* (b~ 2~
16)75/c " b*xx

maxima [B]  time = 1.40, size = 234, normalized size = 2.15
4
1 5(2cx® +3bx2)(b2-16)  (6c%2° +15bex* +101?

1 10 5 5 1
_511+_b4 10+_b239+_b328+_b4 7+_b5 6+ +
R R T A 1536 ¢4 192 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(b~2-16)/c+b*x+c*x~2)75,x, algorithm="maxima"

[Out] 1/11*%c™5*x711 + 1/2%b*c”4*x”10 + 10/9*b"2*xc~3%x~9 + 5/4%b~3*c”2*x"8 + 5/7*Db
“4xcxx”7 + 1/6*%b75*%x"6 + 5/1536% (2*c*x"3 + 3*b*x"2)*(b"2 - 16)74/c”4 + 1/19

2% (6*%Cc™2*%x75 + 1b5*bxc*xx~4 + 10%b~2*x"3)*(b"2 - 16)73/c”3 + 1/224*%(20*c”3*x~

7 + 70*b*c™2*x"6 + 84%b~2%c*x”5 + 35xb"3*x74)*(b"2 - 16)72/c”2 + 1/504*(70*
cT4*x”9 + 315xb*c”3%x”8 + 540*b"2%c”2%x~7 + 420%b”3%c*x”"6 + 126*xb~4x*xx"5)*(b

"2 - 16)/c + 1/1024%(b"2 - 16)7"5%x/c”5

mupad [B] time = 0.32, size = 184, normalized size = 1.69
5
Sl x (b2 - 16) b x® (63 b4 — 112062 + 3840) 5cx” (21 bt — 22412 + 256) bt 0 530 (9 B - 16)

+ - + - + -
11 1024 ¢5 48 56 2 36

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x + c*x~2 + (b"2/4 - 4)/c)”5,x)

[Out] (c”5*x711)/11 + (x*x(b"2 - 16)75)/(1024%c”5) + (b*x"6*(63*%b"4 - 1120%b"2 + 3
840))/48 + (bxcxx~7*(21%b"4 - 224*b"2 + 256))/56 + (b*c 4*x710)/2 + (5*xc~3%
x"9%(9*%b"2 - 16))/36 + (x"5%(3840*b~2 - 560%b~4 + 21*b~6 - 4096))/(32*c) +
(5%b*c™2%x"8*%(3*b”"2 - 16))/8 + (5xb*xx"2x(b"2 - 16)74)/(512%c™4) + (5xx~3*(b

2 - 16)73%x(9%b"2 - 16))/(768%c~3) + (5xb*x~4* (b2 - 16) " 2%(3*b~2 - 16))/(6
4xc”~2)

sympy [B] time = 0.20, size = 248, normalized size = 2.28

— 2002 —_— — — —— +80b
0b<c + - + 16 3

bctal0 oyl 9(5bzc3 2003) 8(15lJ3c2
x - X

15b* 160 21v°  70b° :
+ — 10bC2 +x7 ¢ ¢ x6 +-
2 11 4 9 8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/4*(bx*2-16)/c+b*x+c*x**2)**5 %)

[Out] bkxcxkdxx*x*x10/2 + c**5*xx**%11/11 + x*x*Ox (5xb*x*x2%c**x3/4 - 20*%c**3/9) + x*x*x8*(1
5xb**3*%c*k*2/8 — 10*bxcx*2) + x**x7*(15xb**xdxc/8 — 20%b**2%c + 160*c/7) + x*x*

6% (21%b**5/16 — 70*b**x3/3 + 80%b) + x**5x(21*b**6 — 560%b**4 + 3840*b**2 —
4096)/(32%c) + x*x*4*x(15%bx*7 — 560%b**5 + 6400%b**3 — 20480%b)/(64*c**2) +

x*¥%3% (45xb**8 — 2240%b**x6 + 38400%b**4 - 245760%b*x*2 + 327680)/(768*c**3) +

xRk 2% (5xbx*xQ — 320%b**7 + 7680*b*x*5 — 81920%b**3 + 327680*b)/(512*xc*x*x4) +

x* (b*x*x10 — 80%b**8 + 2560*b**6 — 40960*bx*x4 + 327680*b**2 — 1048576)/(1024+*

C**5)
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3.78 [

2+4x+3x2

Optimal. Leaf size=18
-1 (3x+2
an” (%)
V2
[Out] 1/2*arctan(1/2*(2+3*x)*27(1/2))*2~(1/2)

Rubi [A] time = 0.01, antiderivative size = 18, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number oL 1S _ ),167, Rules used = {618, 204}

integrand size
-1 [ 3x+2
tan! ( )
_ V2 )

V2

Antiderivative was successfully verified.

[In] Int[(2 + 4*x + 3xx72)"(-1),x]

[Out] ArcTan[(2 + 3*x)/Sqrt[2]]1/Sqrt[2]
Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rtl-a, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[pb, 0]1)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] &&% NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
— —dx = - dx,x,4+6
f2+4x+3x2dx (2SUbSt(f—8—x2 x,x,4 + x))

o [22)

Mathematica [A] time = 0.01, size = 18, normalized size = 1.00

tan™! ( 3122 )
T

Antiderivative was successfully verified.

[In] Integrate[(2 + 4xx + 3%x72)7(-1),x]
[Out] ArcTan[(2 + 3*x)/Sqrt[2]]1/Sqrt[2]

fricas [A] time = 1.05, size = 16, normalized size = 0.89

% V2 arctan (% \/E(Bx + 2))



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+4x*x+2),x, algorithm="fricas")
[Out] 1/2*sqrt(2)*arctan(1/2*xsqrt(2)*(3*x + 2))

giac [A] time = 0.37, size = 16, normalized size = 0.89

1 1
5 2 arctan (E \/E(Sx + 2))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+4*x+2),x, algorithm="giac")
[Out] 1/2*sqrt(2)*arctan(1l/2*sqrt(2)*(3*x + 2))

maple [A] time = 0.04, size = 17, normalized size = 0.94

(6x+4)V2
\/E arctan( 1 )
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x"2+4*x+2) ,x)
[Out] 1/2*27(1/2)*arctan(1/4*(6*xx+4)*x2~(1/2))

maxima [A] time = 2.95, size = 16, normalized size = 0.89

1 1
> 2 arctan (5 \/E(Bx + 2))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x”2+4*x+2),x, algorithm="maxima")
[Out] 1/2*sqrt(2)*arctan(1/2*sqrt(2)*(3*x + 2))

mupad [B] time = 0.14, size = 16, normalized size = 0.89

V2 (3x+2)
\/E atan( > )
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4xx + 3*xx"2 + 2),x)
[Out] (27 (1/2)*atan((27(1/2)*(3*x + 2))/2))/2

sympy [A] time = 0.11, size = 22, normalized size = 1.22

\/5 atan(w;x + \/E)

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x**2+4%x+2) ,x)

[Out] sqrt(2)*atan(3*sqrt(2)*x/2 + sqrt(2))/2

262
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1
379 | A

Optimal. Leaf size=12

—tan™! (\/5 - x)

[Out] arctan(x-3"(1/2))

Rubi [A] time = 0.01, antiderivative size = 12, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 15,

number of rules _ ) 133, Rules used = {618, 204}

—tan™! (\/5 - x)

integrand size

Antiderivative was successfully verified.

[In] Int[(4 - 2*Sqrt[3]*x + x72)7(-1),x]
[Out] -ArcTan[Sqrt[3] - x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
f—dx = — (2 Subst (f 5 dx, x, 23 + Zx))
4-23x +x2 —4-x
= —tan! (\/5 - x)

Mathematica [A] time = 0.01, size = 12, normalized size = 1.00
—tan"! (\/5 ~x)
Antiderivative was successfully verified.

[In] Integratel[(4 - 2*Sqrt[3]*x + x72)7(-1),x]
[Out] -ArcTan[Sqrt[3] - x]

fricas [A] time = 0.90, size = 8, normalized size = 0.67
arctan (x - \/5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(4+x72-2%xx37(1/2)),x, algorithm="fricas")

[Out] arctan(x - sqrt(3))



giac [A] time = 0.41, size = 8, normalized size = 0.67

arctan (x - \/5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(4+x72-2%x*37(1/2)),x, algorithm="giac")
[Out] arctan(x - sqrt(3))

maple [A] time = 0.10, size = 9, normalized size = 0.75

arctan (x - \/5)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4+x"2-2%3"(1/2)*x),x)
[Out] arctan(x-37(1/2))

maxima [A] time = 2.97, size = 8, normalized size = 0.67

arctan (x - \/5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(4+x"2-2xx*37(1/2)),x, algorithm="maxima"
[Out] arctan(x - sqrt(3))

mupad [B] time = 0.27, size = 8, normalized size = 0.67

atan (x - \/5)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x"2 - 2%37(1/2)*x + 4),x)
[Out] atan(x - 37(1/2))

sympy [A] time = 0.16, size = 7, normalized size = 0.58

atan (x - \/5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(4+x**2-2%x*3**x(1/2)),x)

[Out] atan(x - sqrt(3))
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3.80  [——>dx

2+4x—3x2

Optimal. Leaf size=19

-1 [2-3x
tanh (ﬁ)

V10

[Out] -1/10*arctanh(1/10%(2-3*x)*107(1/2))*10"(1/2)

Rubi [A] time = 0.02, antiderivative size = 19, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number ot rules _ ) 167, Rules used = {618, 206}

-1 (2-3x
tanh ( \/E)

V10

integrand size

Antiderivative was successfully verified.

[In] Int[(2 + 4xx - 3*x"2)7(-1),x]

[Out] -(ArcTanh[(2 - 3*x)/Sqrt[10]]/Sqrt[10])
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
S :—2Sbtf—d, 4—6
f2+4x—3x2 * ( " S( 202" x))

~1(2-3x
tanh (ﬁ)

V10

Mathematica [A] time = 0.02, size = 34, normalized size = 1.79

log(3x+ V10 —2) —log(—3x+ V10 +2)
2V10

Antiderivative was successfully verified.

[In] Integrate[(2 + 4*x - 3*x72)7(-1),x]
[Out] (-Logl[2 + Sqrt[10] - 3*x] + Log[-2 + Sqrt[10] + 3%x])/(2*Sqrt([10])

fricas [B] time = 0.88, size = 39, normalized size = 2.05

1 9x2 +2410Bx-2)-12x + 14
— V10 log ( )
20 3x2-4x-2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x+2),x, algorithm="fricas")

[Out] 1/20%sqrt(10)*log((9*x~2 + 2xsqrt(10)*(3*x - 2) - 12*%x + 14)/(3*x72 - 4xx -
2))

giac[A] time = 0.46, size = 31, normalized size = 1.63

1 |6x 210 -4
_Emlog[k“zx/ﬁ —4|]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3%x"2+4xx+2),x, algorithm="giac")
[Out] -1/20*sqrt(10)*log(abs(6*x - 2*sqrt(10) - 4)/abs(6*x + 2*sqrt(10) - 4))

maple [A] time = 0.04, size = 17, normalized size = 0.89

V10 arctanh ((6x_:())\/1_0 )
10

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3*x"2+4*x+2) ,x)
[Out] 1/10%107(1/2)*arctanh(1/20*(6xx-4)*10~(1/2))

maxima [A] time = 2.95, size = 27, normalized size = 1.42

1 -V10 -2
_%\/ﬁlog(ssx Vio )

3x+410 -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x+2),x, algorithm="maxima"
[Out] -1/20*sqrt(10)*1log((3*x - sqrt(10) - 2)/(3*x + sqrt(10) - 2))

mupad [B] time = 0.21, size = 15, normalized size = 0.79

\/1_0 atanh (\/1_0 (3—x — 1))

10 5
10

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4xx - 3*xx"2 + 2),x)
[Out] (107(1/2)*atanh(10”(1/2)*((3*x)/10 - 1/5)))/10

sympy [A] time = 0.12, size = 39, normalized size = 2.05

\/ﬁlog(x—§+@) \/ﬁlog(x—@—%)
20 B 20

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x**2+4*x+2) ,x)

[Out] sqrt(10)*log(x - 2/3 + sqrt(10)/3)/20 - sqrt(10)*log(x - sqrt(10)/3 - 2/3)/
20
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3.81 [

2+5x+3x2

Optimal. Leaf size=13
log(3x +2) —log(x +1)
[Out] -1n(1+x)+1n(2+3%*x)

Rubi [A] time = 0.01, antiderivative size = 13, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 12,

number of 1les _ 0,167, Rules used = {616, 31}

integrand size

log(3x +2) —log(x +1)

Antiderivative was successfully verified.
[In] Int[(2 + B5*x + 3%x~2)"(-1),x]
[Out] -Logl1l + x] + Log[2 + 3xx]
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Dist[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distlc/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]1] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rubi steps

1 1 1
f2+5x+3x2dx_3f2+3xdx_3f3+3xdx
= —log(l + x) + log(2 + 3x)

Mathematica [A] time = 0.00, size = 13, normalized size = 1.00

log(3x +2) —log(x +1)

Antiderivative was successfully verified.

[In] Integrate[(2 + 5*x + 3*x72)7(-1),x]
[Out] -Logll + x] + Logl[2 + 3x*x]

fricas [A] time = 1.04, size = 13, normalized size = 1.00

log (3x +2) —log (x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+5%x+2),x, algorithm="fricas")
[Out] log(3*x + 2) - log(x + 1)

giac [A] time = 0.51, size = 15, normalized size = 1.15

log (13 x + 2|) — log (Ix +1])



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"2+5%x+2),x, algorithm="giac")
[Out] log(abs(3*x + 2)) - log(abs(x + 1))

maple [A] time = 0.05, size = 14, normalized size = 1.08

In(3x+2)—In(x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x"2+5%x+2) ,x)
[Out] -1ln(x+1)+1n(3*x+2)

maxima [A] time = 1.33, size = 13, normalized size = 1.00

log(3x +2)-log(x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+5*x+2),x, algorithm="maxima")
[Out] log(3*x + 2) - log(x + 1)

mupad [B] time = 0.08, size = 8, normalized size = 0.62

—2atanh (6 x + 5)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*x + 3*x"2 + 2),x)
[Out] -2*atanh(6*x + 5)

sympy [A] time = 0.10, size = 10, normalized size = 0.77

2
log (x + 5) —log(x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x**2+5*x+2),x)

[Out] log(x + 2/3) - log(x + 1)
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3.82 [——sdx

2+5x-3x2
Optimal. Leaf size=21

1 1
z log(3x +1) — z log(2 - x)

[Out] -1/7*1n(2-x)+1/7*1n(1+3%x)

Rubi [A] time = 0.01, antiderivative size = 21, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 12,

number of rules _ ) 167, Rules used = {616, 31}

integrand size

1 1
7 log(3x +1) — 7 log(2 - x)

Antiderivative was successfully verified.
[In] Int[(2 + B5*x - 3*x"2)"(-1),x]
[Out] -Logl2 - x]/7 + Logll + 3*x]/7
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rubi steps

1 3,0 1 3001
= (5 [ dx)+ > [ ——d
f2+5x—3x2 * (7 1-3x x)+7 63"

1 1
=-5 log(2 —x) + 7 log(1 + 3x)
Mathematica [A] time = 0.00, size = 21, normalized size = 1.00
! log(3x +1) L log(2 - x)
- log(3x - log(2 —x

Antiderivative was successfully verified.

[In] Integrate[(2 + Bxx - 3%x72)7(-1),x]
[Out] -1/7*Logl[2 - x] + Logl[l + 3x*x]/7

fricas [A] time = 1.05, size = 15, normalized size = 0.71
! log(3x+1) ! log (x - 2)
- log B - log (x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+5%x+2),x, algorithm="fricas")



[Out] 1/7*log(3*x + 1) - 1/7*xlog(x - 2)

giac [A] time = 0.46, size = 17, normalized size = 0.81

1 1
7 log (I3x +1]) - 7 log (|x - 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x72+b5*x+2),x, algorithm="giac")
[Out] 1/7*log(abs(3*x + 1)) - 1/7xlog(abs(x - 2))
maple [A] time = 0.05, size = 16, normalized size = 0.76

In(Bx+1) In(x-2)
7 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3*x"2+5*x+2) ,x)
[Out] -1/7*1n(x-2)+1/7*1n(1+3%x)

maxima [A] time = 1.31, size = 15, normalized size = 0.71

1 1
7 log(3x+1)—§ log (x —2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+5%x+2),x, algorithm="maxima"
[Out] 1/7*log(3*x + 1) - 1/7*xlog(x - 2)

mupad [B] time = 0.09, size = 8, normalized size = 0.38
6x 5
2atanh (7 - ;)

7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*x - 3*x"2 + 2),x)
[Out] (2*atanh((6%*x)/7 - 5/7))/7

sympy [A] time = 0.11, size = 14, normalized size = 0.67

1
_log(x-2) . log (x * 5)
7 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x**2+5%x+2) ,x)

[Out] -log(x - 2)/7 + log(x + 1/3)/7

270



271

3.83  [——dx

3+4x+x2

Optimal. Leaf size=6
- tanh_l(x +2)

[Out] -arctanh(2+x)

Rubi [B] time = 0.00, antiderivative size = 17, normalized size of antiderivative
= 2.83, number of steps used = 3, number of rules used = 2, integrand size = 10,

number ofrules _ ().200, Rules used = {616, 31}

integrand size

1 1
5 log(x +1) - > log(x + 3)

Antiderivative was successfully verified.
[In] Int[(3 + 4*x + x~2)"(-1),x]
[Out] Logl[l + x]/2 - Logl3 + x1/2
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 616

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2

- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rubi steps

1
- d
f3+4x+x2 2f1+x X 2 3+

== log(l +x)-= 10g(3 + x)

Mathematica [B] time = 0.00, size = 17, normalized size = 2.83
1 1
> log(x +1) - > log(x + 3)

Antiderivative was successfully verified.

[In] Integrate[(3 + 4xx + x72)7(-1),x]
[Out] Logll + x]1/2 - Logl[3 + x1/2

fricas [B] time = 1.06, size = 13, normalized size = 2.17
1 1
~5 log (x +3) + > log (x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x"2+4*x+3),x, algorithm="fricas")

[Out] -1/2x%log(x + 3) + 1/2%log(x + 1)



giac [B] time = 0.33, size = 15, normalized size = 2.50

1 1
~5 log (Jx + 3|) + 5 log (|x +11)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x"2+4*x+3),x, algorithm="giac")
[Out] -1/2%log(abs(x + 3)) + 1/2*log(abs(x + 1))

maple [B] time = 0.05, size = 14, normalized size = 2.33

In (x + 3) N In(x+1)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x"2+4%*x+3),x)
[Out] 1/2*1n(x+1)-1/2%1n(3+x)

maxima [B] time = 1.29, size = 13, normalized size = 2.17

1 1
~5 log (x +3) + 5 log (x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(x"2+4*x+3),x, algorithm="maxima"
[Out] -1/2%log(x + 3) + 1/2%log(x + 1)

mupad [B] time = 0.18, size = 6, normalized size = 1.00

—atanh (x + 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x + x~2 + 3),x)
[Out] -atanh(x + 2)
sympy [B] time = 0.10, size = 12, normalized size = 2.00

log (x +1) ~ log (x + 3)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x**2+4xx+3),x)

[Out] log(x + 1)/2 - log(x + 3)/2
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3.84  [——dx

1+7tx+2x2
Optimal. Leaf size=27

[Out] -2*arctanh((Pi+4x*x)/(Pi~2-8)"(1/2))/(Pi~2-8)"(1/2)

Rubi [A] time = 0.02, antiderivative size = 27, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number of rules _ 0.167, Rules used = {618, 206}

integrand size

-1 4x+7
2tanh (m)

n2 -8

Antiderivative was successfully verified.

[In] Int[(1 + Pixx + 2*xx~2)~(-1),x]

[Out] (-2*ArcTanh[(Pi + 4*x)/Sqrt[-8 + Pi~2]])/Sqrt[-8 + Pi~2]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
v = - (28ubst| [ ———dxxm+d
f1+nx+2x2 * ( Su S( Iy R x))

o h_l( T+4x )
R U=

Narye

Mathematica [A] time = 0.01, size = 27, normalized size = 1.00

2tanh_1( v )

72-8

% -8
Antiderivative was successfully verified.
[In] Integrate[(1 + Pi*x + 2*xx72)7(-1),x]

[Out] (-2*%ArcTanh[(Pi + 4xx)/Sqrt[-8 + Pi~2]])/Sqrt[-8 + Pi~2]

fricas [B] time = 1.03, size = 50, normalized size = 1.85

(7‘(2+4 TX+8 x2—(m+4 x) V28 —4)
log

x+2 x2+1

2 -8
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(pi*x+2*x~2+1),x, algorithm="fricas")

[Out] log((pi~2 + 4*pi*x + 8%x"2 - (pi + 4*x)*sqrt(pi~2 - 8) - 4)/(pi*x + 2*x72 +
1)) /sqrt(pi~2 - 8)

time = 0.35, size = 40, normalized size = 1.48
|Tc+4x—\/nz—8|
log | ———
|n+4x+\/n2—8|

2 -8

giac [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(pi*x+2*xx~2+1),x, algorithm="giac")
[Out] log(abs(pi + 4*x - sqrt(pi~2 - 8))/abs(pi + 4*x + sqrt(pi~2 - 8)))/sqrt(pi~

2 - 8)
maple [A] time = 0.06, size = 24, normalized size = 0.89
2 arctanh( en )
_ Vr2-8
% -8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(Pi*x+2*x"2+1),x)
[Out] -2*arctanh((Pi+4*x)/(Pi~2-8)"(1/2))/(Pi~2-8)"(1/2)
time = 1.31, size = 38, normalized size = 1.41
lo +4 x—V12-8
& T+4 x+Vr2-8

2 -8

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(pi*x+2xx~2+1),x, algorithm="maxima"
[Out] log((pi + 4*x - sqrt(pi”™2 - 8))/(pi + 4*x + sqrt(pi~2 - 8)))/sqrt(pi~2 - 8)

mupad [B] time = 0.36, size = 23, normalized size = 0.85

[T+4x )
1°-8

I12-8

2 atanh (

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(Pi*x + 2*x"2 + 1),x)

[Out] -(2xatanh((Pi + 4xx)/(Pi™2 - 8)~(1/2)))/(Pi~2 - 8)~(1/2)
sympy [B] time = 0.22, size = 76, normalized size = 2.81

2 e

n? T 2 2
log (x Vs it V-8+m? ) _ log (x Vs I 4\/—8+n2)
V-8 + m? V-8 + 72

13

o

Verification of antiderivative is not currently implemented for this CAS.



275

[In] integrate(1/(pi*x+2*x**2+1),x)
[Out] log(x - pi**2/(4*sqrt(-8 + pi**2)) + pi/4 + 2/sqrt(-8 + pi**2))/sqrt(-8 + p
i*¥*2) - log(x - 2/sqrt(-8 + pi*x2) + pi/4 + pi**2/(4*sqrt(-8 + pi**2)))/sqr

t(-8 + pi**2)
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3.85  [——dx

1+7tx—2x2
Optimal. Leaf size=27

[Out] -2*arctanh((Pi-4%x)/(Pi~2+8)~(1/2))/(Pi~2+8)~(1/2)

Rubi [A] time = 0.02, antiderivative size = 27, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number of rules _ 0.167, Rules used = {618, 206}

integrand size

2t h‘l( o )
an V8+72

V8 + 72

Antiderivative was successfully verified.

[In] Int[(1 + Pixx - 2*x72)7(-1),x]
[Out] (-2*ArcTanh[(Pi - 4*x)/Sqrt[8 + Pi"2]])/Sqrt[8 + Pi~2]
Rule 206

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 618
Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I

nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1
fm (2 SUbSt( S+ 7_(2 _ x2 dx, X, Tt — 4.X))

2tanh™ ( )
V8+m2

Mathematica [A] time = 0.01, size = 29, normalized size = 1.07

2t h‘l( o )
an V8+712

V8 + m?

Antiderivative was successfully verified.

[In] Integrate[(1 + Pi*x - 2*x72)~(-1),x]
[Out] (2xArcTanh[(-Pi + 4xx)/Sqrt[8 + Pi~2]])/Sqrt[8 + Pi~2]

fricas [B] time = 0.99, size = 51, normalized size = 1.89

T2—4 Tix+8 x2—(m—4 x) V2 +8 +4)

nx—2 x2+1

log (-

Vr? + 8
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(pi*x-2*x~2+1),x, algorithm="fricas")
[Out] log(-(pi~2 - 4x*pi*x + 8*x"2 - (pi - 4*x)*sqrt(pi~2 + 8) + 4)/(pi*x - 2*x~2

+ 1)) /sqrt(pi~2 + 8)
time = 0.38, size = 45, normalized size = 1.67
|—n+4 x—Vm2+8 |
log | —————
|—n+4 x+ V12 +8 |

2+ 8

giac [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(pi*x-2*x~2+1),x, algorithm="giac")
[Out] -log(abs(-pi + 4*x - sqrt(pi~2 + 8))/abs(-pi + 4x*x + sqrt(pi~2 + 8)))/sqrt(

pi~2 + 8)

maple [A] time = 0.05, size = 26, normalized size = 0.96

4x—11
2 arct h( )
arctan m

2+ 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(Pi*x-2*%x"2+1),x)
[Out] 2/(Pi2+8)~(1/2)*arctanh((4*x-Pi)/(Pi2+8)~(1/2))
time = 1.33, size = 39, normalized size = 1.44
log (n—4x+\/n2_+8)
-4 x-\r2+8
 Vw+s

Verification of antiderivative is not currently implemented for this CAS.

maxima [A]

[In] integrate(1/(pi*x-2*x~2+1),x, algorithm="maxima"

[Out] -log((pi - 4*x + sqrt(pi~2 + 8))/(pi - 4*x - sqrt(pi”2 + 8)))/sqrt(pi™2 + 8

)

mupad [B] time = 0.39, size = 23, normalized size = 0.85

2 atanh( Hdx )
_ 12+8

VII? +8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(Pi*x - 2*x"2 + 1),x)
[Out] -(2*atanh((Pi - 4*x)/(Pi~2 + 8)~(1/2)))/(Pi~2 + 8)~(1/2)

sympy [B] time = 0.23, size = 76, normalized size = 2.81

2

e 2 s 2 2
_log (x 4 4V8+72 B V8+n2) " log (x 4 * V8+m2 * 4V8+72 )
V8 + 12 V8 + n2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(pi*x—-2*x**2+1),x)
[Out] -log(x - pi/4 - pi**2/(4xsqrt(8 + pi**2)) - 2/sqrt(8 + pi**2))/sqrt(8 + pix
*2) + log(x - pi/4 + 2/sqrt(8 + pi**2) + pi**2/(4*sqrt(8 + pi**2)))/sqrt(8

+ pix*2)
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3.86 [ ——dx

1+7mx+3x2
Optimal. Leaf size=31

6x+T11
2tan! ( )
V12-72

V12 — 12

[Out] 2*arctan((Pi+6*x)/(-Pi~2+12)~(1/2))/(-Pi~2+12)~(1/2)

Rubi [A] time = 0.02, antiderivative size = 31, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number of ules _ ) 167, Rules used = {618, 204}

6x+TT
2tan™! (—)
V12-72

V12 - 72

Antiderivative was successfully verified.

integrand size

[In] Int[(1 + Pi*x + 3%x~2)"(-1),x]
[Out] (2xArcTan[(Pi + 6%*x)/Sqrt[12 - Pi~2]]1)/Sqrt[12 - Pi~2]
Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b]l] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] &&% NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
v = (28ubst [ ———— v m+6
f1+71x+3x2 * ( " s( Ep R x))

6x
2tan~! (L)
V12-72

V12 - 72

Mathematica [A] time = 0.01, size = 31, normalized size = 1.00

6x+TT
2tan™! (—)
V12-72

V12 - 72

Antiderivative was successfully verified.

[In] Integrate[(1 + Pixx + 3xx72)7(-1),x]
[Out] (2*ArcTan[(Pi + 6%x)/Sqrt[12 - Pi~2]]1)/Sqrt[12 - Pi~2]

fricas [A] time = 0.80, size = 41, normalized size = 1.32

V2
2V-m2 +12 arctan (M)

n2-12

2 —12
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(pi*x+3*x~2+1),x, algorithm="fricas")

[Out] 2x*sqrt(-pi~2 + 12)*arctan((pi + 6*x)*sqrt(-pi~2 + 12)/(pi~2 - 12))/(pi~2 -
12)

giac [A] time = 0.48, size = 27, normalized size = 0.87

Zarctan( mtox )
V-12+12

V-2 +12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(pi*x+3*x~2+1),x, algorithm="giac")
[Out] 2*arctan((pi + 6x*x)/sqrt(-pi~2 + 12))/sqrt(-pi~2 + 12)

maple [A] time = 0.05, size = 28, normalized size = 0.90

2arctan( butr )

Vor2i12
V-r2 +12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(Pi*x+3*x~2+1),x)
[Out] 2*arctan((Pi+6*x)/(-Pi~2+12)~(1/2))/(-Pi~2+12)~(1/2)

maxima [A] time = 1.32, size = 27, normalized size = 0.87

2arctan( niox )
V-12+12

V-m? +12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(pi*x+3*x~2+1),x, algorithm="maxima")
[Out] 2*arctan((pi + 6%x)/sqrt(-pi~2 + 12))/sqrt(-pi~2 + 12)

mupad [B] time = 0.38, size = 23, normalized size = 0.74

2atanh( H+ox )

2-12
I12-12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(Pi*x + 3*x"2 + 1),x)
[Out] -(2*atanh((Pi + 6*x)/(Pi~2 - 12)~(1/2)))/(Pi~2 - 12)~(1/2)

sympy [C] time = 0.20, size = 87, normalized size = 2.81

ilo (x+n 2. i ) ilo (x+z— i’ + = )
_ 8 6 Vi2-m®  eViz-r?) | 5 6 6Vi2-n2  V12-n2

V12 - 72 V12 — 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(pi*x+3*x**2+1),x)

[Out] -Ixlog(x + pi/6 - 2*I/sqrt(12 - pi**2) + Ixpix*2/(6*sqrt(12 - pi**2)))/sqrt
g p q p p q

(12 - pi**2) + Ixlog(x + pi/6 - Ixpix*2/(6*sqrt(12 - pi**2)) + 2*xI/sqrt(12

- pi**2))/sqrt(12 - pi**2)
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3.87  [——dx

1+7mx—3x2
Optimal. Leaf size=27

2t h‘l( n_6x )
an V12472

V12 + 72

[Out] -2*arctanh((Pi-6%x)/(Pi~2+12)~(1/2))/(Pi~2+12)~(1/2)

Rubi [A] time = 0.02, antiderivative size = 27, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number ot rules _ ) 167, Rules used = {618, 206}

integrand size

2tanh™! (—”'éx )
an V12+72

V12 + 72

Antiderivative was successfully verified.

[In] Int[(1 + Pi*x - 3*x72)"(-1),x]
[Out] (-2*ArcTanh[(Pi - 6*x)/Sqrt[12 + Pi~2]])/Sqrt[12 + Pi~2]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
fmdx: —(ZSubst(fmdx,x,n—&c))
—6x
m)
T

2tanh™!
V12 + 72

Mathematica [A] time = 0.01, size = 29, normalized size = 1.07

2t h‘l( o )
an V12+72

V12 + 72

Antiderivative was successfully verified.

[In] Integrate[(1 + Pixx - 3*x72)7(-1),x]
[Out] (2*ArcTanh[(-Pi + 6%x)/Sqrt[12 + Pi~2]])/Sqrt[12 + Pi~2]

fricas [B] time = 0.93, size = 51, normalized size = 1.89

72—6 tx+18 x2—(1—6 x) V12 +12 +6)

nx-3 x2+1

log (-

V2 +12
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(pi*x-3*x~2+1),x, algorithm="fricas")

[Out] log(-(pi~2 - 6*pi*x + 18%x72 - (pi - 6*x)*sqrt(pi™2 + 12) + 6)/(pi*x - 3*x~
2 + 1))/sqrt(pi~2 + 12)

giac [A] time = 0.53, size = 45, normalized size = 1.67

1 |—T(+6 x—\/n2+12|
08 |—n+6 x+Vr2+12 |

V2 +12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(pi*x-3*x~2+1),x, algorithm="giac")

[Out] -log(abs(-pi + 6*x - sqrt(pi~2 + 12))/abs(-pi + 6*x + sqrt(pi~2 + 12)))/sqr
t(pi~2 + 12)

maple [A] time = 0.05, size = 26, normalized size = 0.96

6x—T1
2 arctanh ( N )

V2 +12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(Pi*x—-3*x"2+1),x)
[Out] 2/(Pi~2+12)~(1/2)*arctanh((6*x-Pi)/(Pi~2+12)~(1/2))

maxima [A] time = 1.44, size = 39, normalized size = 1.44

lo -6 X+ V12+12
& n—-6x-Vr2+12

V2 +12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/(pi*x-3*x~2+1),x, algorithm="maxima"

[Out] -log((pi - 6*x + sqrt(pi~2 + 12))/(pi - 6*x - sqrt(pi”™2 + 12)))/sqrt(pi~2 +
12)

mupad [B] time = 0.42, size = 23, normalized size = 0.85

2 atanh ( H-6x )
B 12+12

VIIZ +12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(Pi*x - 3*x~2 + 1),x)
[Out] -(2*atanh((Pi - 6%x)/(Pi~2 + 12)7(1/2)))/(Pi"2 + 12)7(1/2)
sympy [B] time = 0.23, size = 76, normalized size = 2.81

2

+ ) lo (x I 2 s )
6 6Vr2+12  Vr2+12 8 6 Vr2+12  6Vm2+12

V2 +12 V2 +12

Verification of antiderivative is not currently implemented for this CAS.

log(x—z+ =
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[In] integrate(1/(pi*x—-3*x**2+1),x)
[Out] log(x - pi/6 + pix*2/(6*sqrt(pi**2 + 12)) + 2/sqrt(pi**2 + 12))/sqrt(pi**2
+ 12) - log(x - pi/6 - 2/sqrt(pi**2 + 12) - pi**2/(6*sqrt(pi**2 + 12)))/sqr

t(pi*x*2 + 12)
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3.88  [———dx

a+cx+bx2

Optimal. Leaf size=38

2bx+c
2tan! ( )
Vdab—c?

V4ab - c?

[Out] 2*arctan((2xbxx+c)/(4*a*xb-c~2) "~ (1/2))/(4d*xaxb-c~2)"(1/2)

Rubi [A] time = 0.03, antiderivative size = 38, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number of rules _ ) 167, Rules used = {618, 204}

2bx+c
2tan”! ( )
V4ab—c?

V4ab — c?

Antiderivative was successfully verified.

integrand size

[In] Int[(a + c*xx + b*x"2)"(-1),x]
[Out] (2*ArcTan[(c + 2xb*x)/Sqrt[4*a*b - c~2]]1)/Sqrt[4*a*b - c~2]
Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] Il LtQ[b, 0])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
— =2 [ dx a2
fa+cx+bx2 * ( SubSt( Tdab+ 22 e bx))

2bx
2tan! ( o )
V4ab—c?

Vdab — c2

Mathematica [A] time = 0.01, size = 38, normalized size = 1.00

2bx+c
2tan! ( )
Vdab—c2

V4ab - c?

Antiderivative was successfully verified.

[In] Integrate[(a + c*x + b*x72)7(-1),x]
[Out] (2xArcTan[(c + 2%bxx)/Sqrt[4*a*b - c~2]])/Sqrt[4*a*b - c~2]

fricas [A] time = 0.92, size = 113, normalized size = 2.97

\/ﬁ 1 2 12x2+2 bex—2 ab+c2—V—4 ab+c? (2 bx+c) 2 brtc
—4ab+c et bx2+cx+a 2 arctan (_ )
- V4 ab—c?

4ab - c? & \aab - 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+c*x+a),x, algorithm="fricas")

[Out] [-sqrt(-4*axb + c”2)*log((2%b7™2%x"2 + 2%b*c*x - 2%axb + c”2 - sqrt(-4*axb +
c"2)*x(2xbxx + ¢))/(b*x"2 + c*xx + a))/(4*xaxb - c”2), -2*xarctan(—(2*b*x + c)

/sqrt(4xaxb - c~2))/sqrt(4*a*xb - c~2)]

giac[A] time = 0.43, size = 34, normalized size = 0.89

2bx+c )

2 arctan(m
V4 ab - c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+c*x+a),x, algorithm="giac")
[Out] 2*arctan((2*b*x + c)/sqrt(4*axb - c72))/sqrt(4*axb - c~2)

maple [A] time = 0.06, size = 35, normalized size = 0.92

2bx+c )

2 arctan ( i
V4ab — c?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x"2+c*x+a),x)
[Out] 2*arctan((2*bxx+c)/(4d*xaxb-c~2)~(1/2))/(4*axb-c~2)~(1/2)

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+c*x+a),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(c™2-4*a*xb>0)', see “assume?” for mo

re details)Is c~2-4*axb positive or negative?

time = 0.23, size = 46, normalized size = 1.21

c 2bx
2 atan ( + )
Vigb-c2 Vagb-c2

Vdab - c?

Verification of antiderivative is not currently implemented for this CAS.

mupad [B]

[In] int(1/(a + c*x + b*x"2),x)
[Out] (2*xatan(c/(4*axb — c”2)"(1/2) + (2*xbxx)/(4xaxb - c~2)7(1/2)))/(4*axb - c~2)

~(1/2)

sympy [B] time = 0.22, size = 124, normalized size = 3.26

_ [__1 2 [__1 [1 L, [ 1
— _; log | x + Aab 4ab—c? e 4ab—c? +e +4 /= 1 log | x + 4ab 4ab—c? ¢ 4ab—c
N 4ab - 2 & 2b N 4ab - 2 & 2b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x**2+c*x+a),x)

[Out] -sqrt(-1/(4*a*b - c**2))*log(x + (-4*axb*sqrt(-1/(4*a*xb - c**2)) + cx*2*sqr
t(-1/(4*axb - c*x*2)) + c)/(2xb)) + sqrt(-1/(4*xaxb - c**2))*xlog(x + (4*axb*s
qrt(-1/(4*axb - c*x*2)) - c**2*sqrt(-1/(4*a*xb - c**2)) + c)/(2xb))
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3.89  [———dx

b+2ax+bx?
Optimal. Leaf size=35

- bx
tanh 1( o )
,/az_bz

Va2 —p2

[Out] -arctanh((b*x+a)/(a"2-b"2)"(1/2))/(a"2-b"2)"(1/2)

Rubi [A] time = 0.03, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 13,

number of rules _ ) 154, Rules used = {618, 206}

integrand size

- bx
k(2222
a2-h2

Va2 — p2

Antiderivative was successfully verified.

[In] Int[(b + 2%a*xx + b*x"2)~(-1),x]

[Out] -(ArcTanh[(a + b*x)/Sqrt[a”2 - b~2]]/Sqrt[a”2 - b~2])
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

f;dx = —|2Subst f 1 dx,x,2a + 2bx
b + 2ax + bx? 4(a2—b2)—x2

- bx
tanh 1( o )
,/az_bz

22— 12

Mathematica [A] time = 0.01, size = 34, normalized size = 0.97

_ +b
tan 1( A )
b2_a2

b2 — g2

Antiderivative was successfully verified.

[In] Integrate[(b + 2*a*x + b*x~2)7(-1),x]
[Out] ArcTan[(a + b*x)/Sqrt[-a”2 + b~2]]/Sqrt[-a"2 + b~2]
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time = 1.11, size = 124, normalized size = 3.54

fricas [A]
b2x%+2 abx+2 a%2-b?-2 Va2 b2 (bx+a V—a2+b2 (bx+a
log 5 9} V222 + 12 arctan —%
bx*+2 ax+b ac-b

2 Vi2 — p2 & a? — b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+2%a*x+b),x, algorithm="fricas")

[Out] [1/2%1log((b~2*x"2 + 2%a*b*x + 2%¥a”2 - b™2 - 2xsqrt(a™2 - b~ 2)*(b*x + a))/(b
*x"2 + 2%axx + b))/sqrt(a”2 - b72), -sqrt(-a”2 + b~2)*arctan(-sqrt(-a”2 + b

“2)x(b*x + a)/(a”2 - b72))/(a"2 - b"2)]

giac [A] time = 0.37, size = 30, normalized size = 0.86

arctan (ﬂ)
\/—u2+b2
V_a2 + bz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+2%a*x+b),x, algorithm="giac")
[Out] arctan((b*x + a)/sqrt(-a~2 + b~2))/sqrt(-a”2 + b~2)

maple [A] time = 0.06, size = 35, normalized size = 1.00

arctan ( 2bx+2a )
2V—-a2+b?
V_a2 + bz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(bxx"2+2*xa*x+b),x)
[Out] 1/(-a~2+b"2)~(1/2)*arctan(1/2*x(2*xb*xx+2*a)/(-a~2+b"2)"(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+2%a*x+b),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see “assume?  for

more details)Is 4*a”2-4*b~2 positive or negative?

mupad [B] time = 0.27, size = 33, normalized size = 0.94

a+bx )

_atanh (\/aTb—\/ﬁ
Va+b+Va-b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b + 2xa*xx + b*x"2),x)
[Out] -atanh((a + b*x)/((a + b)~(1/2)*x(a - b)~(1/2)))/((a + b)~(1/2)*(a - b)~(1/2

))
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time = 0.23, size = 100, normalized size = 2.86

sympy [B]
5 1 5 1 2 1 12 1
1 1 N TN GoE) +a+b° | e HED I 1 N N\ @y N T
(abya+n) O8|* b \ v+ °8[* b
2

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x**2+2*a*xx+b) ,x)

[Out] sqrt(1/((a - b)*x(a + b)))*xlog(x + (-a*xx2*sqrt(1/((a - b)*(a + b))) + a + bx
*x2*xsqrt(1/((a - b)*(a + b))))/b)/2 - sqrt(1/((a - b)*(a + b)))*log(x + (ax*
2%sqrt(1/((a - b)*(a + b))) + a - b*x2xsqrt(1/((a - b)*(a + b))))/b)/2
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390 [———dx

b+2ax—bx?

Optimal. Leaf size=32

Va2 + b?
[Out] -arctanh((-b*x+a)/(a~2+b~2)~(1/2))/(a~2+b"2)~(1/2)

Rubi [A] time = 0.03, antiderivative size = 32, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {618, 206}

- —bx
tanh ™ (a—)
Va2+b?

Va? + b?

Antiderivative was successfully verified.

integrand size

[In] Int[(b + 2*a*x - b*xx"2)"(-1),x]
[Out] -(ArcTanh[(a - bxx)/Sqrt[a”2 + b~2]]/Sqrt[a”2 + b~2])
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
fmdx = —(ZSUbSt(f4(a2 N bZ) ~ 2 dx,x,2a —ZbX)]

- —bx
tanh ™ (a—)
Va2+b?

Va2 + b?

Mathematica [A] time = 0.01, size = 41, normalized size = 1.28

tan™! (—bx_'Z )
3 V=212

Antiderivative was successfully verified.

[In] Integrate[(b + 2%a*x - b*x~2)~(-1),x]
[Out] -(ArcTan[(-a + bxx)/Sqrt[-a”2 - b~2]]1/Sqrt[-a"2 - b~2])

fricas [B] time = 0.90, size = 67, normalized size = 2.09

bx2-2 ax—b

log (b2x2—2 abx+2 a2 +b%2+2 Va?+b2 (bx—a) )

2Va? + b?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b*x~2+2*a*x+b),x, algorithm="fricas")

[Out] 1/2*%log((b~2*%x"2 - 2%axb*x + 2*¥a”2 + b~2 + 2xsqrt(a”2 + b~2)*(b*x - a))/(b*
X"2 - 2%a*xx - b))/sqrt(a”2 + b~2)

time = 0.45, size = 55, normalized size = 1.72

(|2bx—2u—2Va2+b2|)
8

giac [A]

|2bx—2a+2‘Va2+b2|
2 Va? + b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b*x~2+2*a*x+b),x, algorithm="giac")
[Out] -1/2%log(abs(2%b*x - 2%a - 2xsqrt(a”2 + b~2))/abs(2*b*x - 2%a + 2xsqrt(a”2

+ b72)))/sqrt(a”2 + b~2)
time = 0.07, size = 31, normalized size = 0.97

maple [A]
t h( 2bx—2a )
R CYY/

Va? + b?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-b*x"2+2*axx+b),x)
[Out] 1/(a”2+b72)7(1/2)*arctanh(1/2*(2xb*x-2%a)/(a"2+b"2)"(1/2))
time = 2.91, size = 49, normalized size = 1.53
log (bx—a—«/m)
bx-a+ Va2 +12
Ve ip

Verification of antiderivative is not currently implemented for this CAS.

maxima [A]

[In] integrate(1/(-b*x~2+2*a*x+b),x, algorithm="maxima"

[Out] -1/2%log((b*x - a - sqrt(a™2 + b72))/(b*x - a + sqrt(a”™2 + b~2)))/sqrt(a”2

+ b72)
mupad [B] time = 0.23, size = 28, normalized size = 0.88
a-bx
it

Va2 + b?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b + 2*%a*xx - b*x"2),x)
[Out] -atanh((a - b*x)/(a”2 + b~2)"(1/2))/(a"2 + b~2)"(1/2)

time = 0.25, size = 102, normalized size = 3.19

—21[;—412,[# 2 | T2 [
? a2+p2 ? a2+p2 1 1 Y+ a a2+p2 ? a2+b2
b 08 b

a2+b2

sympy [B]

1
a%+b?

log|x +

+
2 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b*x**2+2*a*x+b) ,x)

[Out] -sqrt(1/(a**2 + b*x2))*log(x + (-a*x*x2*xsqrt(1/(a**2 + b*x2)) - a - b**2*sqrt
(1/(a*xx2 + b*xx2)))/b)/2 + sqrt(1/(a**2 + b*x2))*log(x + (a**2*xsqrt(1/(a*x*2

+ b*x2)) - a + b*x2*xsqrt(1/(a**2 + b*x2)))/b)/2
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391 [———dx

(2+4x+3x2)

Optimal. Leaf size=43

-1 3x+2
3x+2 Stan ( N )
+
4 (3x2 +4x + 2) 42

[Out] 1/4*(2+43%*x)/(3*x"2+4*x+2)+3/8*arctan(1/2*x(2+3*xx)*2~(1/2))*2"(1/2)

Rubi [A] time = 0.01, antiderivative size = 43, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ 250, Rules used = {614, 618, 204}

integrand size

-1 [3x+2
3x+2 Stan ( V2 )
+
4 (32 + 4x +2) 442

Antiderivative was successfully verified.

[In] Int[(2 + 4*x + 3%x~2)"(-2),x]

[Out] (2 + 3*x)/(4*(2 + 4*x + 3*x~2)) + (3*xArcTan[(2 + 3%*x)/Sqrt[2]])/(4%Sqrt[2])
Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 614

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)¥(a + b*xx + c*xx”2)7(p + 1))/((p + 1)*(b"2 - 4xax*xc)), x] - Dist[(2xc*(2*p +
3))/((p + D)*x(b"2 - 4*axc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Q[{a, b, c}, x] & NeQ[b~2 - 4%axc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
eger(Q [4x*p]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] &&% NeQ[b~2 - 4xaxc, 0]

Rubi steps

f 1 p 2+ 3x +3f 1 i
X = S [
(2+4x+3x2)2 4(2+4x+3x2) 4J 2+4x+3x2

2+3 3 1
= X — = Subst f— dx,x,4 + 6x
4(2+4x +3:2) 2 8 -2
—1([2+3x
2+ 3y . 3tan ( % )
4(2 +4x + 322) 442
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time = 0.02, size = 43, normalized size = 1.00

-1 3x+2
3¢ +2 . 3tan ( 7% )
4 (3x2 +4x + 2) 42

Mathematica [A]

Antiderivative was successfully verified.

[In] Integrate[(2 + 4*x + 3%x72)7(-2),x]
[Out] (2 + 3*x)/(4*(2 + 4xx + 3*x72)) + (3*ArcTan[(2 + 3*x)/Sqrt[2]])/(4xSqrt[2])

fricas [A] time = 0.91, size = 45, normalized size = 1.05

3«/5(3x2+4x+2)arctan(§«/§(3x+2)) +6x+4
8(3x2+4x+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"2+4*x+2)72,x, algorithm="fricas")
[Out] 1/8%(3*sqrt(2)*(3*x~2 + 4*xx + 2)*arctan(1/2*sqrt(2)*(3*x + 2)) + 6*xx + 4)/(
3%x72 + 4*x + 2)

giac [A] time = 0.58, size = 36, normalized size = 0.84

3 1 3x+2
= 2 arctan (— \/§(3x+2)) + i
8 2 4(3x2+4x+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"~2+4xx+2)72,x, algorithm="giac")
[Out] 3/8*sqrt(2)*arctan(l/2*sqrt(2)*(3*x + 2)) + 1/4x(3*x + 2)/(3*x72 + 4*x + 2)

maple [A] time = 0.04, size = 37, normalized size = 0.86

(6x+4)V2
3\/5 arctan( 1 ) 6x + 4

+
8 24x2 + 32x + 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x"2+4*x+2)"2,x)
[Out] 1/8*%(6*xx+4)/(3xx"2+4*xx+2)+3/8*%27(1/2) *xarctan(1/4*x(6*xx+4)*2"(1/2))

maxima [A] time = 2.27, size = 36, normalized size = 0.84

3 1 3x+2
— V2 arctan (— V2@ x+ 2)) + a
8 2 4(3x2+4x+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"2+4*x+2)72,x, algorithm="maxima"
[Out] 3/8*sqrt(2)*arctan(1/2*sqrt(2)*(3*x + 2)) + 1/4%(3*x + 2)/(3*x72 + 4*x + 2)

time = 0.04, size = 33, normalized size = 0.77

3\/§atan(3\/§x +\/§)

2
8

mupad [B]
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x + 3*x"2 + 2)72,x)

[Out] (x/4 + 1/6)/((4xx)/3 + x72 + 2/3) + (3*x27(1/2)*atan((3*x27(1/2)*x)/2 + 27(1/
2)))/8

sympy [A] time = 0.15, size = 39, normalized size = 0.91

3x +2 3\/5 atan(g\/zzx + \/E)
+
12x2 +16x + 8 8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x**2+4*x+2)**2,x)
[Out] (3*x + 2)/(12*%x**2 + 16%x + 8) + 3xsqrt(2)*atan(3*sqrt(2)*x/2 + sqrt(2))/8
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392 [———dx

(2+4x—3x2)2

Optimal. Leaf size=43

-1 (2-3x
20 (—3x2 +4x + 2) 2010

[Out] 1/20%(-2+3%*x)/(-3*x"2+4*x+2)-3/200*arctanh(1/10*(2-3*x)*107(1/2))*10~(1/2)

Rubi [A] time = 0.02, antiderivative size = 43, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ ). 250, Rules used = {614, 618, 206}

integrand size

-1 {2-3x
2 _ 3y 3tanh ( NG )
20 (—3x2 +4x + 2) 20410

Antiderivative was successfully verified.
[In] Int[(2 + 4*xx - 3*x72)"(-2),x]

[Out] -(2 - 3*x)/(20%(2 + 4xx - 3*x72)) - (3*xArcTanh[(2 - 3*x)/Sqrt[10]])/(20%*Sqr
t[10]1)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 614

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xcxx
)¥(a + b*xx + c*xx”2)7(p + 1))/((p + 1)*(b"2 - 4xax*xc)), x] - Dist[(2xc*(2*p +
3))/((p + 1)*(b™2 - 4xaxc)), Int[(a + b*x + c*x"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4xp]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

f 1 P 2 —3x N 3f 1 P
X =—- — _—dx
( 2 20 (2+4x—3x2) 20 J 2 +4x-3x2

2+ 4x - 322)
2-3x 3 1
=- — — Subst f— dx,x,4 — 6x)
20(2+4x-3x2) 10 ( 40 — x2
-1 {(2-3x
2 _ 3y 3tanh ( NG )

20 (2 +4x — 3x2) 20110
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Mathematica [A] time = 0.02, size = 62, normalized size = 1.44

2 _ 3y 3log(-3x+ V10 +2) 3log(3x + V10 -2)
20 (32 —4x-2) 40V10 ¥ 40V10

Antiderivative was successfully verified.

[In] Integrate[(2 + 4xx - 3%x72)7(-2),x]
[Out] (2 - 3*x)/(20*%(-2 - 4*x + 3*x72)) - (3*Log[2 + Sqrt[10] - 3*x])/(40%*Sqrt[10
1) + (3*Log[-2 + Sqrt[10] + 3*x])/(40%Sqrt[10])

fricas [A] time = 0.85, size = 68, normalized size = 1.58

2 9x2+2 10 3x-2)-12 x+14
3V10(3x —4x—2)log( v )—60x+40

400 (32— 4x - 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x+2)72,x, algorithm="fricas")

[Out] 1/400%(3*sqrt(10)*(3*x~2 - 4*x - 2)*log((9*x~2 + 2%sqrt(10)*(3*x - 2) - 12x
x + 14)/(3%x72 - 4xx - 2)) - 60*x + 40)/(3%x72 - 4*x - 2)

time = 0.52, size = 51, normalized size = 1.19

|6x—2x/ﬁ—4l] 3x—2

|6x+2\/1_0 —4| 20(322 - 4x -2)

giac [A]

3
> V01
200 V10 Og[

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x+2)72,x, algorithm="giac")
[Out] -3/400*sqrt(10)*log(abs(6*x - 2%sqrt(10) - 4)/abs(6*x + 2*sqrt(10) - 4)) -
1/20%(3*x - 2)/(3%x72 - 4*x - 2)

maple [A] time = 0.06, size = 37, normalized size = 0.86

(6x-4)1/10
3\/1_0 arctanh( > ) 6x — 4

200 40 (322 - 4x - 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3%x"2+4xx+2)"2,x)

[Out] -1/40%(6*x-4)/(3*x~2-4*x-2)+3/200%107(1/2)*arctanh(1/20% (6*x-4)*10~(1/2))
time = 2.81, size = 47, normalized size = 1.09

10 -2 )
—i«/1_01og(3x \10 ]_ 3x
400 3x++10 -2 20(3x2—4x—2)

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x+2)72,x, algorithm="maxima"
[Out] -3/400*sqrt(10)*log((3*x - sqrt(10) - 2)/(3*x + sqrt(10) - 2)) - 1/20%(3*x
- 2)/(3*%x72 - 4*x - 2)
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mupad [B] time = 0.16, size = 34, normalized size = 0.79

3410 atanh(\/ﬁ (3—x—1)) *_1
10 5 + 30

200 242
e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x - 3*x"2 + 2)72,x)
[Out] (3*107(1/2)*atanh(107(1/2)*((3*x)/10 - 1/5)))/200 + (x/20 - 1/30)/((4*x)/3
- x"2 + 2/3)

sympy [A] time = 0.15, size = 58, normalized size = 1.35
R R
60x2 — 80x — 40 400 B 400

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x**2+4*x+2)**2,x)
[Out] (2 - 3*x)/(60*x**2 - 80*x - 40) + 3*sqrt(10)*log(x - 2/3 + sqrt(10)/3)/400
- 3xsqrt(10)*log(x - sqrt(10)/3 - 2/3)/400
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1
393 | > dx
(2+5x+3x2)
Optimal. Leaf size=34
6x+5
—m + 610g(x + 1) - 610g(3x + 2)

[Out] (-5-6%x)/(3%x~2+5%x+2)+6%1n(1+x)-6*1n (2+3*x)

Rubi [A] time = 0.01, antiderivative size = 34, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 12,

number of rules _ ).250, Rules used = {614, 616, 31}

integrand size

6x+5

—m + 6log(x + 1) - 610g(3x + 2)

Antiderivative was successfully verified.

[In] Int[(2 + Bxx + 3*x72)7(-2),x]

[Out] -((5 + 6%x)/(2 + B*x + 3%x72)) + 6%Logl[l + x] - 6xLog[2 + 3xx]
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xl]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)k(a + b*xx + c*xx72)"(p + 1))/((p + 1)*(b~2 - 4xa*xc)), x] - Dist[(2xcx(2xp +
3))/((p + D*x(b"2 - 4*xa*xc)), Int[(a + b*x + c*x"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4x*p]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b"2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rubi steps

f 1 gy = 5+ 6x 6f I
(2+5x+3x2)2 2 + 5x + 3x2 2 + 5x + 3x2

= S+ 6x f dx+18f dx
T 245x+3x2 2 + 3x 3+ 3x

5+ 6x
= —m + 610g(1 + .X') - 610g(2 + SX)

Mathematica [A] time = 0.01, size = 33, normalized size = 0.97

—6x -5

m + 6log(x + 1) - 610g(3x + 2)

Antiderivative was successfully verified.
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[In] Integrate[(2 + Bxx + 3%x72)7(-2),x]
[Out] (-5 - 6%x)/(2 + bxx + 3*x72) + 6*xLog[l + x] - 6*%Log[2 + 3*x]

fricas [A] time = 0.93, size = 53, normalized size = 1.56

6(3x2 +5x+2)log(3x+2)-6(322 +5x+2)log (x +1) + 6x+5
3x2+5x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+5%x+2)72,x, algorithm="fricas")

[Out] -(6*%(3*x"2 + B*xx + 2)*log(3*x + 2) - 6%(3%x72 + b*xx + 2)*log(x + 1) + 6%x +
5)/(3*%x72 + b*x + 2)

giac [A] time = 0.45, size = 36, normalized size = 1.06

6x+5

—————-61 2 1 1
3215720 6 log (I3x + 2|) + 6 log (|x + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+5%x+2)72,x, algorithm="giac")
[Out] -(6*%x + 5)/(3*x"2 + b*x + 2) - 6xlog(abs(3*x + 2)) + 6xlog(abs(x + 1))

maple [A] time = 0.05, size = 32, normalized size = 0.94

3 1

—6hﬂ3x+2)+6hﬁx+1)—3x+2 71

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x"2+5*xx+2)72,x)
[Out] -3/(3*x+2)-6%1n(3*x+2)-1/(x+1)+6x1n(x+1)

maxima [A] time = 1.32, size = 34, normalized size = 1.00

6x+5

—_— 1
3215730 6 log(3x +2) +6 log (x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"2+5*x+2)72,x, algorithm="maxima"
[Out] -(6*x + 5)/(3*x72 + bxx + 2) - 6*xlog(3*x + 2) + 6*xlog(x + 1)

mupad [B] time = 0.20, size = 34, normalized size = 1.00

3x24+5x+2

(3x+2) 2(3x+§)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*x + 3*x72 + 2)72,x)
[Out] - 6*%log((3*x + 2)/(x + 1)) - (2x(3*x + 5/2))/(5*x + 3*x"2 + 2)
sympy [A] time = 0.14, size = 31, normalized size = 0.91

-6x-5

2
m—6log(x+ §)+6log(x+1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x**2+5*x+2)**2,x)

[Out] (-6*x - B5)/(3*x**2 + Bxx + 2) - 6*log(x + 2/3) + 6*log(x + 1)
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3.94  [———dx

(2+5x—3x2)2

Optimal. Leaf size=42

_ 5-6x _ 6
49 (—3x2 +5x + 2) 343

6
log(2 —x) + 3 log(3x +1)

[Out] 1/49%(-5+6%x)/(-3%x"2+5*xx+2)-6/343%1n(2-x)+6/343*%1n (1+3%x)

Rubi [A] time = 0.01, antiderivative size = 42, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 12,

numberofrules _ 4 550, Rules used = {614, 616, 31}

integrand size
5—6x 6
49(-3x2+5x +2) 343

6
log(2 —x) + 3 log(3x +1)

Antiderivative was successfully verified.
[In] Int[(2 + 5*%x - 3*xx~2)"(-2),x]

[Out] -(5 - 6*x)/(49%(2 + bxx - 3%x72)) - (6%Log[2 - x])/343 + (6xLogl[l + 3xx])/3
43

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]11/b, x] /; FreeQ[{a, b}, xl]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
Yx(a + b*xx + c*xx”2) " (p + 1))/ ((p + 1*(b"2 - 4xa*xc)), x] - Dist[(2%c*x(2%p +
3))/((p + 1)*(b"2 - 4xaxc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQlp, -3/2] && Int
egerQ [4x*p]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b"2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4*axc] &% PerfectSquareQ[b~2 - 4*axc]

Rubi steps

f 1 gy = 5-6x N 6f 1 .
( 270 49 (2+5x-3x2) 49J 2+5r-322

2+ 5x - 3x2)
5— 6x 18 1 18 1
= - - X + X
49 (2 + 5% — 3x2) 343 J -1-3x 343 J 6-3x
5—6x 6

6
= - - log(2 — x) + — log(1 + 3x
49(2+5x-3x2) 343 8(2 =) + 773 log( )

Mathematica [A] time = 0.01, size = 42, normalized size = 1.00
5-6x 6
49(3x2 -5x-2) 343

6
log(2 —x) + 3 log(3x +1)



303

Antiderivative was successfully verified.

[In] Integrate[(2 + 5%x - 3%x72)7(-2),x]

[Out] (5 - 6%x)/(49%(-2 - Bxx + 3*x72)) - (6xLogl[2 - x])/343 + (6*xLogl[l + 3%x])/3
43

fricas [A] time = 1.07, size = 53, normalized size = 1.26

6(3x2-5x-2)log(3x +1) - 6(322 - 5x - 2)log (x - 2) — 42 + 35
343 (3x2 - 5x - 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+b5*x+2)72,x, algorithm="fricas")

[Out] 1/343%(6%x(3*x72 - b*x - 2)*log(3*x + 1) - 6*%(3*x"2 - bxx - 2)xlog(x - 2) -
42%x + 35)/(3*x"2 - b*x - 2)

giac [A] time = 0.32, size = 36, normalized size = 0.86

6x-5
+
49(3x2—5x—2) 343

6
log (13 +1) - 7= log (v~ 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+5xx+2)72,x, algorithm="giac")

[Out] -1/49*%(6*x - 5)/(3*x"2 - b*x - 2) + 6/343%log(abs(3*x + 1)) - 6/343*log(abs
x - 2))

maple [A] time = 0.05, size = 32, normalized size = 0.76

6In(Bx+1) 6In(x-2) 1 3
343 343 49(x-2) 49(3x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3*x"2+5*x+2)"2,x)
[Out] -1/49/(x-2)-6/343%1n(x-2)-3/49/ (3*%x+1)+6/343*%1n (3*x+1)
maxima [A] time = 1.35, size = 34, normalized size = 0.81
6x—-5
+
49(3x2-5x-2) 343

6
10g(3x+1)—% log (x —2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+5*x+2)72,x, algorithm="maxima"
[Out] -1/49%(6*x - 5)/(3*x"2 - b*x - 2) + 6/343%log(3*x + 1) - 6/343*log(x - 2)

mupad [B] time = 0.08, size = 34, normalized size = 0.81

3x+1 5
6ln(x_2) 2(3x—z)

343 49 (-3x2+5x+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*x - 3*x"2 + 2)72,x%)
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[Out] (6*%log((3*x + 1)/(x - 2)))/343 + (2x(3*x - 5/2))/(49%(5*x - 3*xx"2 + 2))

sympy [A] time = 0.15, size = 32, normalized size = 0.76

61 -
5— 6x 6log(x-2) OB \** 3
147x2 — 245x — 98 343 343

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x**2+5xx+2)**2,x)

[Out] (5 - 6%x)/(147*x**2 - 245%xx - 98) - 6xlog(x - 2)/343 + 6*log(x + 1/3)/343
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3.95  [———dx

(a+cx+bx2)2

Optimal. Leaf size=71

4btan~! (ﬂ)

2bx +c N Va2
(41119 - cz) (a +bx? + cx) (4ab _ C2)3/2

[Out] (2*b*xx+c)/(4*axb-c~2)/(b*x~2+c*x+a)+4xb*arctan((2xb*x+c)/(d*xaxb-c~2)~(1/2))
/ (4*axb-c~2)~(3/2)

Rubi [A] time = 0.04, antiderivative size = 71, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number ot rules _ ) 950, Rules used = {614, 618, 204}

integrand size

4btan™! (ﬂ)

2bx +c N Vaab-2
(41119 - cz) (a +bx? + cx) (4ab _ C2)3/2

Antiderivative was successfully verified.
[In] Int[(a + c*x + b*x"2)"(-2),x]

[Out] (c + 2%bxx)/((4*xaxb - c™2)*(a + c*x + b*x"2)) + (4*bxArcTan[(c + 2%bxx)/Sqr
t[4xaxb - ¢”2]])/(4xaxb - ¢c~2)7(3/2)

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQl{a, b}, x] && PosQla/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 614

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)¥(a + b*xx + c*xx”2)7(p + 1))/((p + 1)*(b"2 - 4xax*xc)), x] - Dist[(2xc*(2*p +
3))/((p + 1)*x(b"2 - 4*axc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Q[{a, b, c}, x] & NeQ[b~2 - 4%a*c, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
eger(Q [4x*p]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*ax*xc, 0]

Rubi steps
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1
f L dx = ¢ +2bx 4 (2b) f a+cx+bx2 dx
(a +ox + be)z (4ab - cz) (a +ox + bxz) 4ab — c?
c+ 2bx (4D) Subst (f ] dx,x,c + 2bx)
- (4ab - cz) (a +cx + bxz) 4ab — 2
_1( c+2bx
c +2bx sttan” (7255)

(4ab - cz) (a +ox + bxz) * (4ab _ C2)3/2

Mathematica [A] time = 0.06, size = 70, normalized size = 0.99

4btan™! (ﬂ)

2bx + ¢ Vaab—c2
2 + 3/2
(4ab -c ) (a +x(bx +¢)) (4ab - Cz)

Antiderivative was successfully verified.

[In] Integrate[(a + c*xx + b*x72)7(-2),x]

[Out] (c + 2%bxx)/((4*axb - c"2)*(a + x*(c + b*x))) + (4*bxArcTan[(c + 2*bxx)/Sqr
t[4*axb - c72]])/(4*xaxb - c~2)7(3/2)

fricas [B] time = 1.08, size = 334, normalized size = 4.70

bx2+cx+a

2.2 _ 2.4/ 2
dabe — 3 + 2 (V222 + bex + ab)N—dab + ¢2 log | 2 2ber2abt AN E @bvta) | |\ 5 (4 02 — pe2)x _
g 4 abc

16 a3b? — 8 abc? + ac* + (16 a’b3 — 8 ab%c? + bc4)x2 + (16 a’b?c — 8 abc3 + c5)x " 16 a312

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+c*x+a)”~2,x, algorithm="fricas")

[Out] [(4*axb*c - c™3 + 2%(b"2%x"2 + bxc*x + axb)*sqrt(-4*a*xb + c~2)*log((2*¥b~2*x
T2 + 2%bkckx — 2%axb + c”2 + sqrt(-4*a*xb + c”2)*(2xbxx + c))/(b*x"2 + c*x +

a)) + 2x(4xa*xb”2 - bxc”2)*x)/(16*%a”3%b"2 - 8*a~2xb*xc”2 + axc”4 + (16%a~2*Db

"3 - 8%xaxb"2%c”2 + b*cT4)*x"2 + (16*a"2%b"2xc — 8*axb*c”3 + c”b5)*x), (4xaxb

*C — ¢73 - 4x(b72%x72 + bxcxx + axb)*sqrt(4*xaxb - c”2)*arctan(-(2xbxx + c)/

sqrt (4*axb - c72)) + 2x(4*xaxb”2 - bxc~2)*x)/(16%a”3*b”"2 - 8*a~2%b*c”2 + a*c

T4 + (16*%a”2%b”3 - 8xa*xb"2*c”2 + bkxcT4)*x72 + (16%a”2%b”"2xc - 8xaxbxc”3 + c
“5)*xx)]

giac [A] time = 0.40, size = 67, normalized size = 0.94

4barctan( 2bx+e )
Nryme 2bx+c
(4ab—cz)g (bx2+cx+a)(4ab—cz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(b*x~2+cxx+a)”~2,x, algorithm="giac")

[Out] 4xb*arctan((2*b*x + c)/sqrt(4*axb - c72))/(4*axb - c~2)7(3/2) + (2%b*x + c)
/((b*x~2 + c*x + a)*(4*a*xb - c~2))
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time = 0.06, size = 68, normalized size = 0.96

maple [A]
4b arctan ( \Z:;_jz ) Yy + ¢
(4ab 3 Cz)é (4ab - c2) (b X2 +cx + zz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x"2+c*x+a)”2,x)
[Out] (2%b*x+c)/(4*%axb-c~2)/(b*xx"2+c*x+a)+4*b*xarctan((2xb*xx+c)/(d*xa*xb-c~2)~(1/2))
/ (4xaxb-c~2)~(3/2)

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+c*x+a)”~2,x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(c~2-4*a*b>0)', see “assume?” for mo

re details)Is c~2-4*axb positive or negative?

mupad [B] time = 0.17, size = 119, normalized size = 1.68

2b(c3—4abc> 42 x
- 4ab-c?
[ (4 a b—cz)5/2 (4 a b—c2)3/2 ( e )

4 batan 7
c + 2bx
dab—c2  4ab-c%
2 32
bx*+cx+a (4ab—c2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + c*x + b*x72)72,x)

[Out] (c/(4xaxb - c~2) + (2*xb*xx)/(4d*xaxb - c~2))/(a + c*xx + b*x"2) - (4xbxatan((((
2%b*x(c”3 - 4xaxbxc))/(4dxaxb - c~2)7(5/2) - (4x¥b~2*xx)/(4dxaxb - c~2)7(3/2))*(

4xaxb - ¢72))/(2xb)))/(4*xaxb - c~2)~(3/2)

time = 0.59, size = 265, normalized size = 3.73

-32a%b> |- ! = +16ab*c* |- ! = —2bc* |- ! =+ 2bc
2 2 2

oy |- 1 log - (4ab—c) (4ab—c) (4ab—c) b |-
(4ab - )’ 4 (

Verification of antiderivative is not currently implemented for this CAS.

sympy [B]

[In] integrate(1/(b*x**2+c*x+a)**2,x)

[Out] -2xbxsqrt(-1/(4*xaxb - c**2)**3)*log(x + (-32%a*x*2xb**3xsqrt(-1/(4*axb - c*x
2)*%3) + 16%axb**2kcx*k2xsqrt(-1/(4*%axb - c**2)**3) - 2xbkxck*d*xsqrt(-1/(4*ax

b — c**2)*%3) + 2*bkc)/(4*xb*x2)) + 2xbxsqrt(-1/(4*a*xb - c**2)**x3)xlog(x + (
32kax*2xb**3*%sqrt (-1/ (4*axb — cx*2)**3) — 16%a*xbx*2xc**2*xsqrt(-1/(4*a*xb - ¢
*x%2)**k3) + 2*bkckxd*xsqrt(-1/(4*a*xb - c**2)*x3) + 2xb*c)/(4*xbx*2)) + (2xb*x

+ c)/(4xa*xx2xb — akxcx*2 + x*x*2% (4d*kaxbx*2 — bkxckx*2) + xx(4d*kaxbxc — c**3))
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3.96  [————dx

(b+2ax+bx2)

Optimal. Leaf size=72

~ a+ bx
) (az _ b2)3/2 2 (az - bz) (Zax + bx? + b)

[Out] 1/2*(-b*x-a)/(a"2-b"2)/(b*x~2+2*ax*x+b)+1/2*xb*xarctanh((b*x+a)/(a~2-b"2)"(1/2
))/(a”2-b"2)"(3/2)

Rubi [A] time = 0.04, antiderivative size = 72, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 13,

number of rules _ () 231, Rules used = {614, 618, 206}

integrand size

-1 a+bx
brann! (22

a+ bx

) (az _ b2)3/2 2 (a2 - bz) <2ax + bx? + b)

Antiderivative was successfully verified.
[In] Int[(b + 2*a*x + b*xx"2)"(-2),x]

[Out] -(a + b*x)/(2*%(a"2 - b"2)*(b + 2*%a*x + b*x72)) + (b*ArcTanh[(a + b*x)/Sqrt[
a™2 - b72]1)/(2x(a"2 - b72)7(3/2))

Rule 206
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/

Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 614

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)¥(a + b*xx + c*xx”2)7(p + 1))/((p + 1)*(b"2 - 4xax*xc)), x] - Dist[(2xc*(2*p +
3))/((p + D)*x(b~2 - 4*axc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Q[{a, b, c}, x] & NeQ[b~2 - 4%a*c, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
eger(Q [4x*p]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rubi steps
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f 1 dx = — a+bx _ b f b+2u31c+bx2 dx
(b +2ax + bxz)z 2(a2-12) (b+2ax +bx?)  2(a%-1?)
by b Subst ( f m dx,x,2a + 2bx)
=- +
2 (a2 - bz) (b + 2ax + bxz) a? - b?
- a+b.
o b branh™ ()

2 (a2 - bz) (b +2ax + bxz) ’ ) (az _ 52)3/2

Mathematica [A] time = 0.04, size = 72, normalized size = 1.00

btan_l( a+bx )

a+ bx . Nz
2 (bZ - aZ) (Zax + b2 + b) ) (b2 _ a2)3/2

Antiderivative was successfully verified.

[In] Integrate[(b + 2xa*x + b*x~2)7(-2),x]

[Out] (a + b*x)/(2x(-a"2 + b72)*(b + 2*a*x + b*x72)) + (bxArcTan[(a + b*x)/Sqrt[-
a”2 + b"2]]1)/(2x(-a"2 + b~2)~(3/2))

fricas [B] time = 0.95, size = 317, normalized size = 4.40

bx?+2 ax+b

2.2 2_12_9A[g2_
2a% - 2ab* + (b2x2 +2abx + bz)\/az -2 log (b ©r2abvi2a b2 Vel (bx+u)) +2 (azb - b3)x a® - ab? -

7

4 (a4b —2a2b3 + b5 + (a4b —2a2b3 + b5)x2 +2 (a5 -2a3b2 + ab4)x) 2 (a‘

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+2%a*x+b)~2,x, algorithm="fricas")

[Out] [-1/4%(2%xa”3 - 2*axb”2 + (b~2*x"2 + 2%a*xbxx + b~2)*sqrt(a”2 - b~2)*log((b~2
*x"2 + 2%axb*x + 2*%a”2 - b2 - 2*sqrt(a”2 - b72)*(b*x + a))/(b*x"2 + 2xax*x

+ b)) + 2%(a"2xb - b~3)*x)/(a"4xb - 2%¥a"2*b"3 + b5 + (a"4*b - 2xa”2*b~3 +
b75)*x”2 + 2*(a”5 - 2*%a"3*b"2 + axb"4)*x), -1/2%(a”3 - a*b”2 - (b72*%x"2 + 2
xaxb*x + b~2)*sqrt(-a”2 + b~2)*arctan(-sqrt(-a”2 + b~ 2)*(b*x + a)/(a"2 - b~

2)) + (a”2%b - b73)*x)/(a"4*xb - 2*¥a"2%b"3 + b"5 + (a"4*b - 2%¥a"2*b”"3 + b~5)

*x"2 + 2*%(a”h5 - 2*a”3*b”2 + a*b~4)*x)]

giac [A] time = 0.51, size = 75, normalized size = 1.04

b t bx+a
arctan| 7——s bx+a

2 (az - bz)\/—az + b? 2 (bx2 +2ax + b)(az - bz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+2%a*x+b)~2,x, algorithm="giac")

[Out] -1/2*b*arctan((b*x + a)/sqrt(-a”2 + b~2))/((a”2 - b~ 2)*sqrt(-a”2 + b~2)) -
1/2x(b*x + a)/((b*x"2 + 2*%a*xx + b)*(a”2 - b72))
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maple [A] time = 0.05, size = 86, normalized size = 1.19

ob t 2bx+2a
arctan |\ o 2bx + 2a

(—4a2 + 4b2) V—-a2 + b2 * (—4112 + 4b2) (b x2 + 2ax + b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b*x~2+2*a*xx+b)~2,x)

[Out] (2%bkxx+2%a)/(-4%a~2+4%b~2)/(b*x~2+2*%a*xx+b)+2%b/ (-4*a~2+4*xb~2) / (-a~2+b"2) ~ (1
/2)*xarctan (1/2% (2xb*xx+2%a)/(-a~2+b~2)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x~2+2%a*x+b)~2,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see “assume?” for

more details)Is 4*a~2-4*b~2 positive or negative?

mupad [B] time = 0.32, size = 107, normalized size = 1.49

a bx bat —a31li-lixa? b+ab? li+1lix B3 .,
2(2-17) " 2(2-p2) 7D (a+)* (a-b)¥?
bx2+2ax+b 2(a+ b (a - b)>?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b + 2*xa*x + b*x"2)72,x)

[Out] (b*atan((axb™2%1i + b~ 3*x*1i - a~3*%1i - a~2xb*xx*x1i)/((a + b)~(3/2)*(a - b)~
(3/2)))*1i)/(2*x(a + b)~(3/2)*(a - b)~(3/2)) - (a/(2*x(a"2 - b~2)) + (b*x)/(2
*(a”2 - b72)))/(b + 2*axx + b*x"2)

sympy [B] time = 0.55, size = 230, normalized size = 3.19

—a%b — +2a2p3 L +ab-b° —r atb !
V (a-b)>(@+b)° (@=b)>(a+b)° (a=b)>(a+b)° 1 (a=b)>(a+1
7 b,|—5—— log|x + ————

(a=b)*(a+b)®

— 1 _log|x+
(a-b)>(a+b)® 081 *

+

4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(b*x**2+2%a*xx+b)**2,x)

[Out] -b*sqrt(1/((a - b)**3x(a + b)**3))*log(x + (-a*x*4*xbxsqrt(1/((a - b)*x3*(a +
b)**3)) + 2xax*2xb**x3xsqrt(1/((a - b)**3*(a + b)**3)) + a*xb - b**5xsqrt(1/
((a = b)**3*(a + b)**3)))/bx*2) /4 + bxsqrt(1/((a - b)**3*(a + b)**3))*log(x
+ (ax*4*xb*xsqrt(1/((a - b)**3x(a + b)**3)) - 2ka*x*x2xbx*3*sqrt(1/((a - b)**3
*(a + b)**3)) + a*xb + b**xbxsqrt(1/((a - b)**3*(a + b)**3)))/b**2)/4 + (-a -
bxx) / (2%a*x*x2xb — 2%b**x3 + x*x*x2kx (2ka*x*x2xb — 2*b**x3) + xkx(4d*ka*x*3 — 4kxakxb*xx2)

)
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3.97  [———dx

(b+2ax—bx2)

Optimal. Leaf size=69

btanh™! ( aby )

_ a-bx ~ V22
2 (a2 + bz) (Zax - bx? + b) (az " 52)3/2

[Out] 1/2*(b*x-a)/(a"2+b~2)/(-b*x"2+2*ax*xx+b)-1/2*b*arctanh((-b*x+a)/(a"2+b~2) " (1/
2))/(a"2+b"2)"(3/2)

Rubi [A] time = 0.03, antiderivative size = 69, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,
number of rules _ ) 914, Rules used = {614, 618, 206}

integrand size

) 4 - bx _btanh_ (\/Zi)
2 (a2 + bz) (Zax - bx? + b) (a2 " b2)

Antiderivative was successfully verified.
[In] Int[(b + 2*a*x - b*xx"2)"(-2),x]

[Out] -(a - b*x)/(2*%(a"2 + b"2)*(b + 2*a*x - b*x72)) - (b*ArcTanh[(a - b*x)/Sqrt[
a2 + b™2]1)/(2%(a”2 + b72)7(3/2))

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 614

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)¥(a + b*xx + c*xx”2)7(p + 1))/((p + 1)*(b"2 - 4xax*xc)), x] - Dist[(2xc*(2*p +
3))/((p + 1)*x(b"2 - 4*axc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Q[{a, b, c}, x] & NeQ[b~2 - 4%a*c, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
eger(Q [4x*p]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*ax*xc, 0]

Rubi steps
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1 a - bx bf L dx
f dez_ +
oz AR ) 2
~ 1— by bSubst(fmdxxm 2bx)
_2(a2+b2) (b+2ax—bx2) B 2112
_ a— bx btanh™ (\/i)
2(a2+b2) (b+2ax—bx2) ( )

Mathematica [A] time = 0.06, size = 78, normalized size = 1.13

btan_l( bx—a )

bx—a _ V_2_p2
2ax—bx2+b N_2_p2
2 (az - bz)

Antiderivative was successfully verified.

[In] Integrate[(b + 2*axx - b*x~2)~(-2),x]

[Out] ((-a + bxx)/(b + 2*a*x - b*x"2) - (b*ArcTan[(-a + bxx)/Sqrt[-a”2 - b~2]])/S
grt[-a”2 - b72])/(2x(a"2 + b~2))

fricas [B] time = 0.96, size = 171, normalized size = 2.48

2.2 2,129 72212 (hy_
2a3+2ab2+(b2x2—2abx—b2)‘/a2+b2 log(bx 2 abx+2 a“+b“+2 Va¢+b4 (bx a))—Z(a2b+b3)x

bx2-2 ax—b

4 (a4b +2a203 + b - (a4b +2a%b% + b5)x2 +2 (a5 +2a30% + ab4)x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b*x~2+2*a*x+b)~2,x, algorithm="fricas")

[Out] -1/4%(2%a”3 + 2*a*xb”2 + (b72%x"2 - 2*axb*x - b"2)*sqrt(a™2 + b72)*log((b~2*
X72 - 2%axbxx + 2%a”2 + b72 + 2xsqrt(a”2 + b"2)*(b*x - a))/(b*x"2 - 2%axx -

b)) - 2%(a”2%b + b~3)*x)/(a"4xb + 2*xa”2%b"3 + b"5 - (a"4*xb + 2*a"2*b”3 + b
TB)*xx”2 + 2%x(a”h + 2%xa”3*b"2 + a*b”4)*x)

giac[A] time = 0.53, size = 90, normalized size = 1.30
|2bx 2a- 2\/a2+b2|)

b Og(|2bx 2 a+2 Va2 +b? | bx-a

4 (a2 4 bz)z (bxz —2ax — b)(gz + bz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b*x~2+2*a*xx+b)~2,x, algorithm="giac")

[Out] -1/4xb*xlog(abs(2*¥bxx - 2%a - 2*sqrt(a”2 + b~2))/abs(2*b*x - 2%xa + 2*sqrt(a”
2 +Db72)))/(@2 + b72)7(3/2) - 1/2x(b*x - a)/((b*x"2 - 2*a*x - b)*(a”2 + b~
2))

maple [A] time = 0.05, size = 84, normalized size = 1.22

2bx—2a
Zbarctanh(zm) by — 24

(—4a2 — 4b2) Va2 + b? * (—4012 - 4b2) (b x2 —2ax — b)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-b*x~2+2*ax*xx+b)~2,x)

[Out] (2*b*x-2%a)/(-4*a~2-4*xb~2)/(b*xx"2-2*%a*xx-b)-2%b/(-4*a~2-4%b~2)/(a"2+b"2) " (1/
2)*arctanh (1/2*(2xb*xx-2*a)/(a"2+b"2)~(1/2))

maxima [A] time = 2.84, size = 97, normalized size = 1.41

blo (bx—u—\/m )

& bx—a+\/1m + bx—a
2 2 (azb + b3 - (azb + b3)x2 +2 (a3 + abz)x)

4 (a2 + bz)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-b*x~2+2*a*xx+b)~2,x, algorithm="maxima")

[Out] -1/4%b*xlog((b*x - a - sqrt(a”™2 + b72))/(b*x - a + sqrt(a™2 + b72)))/(a"2 +
b~2)7(3/2) + 1/2%(b*x - a)/(a"2*%b + b™3 - (a™2%b + b73)*x"2 + 2%(a”3 + axb”
2) *x)

mupad [B] time = 0.32, size = 100, normalized size = 1.45

b ab?li+ad li-bx (a2+b2) 1i i
a__ x b atan 3 1i
2 (a2+b2) 2 (a2+b2) (a2+b2)
~bx2+2ax+Db 2@2+Wfﬂ

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(b + 2*xa*x — b*x"2)72,x)

[Out] (b*atan((a*xb™2x1i + a~3*1i - b*x*(a"2 + b"2)*1i)/(a"2 + b~2)~(3/2))*1i) /(2%
(2”2 + b72)7(3/2)) - (a/(2%(@a"2 + b™2)) - (b*x)/(2%(a"2 + b™2)))/(b + 2%axx
- b*xx"2)

sympy [B] time = 0.60, size = 218, normalized size = 3.16

—a* —2azb3 —ab b5 a%b ! 3+2a2b3 —
2+b2 2+b2 2+b2 (a2+b2) (a2+
—— log|x +
az+b2

1
b log|x +
(a2+b2) &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-bxx**2+2%a*x+b)**2,x)

[Out] -b*xsqrt((a**2 + b*x2)*x*x(-3))*log(x + (-a*xx4*xbxsqrt((a**2 + b*x2)*x(-3)) - 2
xax*x2*xbx*3xsqrt ((a**2 + b**x2)*x(-3)) - axb - bxxbkxsqrt((a*x*2 + b**2)**(-3))
)/b*x2) /4 + bkxsqrt((a*x*2 + b*x2)**x(-3))*log(x + (a*x*4xb*xsqrt((a*x*2 + b*x2)x*
*(=3)) + 2xax*x2xb**3ksqrt ((a**2 + b**2)**(-3)) - a*b + b**5*sqrt((a*x*2 + bx*
*2)%%x(=3)))/b*x*x2) /4 + (a - b*x)/(-2*%a*x*2xb — 2xb*x*3 + x**2%(2%ax*x2xb + 2%bx

*3) + x*k(—4*xax*3 — 4kxaxbx*x2))
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398 | 1 dx

(%)2/n+x2—2(%)gx Cos(n_zkn)

Optimal. Leaf size=62

a\~n 7T — 21k B 7t — 27tk a\~n 7T — 27tk
- (—) CScC tan cot -X (—) CcSc
b n n b n

[Out] arctan(-cot((-2*Pi*k+Pi)/n)+x*csc((-2*xPi*xk+Pi)/n)/((a/b)~(1/n)))*csc((-2*Pi
*xk+Pi) /n)/((a/b)~(1/n))

Rubi [A] time = 0.16, antiderivative size = 62, normalized size of antiderivative

= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 40,
number of rules _ 5 050, Rules used = {618, 204}

integrand size
a\~n 7T — 21k B 7T — 27k a\~n 7T — 27k
- (—) CSscC tan cot -X (—) CcSsc
b n n b n

Antiderivative was successfully verified.

[In] Int[((a/b)~(2/n) + x~2 - 2*%(a/b)"n~(-1)*x*Cos[(Pi - 2*k*Pi)/n])~(-1),x]

[Out] -((ArcTan[Cot[(Pi - 2%k*Pi)/n] - (x*Csc[(Pi - 2%k*Pi)/n])/(a/b)"n~(-1)]*Csc
[(Pi - 2xk*Pi)/n])/(a/b)"n~(-1))

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] &&% NeQ[b~2 - 4xax*c, 0]

Rubi steps

b

a7 7 —2kTt a\~/n 7 —2kmt m—
= - (—) tan cot - (—) X CSC CSC| ——
b n b n 7

1 1 -
f - dx = —|2Subst f 7 dx,x,2x —2 (E) cC
)2/71 n—an) 12 _ 4 (”) (1 _ COSZ (”‘_2"")) b
n n

Mathematica [A] time = 0.10, size = 65, normalized size = 1.05

1
n—-21k a\y,
(a)‘l/” (n—2nk) . tan( 2n )((E) +x)
csc| — | tan™

b n

Antiderivative was successfully verified.
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[In] Integrate[((a/b)~(2/n) + x72 - 2x(a/b) "n~(-1)*x*Cos[(Pi - 2xk*Pi)/n])~(-1),
x]

[Out] (ArcTan[(((a/b)"n~(-1) + x)*Tan[(Pi - 2xk*Pi)/(2*n)])/((a/b)"n~(-1) - x)]1*C
sc[(Pi - 2xk*Pi)/n])/(a/b)"n~(-1)

fricas [A] time = 1.26, size = 89, normalized size = 1.44
) eon(izt-2)
() sn(2-2)

1
() a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((a/b)~(2/n)+x"~2-2%(a/b)~(1/n)*x*cos ((-2xpi*k+pi)/n)),x, algori
thm="fricas")

[Out] -arctan(((a/b)~(1/n)*cos(2*pixk/n - pi/n) - x)/((a/b)~(1/n)*sin(2*pi*k/n -
pi/n)))/((a/b)~(1/n)*sin(2%pixk/n - pi/n))

giac [A] time = 0.57, size = 100, normalized size = 1.61

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/((a/b)~(2/n)+x"2-2%(a/b)~(1/n)*x*cos ((-2xpixk+pi)/n)),x, algori
thm="giac")

[Out] arctan(-((a/b)~(1/n)*cos(-2*pi*k/n + pi/n) - x)/(sqrt(-cos(2*pi*k/n - pi/n)
2 + 1)*(a/b)~(1/n)))/(sqrt(-cos(2*pi*k/n - pi/n)~2 + 1)*(a/b)~(1/n))

maple [A] time = 0.57, size = 111, normalized size = 1.79

arctan

e
e (oo (=2) -y

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a/b)~(2/n)+x~2-2%(a/b) " (1/n)*x*cos ((-2*Pixk+Pi)/n)),x)

[Out] 1/(-cos(Pi*x(2xk-1)/n) " 2x((a/b)~(1/n))"2+(a/b)~(2/n)) " (1/2)*arctan(1/2* (2*xx-
2xcos (Pi*(2xk-1) /n)*(a/b)~(1/n))/(-cos(Pi* (2xk-1)/n) "2*x((a/b) " (1/n)) " 2+(a/b
)" (2/n))~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/((a/b)~(2/n)+x"2-2*(a/b)~(1/n)*x*cos ((-2*pi*k+pi)/n)),x, algori
thm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(1>0)', see “assume?  for more detai

1s)Is 1 zero or nonzero?

mupad [B] time = 0.25, size = 110, normalized size = 1.77

IQ2k-1)\ fa\l/n
x_cos( n )(5)

\/COS(H(znk_l))—l \/COS(n(znk-1))+ . (g)l/n
_ _ 1
\/COS(IIQk D)-—]_\/cos(IIQk ”)_+]_(Z)/”
n n b

Verification of antiderivative is not currently implemented for this CAS.

atanh

[In] int(1/((a/b)~(2/n) + x~2 - 2*x*cos((Pi - 2*Pixk)/n)*(a/b)~(1/n)),x)

[Out] -atanh((x - cos((Pix*(2xk - 1))/n)*(a/b)~(1/n))/((cos((Pi*(2xk - 1))/n) - 1)
~(1/2)*(cos ((Pix(2xk - 1))/n) + 1)~ (1/2)*(a/b)~(1/n)))/((cos((Pi*(2xk - 1))
/n) - 1)7(1/2)*x(cos((Pi*(2xk - 1))/n) + 1)~ (1/2)*(a/b)~(1/n))

sympy [B] time = 0.98, size = 212, normalized size = 3.42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((a/b)**(2/n)+x**2-2%(a/b)**(1/n)*x*cos((-2xpi*k+pi)/n)),x)

[Out] -sqrt((a/b)**(-2/n)/(cos(pi*(2*¥k - 1)/n)**2 - 1))*log(x - (a/b)**(1/n)*cos(
2xpixk/n - pi/n) - sqrt((a/b)**x(-2/n)/(cos(pi*(2*k - 1)/n)**2 - 1))*(-2*x(a/
b)**(2/n)*cos (2*xpixk/n - pi/n)**2 + 2x(a/b)**x(2/n))/2)/2 + sqrt((a/b)**(-2/
n)/(cos(pi*(2*xk - 1)/n)**2 - 1))*log(x - (a/b)**(1/n)*cos(2*pixk/n - pi/n)

+ sqrt((a/b)**(-2/n) /(cos(pi*(2¥k - 1)/n)**2 - 1))*(-2x(a/b)**(2/n)*cos (2*p

ixk/n - pi/n)**2 + 2%(a/b)**(2/n))/2)/2



317

1
3.99 d
f ab+ Vb2 —4ab3 x—b2x2 X

Optimal. Leaf size=33

—1 [ 2b2x— Vb2 —4ab3
2t (VT

b
[Out] 2*arctanh((2*¥b~2*x-(-4*axb~3+b~2)~(1/2))/b)/b

Rubi [A] time = 0.04, antiderivative size = 58, normalized size of antiderivative
= 1.76, number of steps used = 3, number of rules used = 2, integrand size = 30,

number of rules _ ) 067, Rules used = {616, 31}

integrand size

log (—«/bz " 4al® + 2P + b) log (\/bz ~4al? — 2bPx + b)
b - b

Antiderivative was successfully verified.
[In] Int[(axb + Sqrt[b~™2 - 4*xa*xb”3]*x - b~ 2*x72)7(-1),x]

[Out] -(Log[b + Sqrt[b~2 - 4*axb~3] - 2*b~2*x]/b) + Loglb - Sqrt[b~2 - 4*axb~3] +
2%b~2*x] /b

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 616

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rubi steps

1 1
dx=—|b f dx|+b f dx
f ab + Vb2 — 4ab3 x — b%2x? % (—b + Vb2 = 4ab3) b2y (b +Vp2 - 4ab3) b2x
log (b VP2 —dal? - 2b2x) log (b NP —aab + 2b2x)

= b " b

Mathematica [A] time = 0.03, size = 34, normalized size = 1.03

2 tanh™! (szx—\/—bz(élab—l) )

b

b
Antiderivative was successfully verified.

[In] Integratel[(axb + Sqrt[b~2 - 4xa*b”3]*x - b~ 2*x72)7(-1),x]
[Out] (2xArcTanh[(-Sqrt[-(b~2*(-1 + 4xa*b))] + 2xb~2xx)/bl)/b
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time = 1.29, size = 63, normalized size = 1.91

( 2 Px+b-V_dabP b2 ) log (2 Px—b—\—d abP+ 12 )
b b

fricas [B]

log

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axb-b~2%x~2+x*(-4*axb~3+b"2)"(1/2)),x, algorithm="fricas")
[Out] (log((2*xb~2%x + b - sqrt(-4*a*xb~3 + b72))/b) - log((2*%b~2*x - b - sqrt(-4xa

*b~3 + b~2))/b))/b
time = 0.53, size = 56, normalized size = 1.70

| |z Px—V—4ab+1 |b|—|b||

(6]

& |2b2x—\/—4ub+1|b|+|b||
14

giac [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axb-b~2%x~2+x*(-4*axb~3+b~2)"(1/2)),x, algorithm="giac")

[Out] -log(abs(2*b~2%x - sqrt(-4*axb + 1)*abs(b) - abs(b))/abs(2*b~2xx - sqrt(-4*
axb + 1)*abs(b) + abs(b)))/abs(b)

time = 0.08, size = 31, normalized size = 0.94

b2yt A/ (Aab—1\52
2 arcta nh( 2b x+\/b(4ub 1)b )

b

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*b-b~2%x~2+x*(-4*axb~3+b"2)"(1/2)),x)

[Out] -2/b*arctanh((-2xb~2*x+(-b~ 2% (4*xa*xb-1))"(1/2))/b)

time = 1.39, size = 55, normalized size = 1.67
(szx—b—\/—4 b3 +12 )

lo
& 2 2x+b— V-4 ab3+b?
b

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*b-b~2*x~2+x*(-4*a*xb~3+b~2)~(1/2)),x, algorithm="maxima")

[Out] -log((2%b~2%x - b - sqrt(-4*a*b”3 + b~2))/(2%b"2xx + b - sqrt(-4*a*b”3 + b~
2))) /b

mupad [B] time = 0.26, size = 38, normalized size = 1.15

2 atanh V2-4413 _2b2x
G

) VP2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(axb + x*x(b"2 - 4*axb”3)"(1/2) - b™2*xx"2),x)
[Out] -(2*%atanh((b~2 - 4*a*xb~3)"(1/2)/(®b"2)"(1/2) - (2%b™2*x)/(©®"2)"(1/2)))/(b"2)

~(1/2)
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sympy [B] time = 0.29, size = 56, normalized size = 1.70

2b 2b?

( 1 vﬂmw+#) ( 1 vﬂmm+w)
log|x—=-—5—|-log|x+ - —5—

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axb-b¥*2¥x**2+x* (~4*xaxbk*x3+b**2)**x(1/2)),x)

[Out] -(log(x - 1/(2%b) - sqrt(-4*a*xb*x*3 + bx*2)/(2xb*xx2)) - log(x + 1/(2%b) - sq
rt(-4xaxb**3 + b**x2)/(2xb**2))) /b
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1
3100 | dx
ab—Vb2—4ab3 x—b2x?
Optimal. Leaf size=31
2 tanh ™ ( Vb2—4a:3 +2b2x)
b

[Out] 2*arctanh((2¥b~2*xx+(-4*axb~3+b"2)~(1/2))/b)/b

Rubi [A] time = 0.03, antiderivative size = 58, normalized size of antiderivative
= 1.87, number of steps used = 3, number of rules used = 2, integrand size = 31,

number of rules _ ) 065, Rules used = {616, 31}

integrand size

log (\/bz "4ab? + 2% + b) log (—\/bz “4al® — 20y + b)
b - b

Antiderivative was successfully verified.
[In] Int[(axb - Sqrt[b~2 - 4*%a*xb”3]*x - b~ 2*x72)7(-1),x]

[Out] -(Loglb - Sqrt[b~2 - 4*axb~3] - 2*b~2*x]/b) + Loglb + Sqrt[b~2 - 4*axb~3] +
2%b~2*x] /b

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 616

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rubi steps

1 1 1
f dx = —|b f dx|+b f
ab — Vb2 — 4ab3 x — b2x? %(—b—w/b2—4ab3)—b2x %(b—\/b2—4ab3)—b2x
log (b NP —2abp® - 2b2x) log (b + VB2 —dal? + 2b2x)

B b i b

dx

Mathematica [A] time = 0.03, size = 32, normalized size = 1.03

2 tanh™! ( v-b2(4ab-1) +2b2x)

b

b
Antiderivative was successfully verified.

[In] Integratel[(axb - Sqrt[b~2 - 4xa*b”3]*x - b~ 2*x72)7(-1),x]
[Out] (2xArcTanh[(Sqrt[-(b"2x(-1 + 4*axb))] + 2%b~2*x)/b])/b
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time = 0.86, size = 59, normalized size = 1.90

(2b2x+b+ Ny ) (2b2x—b+ Vaap+n? )
log —log

fricas [B]

b b

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axb-b~2%x~2-x*(-4*axb~3+b"2)"(1/2)),x, algorithm="fricas")
[Out] (log((2*b~2%x + b + sqrt(-4*a*xb~3 + b72))/b) - log((2*%b~2*%x - b + sqrt(-4xa

*b~3 + b~2))/b))/b
time = 0.55, size = 54, normalized size = 1.74

| |2 Px+V—4ab+1 |b|—|b||

Q)

& |2b2x+\/—4ab+1 |b|+|b||
14

giac [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axb-b~2%x~2-x*(-4*axb~3+b~2)"(1/2)),x, algorithm="giac")
[Out] -log(abs(2*b~2*x + sqrt(-4*axb + 1)xabs(b) - abs(b))/abs(2*b~2xx + sqrt(-4*

axb + 1)*abs(b) + abs(b)))/abs(b)
time = 0.05, size = 31, normalized size = 1.00

maple [A]
2/ (dab—
2 arcta nh(Zb X+ ;4ub 1)b2)
b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*b-b~2%x~2-x*(-4*axb~3+b"2)~(1/2)),x)
[Out] 2/b*arctanh((2xb~2*x+(-(4*axb-1)*b~2)~(1/2))/b)
time = 1.32, size = 51, normalized size = 1.65
lo 2b2x—b+ V-4 ab3+b2
& 2 b2x+b+ V-4 ab3+b?
b

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*b-b~2*x~2-x*(-4*a*xb~3+b~2)~(1/2)),x, algorithm="maxima")

[Out] -log((2%b~2%x - b + sqrt(-4*a*b”3 + b~2))/(2%b"2%x + b + sqrt(-4*a*b”3 + b~
2))) /b

mupad [B] time = 0.13, size = 38, normalized size = 1.23

V2-4ab3 282x
Zatanh( T +\/ﬁ)

\/b_z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(x*(b"2 - 4*xa*xb~3)"(1/2) - axb + b"2*xx"2),x)
[Out] (2*xatanh((b~2 - 4*a*xb~3)~(1/2)/(b"2)"(1/2) + (2%b~2xx)/(b~2)~(1/2)))/(b~2)~

(1/2)
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sympy [B] time = 0.28, size = 56, normalized size = 1.81

1 Y 1 + V—4ab3+b? oo |x + 1 + V—4ab3+b?
08 2b 212 & 2b 212

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axb-b¥*2¥x**2-x* (~4*xaxbk*x3+b**2)**x(1/2)),x)

[Out] -(log(x - 1/(2%b) + sqrt(-4*a*xb*x*3 + bx*2)/(2xb*xx2)) - log(x + 1/(2%b) + sq
rt(-4xaxb**3 + b**x2)/(2xb**2))) /b
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3101 [————dx

1+x2+2x cos(;)

o)

[Out] arctan((x+cos(1/7))*csc(1/7))*csc(1/7)

Optimal. Leaf size=17

Rubi [A] time = 0.02, antiderivative size = 17, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {618, 204}

o)

Antiderivative was successfully verified.

integrand size

[In] Int[(1 + x72 + 2*x*Cos[1/7])"(-1),x]
[Out] ArcTan[(x + Cos[1/7]1)*Csc[1/7]1]1*Csc[1/7]
Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] [l LtQ[b, 0])

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rubi steps

1 1 1
f N dx = —|2Subst f ” dx,x,2x + 2 cos (;)
1+ x2 + 2x cos (;) —x2—4sin2( )

TR L

Mathematica [A] time = 0.02, size = 19, normalized size = 1.12

(x —1) tan L
csc (1 ) tan™! (14)

7 x+1

Antiderivative was successfully verified.

[In] Integrate[(1l + x72 + 2x*x*Cos[1/7])7(-1),x]
[Out] ArcTan[((-1 + x)*Tan[1/14]1)/(1 + x)1*Csc[1/7]
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fricas [A] time = 1.11, size = 15, normalized size = 0.88
x+c0s(;)
sin(%)
(1
sin 7

Verification of antiderivative is not currently implemented for this CAS.

arctan (

[In] integrate(1l/(1+x”2+2xx*cos(1/7)),x, algorithm="fricas")
[Out] arctan((x + cos(1/7))/sin(1/7))/sin(1/7)

giac [B] time = 0.47, size = 27, normalized size = 1.59

x+cos( 5
COS 7

1 2
—cos(;) +1

1\2
—cos(;) +1

arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+x~2+2*x*cos(1/7)),x, algorithm="giac")
[Out] arctan((x + cos(1/7))/sqrt(-cos(1/7)"2 + 1))/sqrt(-cos(1/7)"2 + 1)

maple [B] time = 0.24, size = 33, normalized size = 1.94

|
1)

ol

Verification of antiderivative is not currently implemented for this CAS.

2x+2 COS(

S

arctan

[In] int(1/(1+x~2+2*x*cos(1/7)),x)
[Out] 1/(1-cos(1/7)"2)"(1/2)*arctan(1/2*(2*xx+2*cos(1/7))/(1-cos(1/7)"2)"(1/2))

maxima [B] time = 2.95, size = 27, normalized size = 1.59

1
X+COS(7)

2
—cos(;) +1

2
—cos(;) +1

arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+x~2+2*x*cos(1/7)),x, algorithm="maxima"

[Out] arctan((x + cos(1/7))/sqrt(-cos(1/7)"2 + 1))/sqrt(-cos(1/7)72 + 1)
mupad [B] time = 0.12, size = 27, normalized size = 1.59

X+COS(;)

1—cos(;)2

2
1
1-cos (;)

atan
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(2*x*cos(1/7) + x~2 + 1),x)
[Out] atan((x + cos(1/7))/(1 - cos(1/7)72)"(1/2))/(1 - cos(1/7)72)"(1/2)
sympy [C] time = 0.19, size = 165, normalized size = 9.71

icosz(;) ] (1) B
\/1 COS ; \/COS \/1—cos(;) \/cos(;)+1 Zlog oo 7 \/1—COS(;) \/COS(;)+1
+

1
ilog x+cos( )

el el = E

Verification of antiderivative is not currently implemented for this CAS.

N =

[In] integrate(1/(1+x**2+2*x*cos(1/7)),x)

[Out] -I*log(x + cos(1/7) - I/(sqrt(l - cos(1/7))*sqrt(cos(1/7) + 1)) + I*xcos(1/7
)*x2/(sqrt (1 - cos(1/7))*sqrt(cos(1/7) + 1)))/(2*sqrt(l - cos(1/7))*sqrt(co
s(1/7) + 1)) + Ixlog(x + cos(1/7) - Ixcos(1/7)*x2/(sqrt(1 - cos(1/7))*sqrt(
cos(1/7) + 1)) + I/(sqrt(1 - cos(1/7))*sqrt(cos(1/7) + 1)))/(2*sqrt(l - cos
(1/7))*sqrt(cos(1/7) + 1))
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3102 [———dx

1+x2+2x cos(;)

Optimal. Leaf size=23

cse (7)o (rese ) + 13

[Out] arctan(cot(1/7*Pi)+x*csc(1/7*Pi))*csc(1/7*Pi)

Rubi [A] time = 0.03, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 16,

number of rules _ ) 125, Rules used = {618, 204}

ese () o [ese(7) (e s (7))

Antiderivative was successfully verified.

integrand size

[In] Int[(1 + x~2 + 2*x*Cos[Pi/7]) "~ (-1),x]
[Out] ArcTan[(x + Cos[Pi/7])*Csc[Pi/7]]*Csc[Pi/7]
Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] Il LtQ[b, 0])

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1
f — dx = —[2Subst f — dx,x,2x + 2 cos (E)
1+ x2 +2xcos(7) —x2 —4sin2(7) 7
= tan! ((x + cos (;)) cSsc (g)) CcSsc (;)

Mathematica [B] time = 0.04, size = 56, normalized size = 2.43

> tan-1 22—(-1)07+ {1
V2~ (DT + (1)

V2 - (127 + (1)

Warning: Unable to verify antiderivative.

[In] Integrate[(1 + x72 + 2xx*Cos[Pi/7])~(-1),x]

[Out] (2xArcTan[((-1)7(1/7) - (-1)7(6/7) + 2*x)/Sqrt[2 - (-1)7(2/7) + (-1)7(5/7)]
1)/8qrt[2 - (-1)7(2/7) + (-1)7(5/7)]

fricas [A] time = 0.87, size = 21, normalized size = 0.91
X+COS(; 7'()
sin(; 7'[)
in (1
sin| 7 7

arctan (
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+x~2+2*x*cos(1/7*pi)),x, algorithm="fricas")
[Out] arctan((x + cos(1/7*pi))/sin(1/7*pi))/sin(1/7*pi)

giac [A] time = 0.47, size = 33, normalized size = 1.43

1
x+cos(7 T[)

arctan >
1
- cos(; n) +1

. \2
—cos(;n) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+x”2+2*x*cos(1/7*pi)),x, algorithm="giac")
[Out] arctan((x + cos(1/7*pi))/sqrt(-cos(1/7xpi)~2 + 1))/sqrt(-cos(1/7*pi)~2 + 1)

maple [B] time = 0.20, size = 39, normalized size = 1.70

arctan (

1= (cos? (7))

Verification of antiderivative is not currently implemented for this CAS.

2x+2 cos(;) )

[In] int(1/(1+x~2+2*x*cos(1/7*Pi)),x)

[Out] 1/(1-cos(1/7*Pi)~2)~(1/2)*arctan(1/2*(2*xx+2*xcos(1/7*Pi))/(1-cos(1/7*Pi)~2)~
(1/2))

maxima [A] time = 3.02, size = 33, normalized size = 1.43

1
X+COS(7 7'()

arctan >

1
—cos(; 7'[) +1

1 \2
—cos(;n) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+x”2+2*x*cos(1/7+*pi)),x, algorithm="maxima")
[Out] arctan((x + cos(1/7*pi))/sqrt(-cos(1/7*pi)~2 + 1))/sqrt(-cos(1/7*pi)~2 + 1)

mupad [B] time = 0.30, size = 42, normalized size = 1.83

X+ I
COSs 7

Yol 7)1 o3
\/cos (g) -1 \/cos (%) +1

Verification of antiderivative is not currently implemented for this CAS.

atanh

[In] int(1/(x"2 + 2*x*cos(Pi/7) + 1),x)
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[Out] -atanh((x + cos(Pi/7))/((cos(Pi/7) - 1)~ (1/2)*(cos(Pi/7) + 1)°(1/2)))/((cos
(Pi/7) - 1)°(1/2)*(cos(Pi/7) + 1)°(1/2))

sympy [C] time = 0.59, size = 70, normalized size = 3.04

tog (x-+cos (5) - L) o v+ cos ) + L)
S ' 25in )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+x**2+2*x*cos(1/7*pi)),x)

[Out] -Ixlog(x + cos(pi/7) - Ix(2 - 2*cos(pi/7)*x2)/(2xsin(pi/7)))/(2*sin(pi/7))
+ Ixlog(x + cos(pi/7) + I*(2 - 2%cos(pi/7)**2)/(2%sin(pi/7)))/(2xsin(pi/7))
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3103 [ V5-6x+9x2 dx

Optimal. Leaf size=38

2 (1 1
3 sinh ! (E(3x = 1)) - =(1-3y) 9x2 — 6x + 5
[Out] 2/3*arcsinh(-1/2+3/2%x)-1/6%(1-3%x)* (9%x~2-6*x+5)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 38, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number O 1S _ ().214, Rules used = {612, 619, 215}

integrand size

2 1 (1 1
3 sinh™* (E(Sx - 1)) — 8(1 - 3x)V9x2 — 6x + 5

Antiderivative was successfully verified.

[In] Int[Sqrt[5 - 6*x + 9*x~2],x]

[Out] -((1 - 3*x)*Sqrt[5 - 6*%x + 9*%x~2])/6 + (2*ArcSinh[(-1 + 3%x)/2])/3
Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[all/Rtlb, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && PosQ[bl

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2x*c*x
Y*x(a + b*x + cxx72)7p)/(2xcx(2xp + 1)), x] - Dist[(p*x(b~2 - 4xaxc))/(2*c*x(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 1
V5 — 6x +9x2 dx = ——(1 — 3x)V5 — 6x + 9x? +2f—dx
f 6 V5 - 6x + 9x2

1 1 1
:—g(l—Bx)v5—6x+9x2 +ESUbSt f—z
i+

1 2 1
= _8(1 ~3x)V5 - 6x +9x2 + =sinh™* E(_l + 3x))

3

dx,x,—6 + 18x

Mathematica [A] time = 0.02, size = 39, normalized size = 1.03

2 _ x 1y, 2 il
9x 6x+5(2 G +3smh 2(3x 1)

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[5 - 6*x + 9*x~2],x]
[Out] (-1/6 + x/2)*Sqrt[56 - 6*x + 9%x~2] + (2%ArcSinh[(-1 + 3*x)/2])/3

fricas [A] time = 0.91, size = 40, normalized size = 1.05

1 2
g\/9x2—6x+5(3x—1)—§ log(—3x+\/9x2—6x+5 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2-6%x+5)~(1/2),x, algorithm="fricas")
[Out] 1/6%sqrt(9*x~2 - 6xx + 5)*(3*xx - 1) - 2/3%log(-3*x + sqrt(9*x~2 - 6*x + b5)
+ 1)

giac [A] time = 0.47, size = 40, normalized size = 1.05

2
V9x2—6x+5(3x—1)—§ log(—3x+\/9x2—6x+5 +1)

1
6
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2-6%x+5)~(1/2),x, algorithm="giac")
[Out] 1/6%sqrt(9*x~2 - 6xx + 5)*(3*xx - 1) - 2/3%log(-3*x + sqrt(9*x~2 - 6*x + b5)

+ 1)
time = 0.06, size = 29, normalized size = 0.76

2 inh 3x 1
ez "2)  (sx-6) V9x2 —6x + 5
36

3

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((9%*x~2-6%x+5)"(1/2),x)

[Out] 1/36%(18%x-6)*(9*x~2-6*x+5)~(1/2)+2/3*arcsinh(-1/2+3/2%x)
maxima [A] time = 3.04, size = 38, normalized size = 1.00
3 1

1\/926+5 1\/926+5+2 inh
2 X X X 6 X X 381'811’1 2x 2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((9*x~2-6%x+5)~(1/2),x, algorithm="maxima"
[Out] 1/2*%sqrt(9*x~2 - 6%x + 5)*x - 1/6*sqrt(9*x~2 - 6*x + 5) + 2/3%arcsinh(3/2+*x

- 1/2)
time = 0.08, size = 39, normalized size = 1.03

2In(3x+V9x2-6x+5-1) (x 1) PR
+ X-—0X

3 Z_Z

mupad [B]

2 6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((9*x"2 - 6*x + 5)7(1/2),x%)
[Out] (2xlog(3*x + (9%x72 - 6%x + 5)7(1/2) - 1))/3 + (x/2 - 1/6)*(9%x"2 - 6*%x + b

)~ (1/2)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/9x2—6x+5dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((9*x**2-6%x+5)**(1/2) ,%)

[Out] Integral(sqrt(9*x**2 - 6%x + 5), x)

331
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3104 [ V3 -—4dx—4x? dx

Optimal. Leaf size=30
1 . -1 1
Z\/—4x2—4x+3(2x+1)+sm X+

[Out] arcsin(1/2+x)+1/4* (1+2%x)* (-4*xx~2-4*xx+3) " (1/2)

Rubi [A] time = 0.01, antiderivative size = 30, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number O 1S _ ().214, Rules used = {612, 619, 216}

integrand size

1 1
Z‘V—4x2 —4x+3(2x+1) +sin™ (x + E)

Antiderivative was successfully verified.

[In] Int[Sqrt[3 - 4*x - 4*x72],x]

[Out] ((1 + 2%x)*Sqrt[3 - 4*x - 4%x72])/4 + ArcSin[1/2 + x]
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2x*c*x
Y*x(a + b*x + cxx72)7p)/(2xcx(2xp + 1)), x] - Dist[(px (b2 - 4xaxc))/(2*c*x(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2%c*((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps
1 1
V3 —4x —4x2 dx = —(1 + 2x)V3 — 4x — 4x? +2f—dx
f 4 V3 - dx — 4x2
1 1 1
= Z(l +2x)V3 —4x — 4x2 — §Subst f dx,x,—4 — 8x

1

1 1
= —(1+2x)V3—4x—4x2 +sin”[= +x
4 2

x2
64

Mathematica [A] time = 0.01, size = 30, normalized size = 1.00

1 1
Z\/—4x2 —4x+3(2x+1) +sin™! (x + E)

Antiderivative was successfully verified.



333

[In] Integrate[Sqrt[3 - 4*x - 4xx72],x]
[Out] ((1 + 2xx)*Sqrt[3 - 4*x - 4*x72])/4 + ArcSin[1/2 + x]

fricas [B] time = 0.78, size = 53, normalized size = 1.77

V-4x2-4x+3Q2x+1)
4x24+4x-3

1
1 V-4 x2 -4x+32x+1)-arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x"2-4xx+3)7(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(-4*x"2 - 4xx + 3)*(2%x + 1) - arctan(sqrt(-4*x72 - 4*x + 3)*(2%x +
1)/(4xx"2 + 4xx - 3))

giac[A] time = 1.60, size = 24, normalized size = 0.80

1 1
Z\/—4x2—4x+3(2x+1)+arcsin(x+ E)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-4*x~2-4*x+3)~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(-4*x"2 - 4*xx + 3)*(2*x + 1) + arcsin(x + 1/2)

maple [A] time = 0.04, size = 25, normalized size = 0.83

1)_ (—8x —4) V-4x2 —4x + 3

. il
arcsin (x 5 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-4%x"2-4*x+3)~(1/2),x%)
[Out] -1/16%(-8%x-4)*(-4*x"2-4%x+3) " (1/2)+arcsin(x+1/2)

maxima [A] time = 3.00, size = 38, normalized size = 1.27

1 1 1
E\/—4x2—4x+3x+ Z\/—4x2—4x+3 —arcsin(—x— 5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x"2-4xx+3)7(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(-4*x"2 - 4*x + 3)*x + 1/4*sqrt(-4*x~2 - 4*x + 3) - arcsin(-x - 1/2
)

mupad [B] time = 0.05, size = 23, normalized size = 0.77

i +1+x+1\/424+3
asmx2 5 4 X X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3 - 4*xx72 - 4xx)~(1/2),x%)
[Out] asin(x + 1/2) + (x/2 + 1/4)*(3 - 4*xx~2 - 4xx)~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/—4x2—4x+3 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x**2-4xx+3)**(1/2),x)
[Out] Integral(sqrt(-4*x**2 - 4xx + 3), x)
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3.105 f V-8 + 6x + 9x2 dx

Optimal. Leaf size=49

1 3 -1 3x+1
—(Bx +1)V9x2 + 6x — 8 — = tanh (—)
6 2 V9x2 + 6x — 8
[Out] -3/2*arctanh((1+3%x)/(9%x"2+6%x-8) " (1/2))+1/6% (1+3%x) * (9*x~2+6*x-8) ~(1/2)

Rubi [A] time = 0.01, antiderivative size = 49, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number O 1S _ ().214, Rules used = {612, 621, 206}

integrand size

1 3 1 3x+1
—(Bx +1)V9x? + 6x - 8 — = tanh (—)
6 2 V9x2 + 6x - 8
Antiderivative was successfully verified.
[In] Int[Sqrt[-8 + 6*x + 9*x~2],x]

[Out] ((1 + 3*x)*Sqrt[-8 + 6%x + 9xx72])/6 - (3*ArcTanh[(1 + 3%x)/Sqrt[-8 + 6*x +
9xx72]11)/2

Rule 206

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)*(a + b*x + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx*(2
*p + 1)), Int[(a + b*x + c*x”2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] &% IntegerQ[4*p]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1
f\/—8+6x+9x2 dx = =(1 + 3x)V=8 + 6x + 922 ——f
6 \/—8+6x+9x2
1 6+18
= g(1 +3x)V-8 + 6x + 9x? — 9 Subst (f T dx, x i )

V=8 + 6x + 922
1 3 _ 1+3
= ~(1+3x)V-8+6x+9x2 - Ztanh ™’ ( ad )
6 2 V=8 + 6x + 9x2

Mathematica [A] time = 0.02, size = 49, normalized size = 1.00

1 3
(f+g)\/9x2+6x—8 —Elog(\/9x2+6x—8 +3x+1)

2

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[-8 + 6*x + 9*x~2],x]
[Out] (1/6 + x/2)*Sqrt[-8 + 6*x + 9xx~2] - (3xLogl[l + 3*x + Sqrt[-8 + 6*x + 9*xx~2

11572
fricas [A] time = 0.90, size = 40, normalized size = 0.82

1 3
g‘\/9x2 +6x-8@Bx+1)+ > log(—3x+ Vox2+6x-8 —1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2+6%x-8)~(1/2),x, algorithm="fricas")
[Out] 1/6%sqrt(9*x~2 + 6*x - 8)*(3*x + 1) + 3/2%log(-3*x + sqrt(9*x~2 + 6%x - 8)

-1

giac [A] time = 0.43, size = 41, normalized size = 0.84

1 3
€‘V9x2+6x—8(3x+1)+ > log(|—3x+ Vox2+6x-8 —1|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2+6%x-8)~(1/2),x, algorithm="giac")
[Out] 1/6*sqrt(9*x~2 + 6*x - 8)*(3*x + 1) + 3/2xlog(abs(-3*x + sqrt(9*x~2 + 6%x -

8) - 1))
time = 0.05, size = 50, normalized size = 1.02

(9x+3)\/§
V8 In(S92 - VO 6r8) (1616 Vo 6r8

9
2 36

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((9*x~2+6*xx-8)~(1/2),x)
[Out] 1/36%(18*x+6)*(9xx~2+6*x-8) " (1/2)-1/2*1n(1/9% (9*x+3)*9~ (1/2)+(9*x"2+6*x-8) "~

(1/2))*97(1/2)

maxima [A] time = 2.87, size = 52, normalized size = 1.06

1 1 3
EV9x2+6x—8x+g\/9x2+6x—8 -3 log(18x+6\/9x2+6x—8 +6)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((9*x~2+6%x-8)7(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(9*x~2 + 6xx - 8)*x + 1/6*sqrt(9*x~2 + 6%x - 8) - 3/2xlog(18*x + 6%
sqrt (9*x™2 + 6%x - 8) + 6)

time = 0.21, size = 39, normalized size = 0.80

1 3In(3x+V9x2+6x-8 +1
(f+€) VI9x?2+6x-8 - ( 5 )

2

mupad [B]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((6%x + 9%x~2 - 8)~(1/2),x)
[Out] (x/2 + 1/6)*(6*x + 9*x"2 - 8)7(1/2) - (3*log(3*x + (6*x + 9*x~2 - 8)~(1/2)
+1))/2



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/9x2+6x—8 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((9xx**2+6%x-8)**(1/2) ,%)

[Out] Integral(sqrt(9*x**2 + 6%x - 8), x)
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3.106 f V2 + 4x + 3x2 dx

Optimal. Leaf size=45

. —1 [ 3x+2
sinh ( \/E)

3v3

[Out] 1/9*arcsinh(1/2*(2+3%x)*27(1/2))*37(1/2)+1/6% (2+3%*x) * (3*xx"2+4*xx+2)~(1/2)

1
g\/sz +4x+2(3x+2)+

Rubi [A] time = 0.02, antiderivative size = 45, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number of rules _ ) 214, Rules used = {612, 619, 215}

integrand size

3x+2)

|
sinh ( 7

1
V32 + dx +2(3x+2) + ——2 2
6 3v3

Antiderivative was successfully verified.
[In] Int[Sqrt[2 + 4*x + 3*x~2],x]

[Out] ((2 + 3*x)*Sqrt[2 + 4xx + 3%x72])/6 + ArcSinh[(2 + 3*x)/Sqrt[2]]/(3*Sqrt[3]
)

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)*(a + b*x + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx(2
xp + 1)), Int[(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4%axc, 0] &k GtQlp, 0] &% IntegerQ[4+p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b72 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*ax*xc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 1 1
f\/2+4x+3x2dx:—(2+3x)\/2+4x+3x2+—f dx
6 3J V2 +4x + 322

1
2

Subst f
1+

1 —_—
= Z(2+30)V2 +4x + 322 + :
6 6v6

2+3x)

1 sinh™! ( 7
=—Q+30)V2+4x+32 + — V2 /
6 33

dx,x,4 + 6x
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Mathematica [A] time = 0.02, size = 46, normalized size = 1.02

: .
Va2 +dx+2 (S| e— 2/
2 3 3v3

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 + 4*x + 3*x72],x]
[Out] (1/3 + x/2)*Sqrt[2 + 4xx + 3xx72] + ArcSinh[(2 + 3*x)/Sqrt[2]11/(3*Sqrt[3])

fricas [A] time = 0.91, size = 58, normalized size = 1.29

1 1
g\/3x2+4x+2(3x+2)+E\/glog(—\/g\/sz+4x+2(3x+2)—9x2—12x—5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4*x+2)~(1/2),x, algorithm="fricas")
[Out] 1/6%sqrt(3*x~2 + 4*x + 2)*(3*x + 2) + 1/18*sqrt(3)*log(-sqrt(3)*sqrt(3*x~2
+ 4xx + 2)x(3*%x + 2) - 9*xx72 - 12%x - b)

giac [A] time = 0.46, size = 53, normalized size = 1.18

%\/3x2+4x+2(3x+2)—%\/glog(—\/g(\/gx—\/?axz+4x+2)—2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4*x+2)~(1/2),x, algorithm="giac")
[Out] 1/6*sqrt(3*x72 + 4xx + 2)*(3*xx + 2) - 1/9*sqrt(3)*log(-sqrt(3)*(sqrt(3)*x -
sqrt (3*x72 + 4%x + 2)) - 2)

time = 0.05, size = 35, normalized size = 0.78

maple [A]
3\/5 (x+g)
\/5 arcsinh >
2 +(6x+4)\/3x2+4x+2
9 12

Verification of antiderivative is not currently implemented for this CAS.
[In] int((3*x"2+4x*x+2)"(1/2),x%)
[Out] 1/12%(6xx+4)*(3%x~2+4%x+2) ~(1/2)+1/9%3~(1/2)*arcsinh(3/2*2~(1/2)*x(x+2/3))

maxima [A] time = 3.00, size = 46, normalized size = 1.02

1 1 1
V3x2+4x+2x+ gﬁarsinh(i \/§(3x+2)) + §‘V3x2+4x+2

N| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4*x+2)7(1/2),x, algorithm="maxima")
[Out] 1/2%sqrt(3*x72 + 4xx + 2)*x + 1/9%sqrt(3)*arcsinh(1/2*sqrt(2)*(3*x + 2)) +
1/3*%sqrt (3*x72 + 4xx + 2)

mupad [B] time = 0.19, size = 48, normalized size = 1.07

V3 In (Va2 v ax 42 + LE22)
3 x 1
+[z+=2) V3x2+4x+2
9 2 3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + 3*x72 + 2)7(1/2),x)

[Out] (37 (1/2)*log((4*x + 3*x~2 + 2)7(1/2) + (37(1/2)*(3*x + 2))/3))/9 + (x/2 + 1
/3)*(4xx + 3*xx"2 + 2)7(1/2)

time = 0.00, size = 0, normalized size = 0.00

f‘\/3x2+4x+2 dx

sympy [F]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((3xx**2+4xx+2)**(1/2) ,%)

[Out] Integral(sqrt(3*x**2 + 4%x + 2), x)
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3.107 f V2 + 4x — 3x2 dx

Optimal. Leaf size=45

. -1 (2-3x
5sin (\/ﬁ)

3v3

[Out] -5/9*%arcsin(1/10%(2-3*x)*107(1/2))*37(1/2)-1/6*%(2-3*x) * (-3*x"2+4*x+2)~(1/2)

1
—EV—SxZ +4x+2((2-3x) -

Rubi [A] time = 0.02, antiderivative size = 45, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number O WS _ ().214, Rules used = {612, 619, 216}

integrand size

. -1 (2-3x
5sin (\/ﬁ)

1\/—
V=332 + 4x +2(2 - 3x) - ——— 1/
6 33

Antiderivative was successfully verified.
[In] Int[Sqrt[2 + 4*x - 3*xx72],x]

[Out] -((2 - 3*x)*Sqrt[2 + 4xx - 3%xx72])/6 - (5*%ArcSin[(2 - 3%x)/Sqrt[10]])/(3*Sq
rt[3])

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
Y*x(a + bxx + c*¥x72)7p)/(2xcx(2*p + 1)), x] - Dist[(p*(b~2 - 4xaxc))/(2*xc*(2
*p + 1)), Int[(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 5 1
V2 + 4x - 322 dx = —=(2 = 3)V2 + 4x — 322 +—f dx
f 6 3J V2 +4x 322

1 1 /5 1
= _8(2 —3x)V2 + 4x - 3x2 - Ve Subst f—z dx,x,4 — 6x
V=%
1 Ssin” (zx/__ﬁ)
= ——(2-30)V2+4x-32 - — 0/
6 343

Mathematica [A] time = 0.02, size = 46, normalized size = 1.02

in 1 (2
5sin (\/E)

x 1 \/—
—3x2 +4x+2 -
( ) 33

2 3
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 + 4xx - 3%x72],x]

[Out] (-1/3 + x/2)*Sqrt[2 + 4*x - 3*x72] - (5xArcSin[(2 - 3%x)/Sqrt[10]])/(3*Sqrt
[31)

fricas [A] time = 0.76, size = 60, normalized size = 1.33

VBV-3x2+4x+2(Bx-2)
3(3x2-4x-2)

1 5
A V-3x2+4x+2(3x-2) - 5 V3 arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x~2+4*x+2)~(1/2),x, algorithm="fricas")

[Out] 1/6*sqrt(-3*x"2 + 4*x + 2)*(3*x - 2) - 5/9xsqrt(3)*arctan(1/3*sqrt(3)*sqrt(
-3*x72 + 4xx + 2)*(3xx - 2)/(3*x72 - 4xx - 2))

giac [A] time = 0.47, size = 36, normalized size = 0.80

1 5 1
g\/—3x2+4x+2(3x—2)+ 6\/§arcsin(ﬁ \/E(3x—2))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+4xx+2)~(1/2),x, algorithm="giac")

[Out] 1/6*sqrt(-3*x72 + 4*x + 2)*(3*x - 2) + 5/9*sqrt(3)*arcsin(1/10*sqrt(10)*(3*
x - 2))

maple [A] time = 0.05, size = 35, normalized size = 0.78
3\/@ (x—%)

5\/§ arcsin —
0 (—6x +4) V-3x2 + 4x + 2
12

9

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-3*x"2+4xx+2)~(1/2),x)

[Out] -1/12%(-6*x+4)* (-3*x"2+4*x+2) "~ (1/2)+5/9*%37(1/2)*arcsin(3/10%107(1/2) *(x-2/3
))

maxima [A] time = 2.97, size = 46, normalized size = 1.02

1 5 1 1
E\/—£>>x2+4x+2x— 6\/§arcsin(—ﬁ\/ﬁ(3x—2))— 3\/—3x2+4x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+4xx+2)~(1/2),x, algorithm="maxima"

[Out] 1/2%sqrt(-3*x72 + 4xx + 2)*x - 5/9*xsqrt(3)*arcsin(-1/10*sqrt(10)*(3*x - 2))
- 1/3%sqrt(-3*x72 + 4*xx + 2)

mupad [B] time = 0.05, size = 35, normalized size = 0.78

54/3 asin (—«/ﬁ G x—Z))
10 + x_1 V-3x2+4x+2
9 2 3

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((4xx - 3*x"2 + 2)7(1/2),x%)

[Out] (5%37(1/2)*asin((107(1/2)*(3*x - 2))/10))/9 + (x/2 - 1/3)*(4*x - 3*x"2 + 2)
~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f\/—3x2 +4x +2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x**2+4%xx+2)*x(1/2) ,%)

[Out] Integral(sqrt(-3*x*x*2 + 4xx + 2), x)
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3.108 f V2 + 5x + 3x2 dx

Optimal. Leaf size=62

tanh_1 (—6x+5 )
1
— (6x +5)V3x2 + 5x + 2 — 213 V3x245c+2
12 243

[Out] -1/72*arctanh(1/6% (5+6*x)*37(1/2)/(3*x~2+5xx+2)~(1/2))*37(1/2)+1/12* (5+6%x)
*(3*xx”"2+5%xx+2) " (1/2)

Rubi [A] time = 0.01, antiderivative size = 62, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,
numberof rules _ 914, Rules used = {612, 621, 206}

integrand size

1 tanh_1 (—\/_ 6x25 )
—(6x +5)V3x2 +5x +2 - ALAE S
12 243

Antiderivative was successfully verified.
[In] Int[Sqrt[2 + 5*x + 3xx72],x]

[Out] ((5 + 6xx)*Sqrt[2 + 5*x + 3*x~2])/12 - ArcTanh[(5 + 6%*x)/(2xSqrt[3]*Sqrt[2
+ bxx + 3%x72])]/(24%Sqrt[3])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 612

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)x(a + bxx + c*x72)7p)/(2xcx(2*p + 1)), x] - Dist[(p*(b™2 - 4xaxc))/(2xc*(2
*p + 1)), Int[(a + b*x + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rubi steps

1 1 1
\/2+5x+3x2dx:—(5+6x)\/2+5x+3x2——f dx
f 12 24 J 2 4 5x + 342

1 1 1 5+6
= —(5+ 6x)V2 + 5x + 3x2 — — Subst f— dx, x, x
12 12 12 — x?

V2 + 5x + 3x2
tanh™? ( 5+6x )
1 —
= —(5+6x)V2+5x+ 322 — 2V3 V2i5cssn?
12 24\/§

Mathematica [A] time = 0.03, size = 55, normalized size = 0.89

1
o (6(6x +5)V3x2 +5x+2 — V3 log (2‘\/9x2 +15x +6 +6x + 5))
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 + Bxx + 3*x72],x]

[Out] (6%(5 + 6%x)*Sqrt[2 + b*x + 3*x~2] - Sqrt[3]*Logl[b + 6%x + 2*Sqrt[6 + 15%x
+ 9%x~2]1) /72

fricas [A] time = 0.95, size = 58, normalized size = 0.94

1 1
E\/3x2 +5x+2(6x+5)+m\/510g(—4\/§\/3x2 +5x+2(6x +5) + 7212 +120x+49)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+5%x+2)~(1/2),x, algorithm="fricas")

[Out] 1/12%sqrt(3*x72 + B*xx + 2)*(6*%x + 5) + 1/144x*sqrt(3)*log(-4*sqrt(3)*sqrt(3*
X"2 + b*x + 2)*(6*x + B) + 72*xx"2 + 120*%x + 49)

giac[A] time = 0.44, size = 54, normalized size = 0.87
1 1
S V3451 +2(6x+5) + V3 1og(|—2\/§(«/§x— V322 +5x+2) —5|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+b5*x+2)~(1/2),x, algorithm="giac")

[Out] 1/12%sqrt(3*x~2 + b*x + 2)*(6*%x + 5) + 1/72*sqrt(3)*log(abs(-2*sqrt(3)*(sqr
t(3)*x - sqrt(3*x72 + B5*x + 2)) - 5))

maple [A] time = 0.05, size = 50, normalized size = 0.81

3x+§\/§
\3 In %+\/3x2+5x+2

72

N (6x +5) V3x2 + 5x + 2
12

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x~2+5xx+2)~(1/2),x)

[Out] 1/12*%(5+6%x)*(3*x"2+5xx+2) " (1/2)-1/72%1n(1/3%(5/2+3*x)*37(1/2)+ (3*x"2+5*x+2
)~ (1/2))*37(1/2)

maxima [A] time = 2.98, size = 58, normalized size = 0.94

1 1 5
E«/3x2+5x+2x—7—2x/§1og(2\/§\/3m2+5x+2 +6x+5)+E\/3x2+5x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+5%x+2)~(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(3*x72 + bxx + 2)*x - 1/72*sqrt(3)*log(2xsqrt(3)*sqrt(3*x~2 + b*x +
2) + 6%x + B5) + 5/12%sqrt(3*x~2 + b*x + 2)

mupad [B] time = 0.20, size = 48, normalized size = 0.77

V3In|V32+5x+2 + — 2

72

5
(E+—) V3x?2+5x+2 -

2 12

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((b*x + 3*x"2 + 2)7(1/2),x%)

[Out] (x/2 + 5/12)*(5*x + 3*x72 + 2)7(1/2) - (37(1/2)*Llog((bxx + 3*x~2 + 2)7(1/2)
+ (37(1/2)*(3*x + 5/2))/3))/72

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f\/3x2+5x+2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((3*x**2+5xx+2)**(1/2) ,%)

[Out] Integral(sqrt(3*x**2 + b5xx + 2), x)
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3109 [ V2+5x—3x2 dx

Optimal. Leaf size=43

49 sin~! (;(5 - 6x))
2443

[Out] 49/72*xarcsin(-5/7+6/7*x)*3"(1/2)-1/12%(5-6%x) * (-3*x"2+5*xx+2) ~(1/2)

1
—EV—SxZ +5x+2(5-6x) -

Rubi [A] time = 0.01, antiderivative size = 43, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number of rules _ ) 214, Rules used = {612, 619, 216}

integrand size
49 sin”? (§(5 - 6x))

24+/3

1\/2—
BT =3x* +5x+2(5-6x) -

Antiderivative was successfully verified.
[In] Int[Sqrt[2 + 5*x - 3*x~2],x]

[Out] -((5 - 6*x)*Sqrt[2 + 5*x - 3%x72])/12 - (49*ArcSin[(5 - 6%x)/7]1)/(24xSqrt[3
D

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)*(a + b*x + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx(2
xp + 1)), Int[(a + bxx + c*¥x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4%axc, 0] &k GtQlp, 0] && IntegerQ[4+p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b"2 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4xa - b~2/c, 0]

Rubi steps

1 49 1
V2 + 5x = 322 dx = ——(5 — 6x)V2 + 5x — 322 +—f dx
f 12 24 J 2+ 5x - 3x2

1
2
49

244/3

49 sin”! (;(5 - 6x))

24+/3

dx,x,5 — 6x

7 Subst f
1

1
= _E(S - 6X)V2 + 5x — 3x? —

1
= _E(S - 6X)V2 + 5x — 3x? —
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Mathematica [A] time = 0.02, size = 44, normalized size = 1.02

49sin”! (;(5 - 6x))

(x 3) V32 +5x+2 -
24+/3

2 12

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 + 5xx - 3*x~2],x]
[Out] (-5/12 + x/2)*Sqrt[2 + 5xx - 3*x72] - (49%ArcSin[(5 - 6%*x)/7])/(24xSqrt[3])

time = 0.88, size = 60, normalized size = 1.40

fricas [A]
1 49 3V-3x2+5x+2(6x-5
— V-3x2+5x+2(6x-5) — — V3 arctan V3V-3x x+2(6x-5)
12 72 6(3x2-5x-2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+5xx+2)~(1/2),x, algorithm="fricas")
[Out] 1/12%sqrt(-3*x~2 + b*x + 2)*(6*x - B5) - 49/72*xsqrt(3)*arctan(1/6*sqrt(3)*sq
rt(=3*%x72 + b*x + 2)*(6%x - 5)/(3*%x72 - 5xx - 2))

giac[A] time = 0.40, size = 31, normalized size = 0.72

1 49 6 5
— V=342 — _ in | — v — —
12\/ 3x2+5x+2(6x 5)+72\/§arcs1n(7x 7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x~2+5*x+2)~(1/2),x, algorithm="giac")
[Out] 1/12%sqrt(-3*x"2 + b*x + 2)*(6*x - 5) + 49/72*sqrt(3)*arcsin(6/7*x - 5/7)

time = 0.04, size = 32, normalized size = 0.74

. 6x 5
49V3 arcsin (53] (Lgy s 5)v3@Te2
12

72

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-3*xx"2+b5*xx+2)~(1/2),x)
[Out] 49/72xarcsin(-5/7+6/7*x)*37(1/2)-1/12% (5-6%x) * (-3*x~2+5%xx+2) ~(1/2)

maxima [A] time = 3.08, size = 41, normalized size = 0.95

1 49 6 5
E\/—3x2+5x+2x— ﬁ\/g arcsin(—§x+ 7

5
_ 1.2
) 12\/ 3xc+5x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+5xx+2)~(1/2),x, algorithm="maxima"
[Out] 1/2%sqrt(-3*x72 + bxx + 2)*x - 49/72*sqrt(3)*arcsin(-6/7*x + 5/7) - 5/12%sq
rt (-3*%x72 + bkx + 2)

mupad [B] time = 0.15, size = 30, normalized size = 0.70

. 6x 5
49\/§asm(7—;)+ X 3 V-3x2+5x+2
——— | V-3x X
72 2 12
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((5*x - 3*x72 + 2)7(1/2),x)
[Out] (49%37(1/2)*asin((6%x)/7 - 5/7))/72 + (x/2 - 5/12)*(5*x - 3*x"2 + 2)7(1/2)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f’\/—3x2 +5x+2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((-3*x**2+5xx+2)*x(1/2) ,%)

[Out] Integral(sqrt(-3*x**2 + 5*xx + 2), x)
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3.110 f V=2 + 4x + 3x2 dx

Optimal. Leaf size=59

5 tanh ™! (—3“2 )
1 s
£(@x +2)V3 +4x -2 - 355 3242

[Out] -5/9*arctanh(1/3*(2+3%x)*37(1/2)/(3*xx"2+4*x-2)~(1/2))*37(1/2)+1/6* (2+3%*x) * (
3xx"2+4%x-2) " (1/2)

Rubi [A] time = 0.01, antiderivative size = 59, normalized size of antiderivative

= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,
number of rules _ 9,214, Rules used = {612, 621, 206}

5¢ bt ( 3x+2 )
a V3 V32 +4x-2

3v3

integrand size

1
g(Sx +2)V3x2 +4x -2 -

Antiderivative was successfully verified.
[In] Int[Sqrt[-2 + 4xx + 3*x72],x]

[Out] ((2 + 3*x)*Sqrt[-2 + 4*x + 3*x72])/6 - (6%ArcTanh[(2 + 3*x)/(Sqrt[3]*Sqrt[-
2 + 4xx + 3%x72])1)/(3*Sqrt[3])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2x*c*x
Y*x(a + b*x + cxx72)7p)/(2xcx(2xp + 1)), x] - Dist[(px (b2 - 4xaxc))/(2*c*x(2
*p + 1)), Int[(a + b*x + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1
f\/—2+4x+3x2 dx = =(2 +3x)V=2 + 4x + 322 ——f
6 \/—2+4x+3x2
1 4+6
:g(2+3X)V—2+4X+3X2—?SUbSt(fmdx,x, il )

-2 +4x + 3x2
5tanh ! (L)
1 p—
= —(2+3x)V-2+4x + 3x2 - V3 V-2+4x+3x2
6 33

Mathematica [A] time = 0.02, size = 53, normalized size = 0.90

1 5log (V9x2 +12x -6 +3x+2
g(3x+2)\/3x2+4x— - g( 3 )




351

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-2 + 4*x + 3%x72],x]
[Out] ((2 + 3*x)*Sqrt[-2 + 4*xx + 3%xx72])/6 - (6xLog[2 + 3*x + Sqrt[-6 + 12%x + 9%

x72]11)/(3*Sqrt [3])

fricas [A] time = 0.97, size = 58, normalized size = 0.98

1 5
g\/3x2+4x—2(3x+2)+E\@log(—\/g\/sz+4x—2(3x+2)+9x2+12x—1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4%x-2)"(1/2),x, algorithm="fricas")
[Out] 1/6%sqrt(3*x~2 + 4*x - 2)*(3*x + 2) + 5/18*sqrt(3)*log(-sqrt(3)*sqrt(3*x~2
+ 4kx - 2)x(3*kx + 2) + 9*xx72 + 12%x - 1)

giac [A] time = 0.49, size = 54, normalized size = 0.92

V3 4x-2(x+2)+ 2 V3 log (|-V3(VEx - V32 + 4x-2) -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4*x-2)~(1/2),x, algorithm="giac")

[Out] 1/6*sqrt(3*x~2 + 4xx - 2)*(3*xx + 2) + 5/9xsqrt(3)*log(abs(-sqrt(3)*(sqrt(3)
*x — sqrt(3*x72 + 4*x - 2)) - 2))

time = 0.05, size = 50, normalized size = 0.85

(3x+2)V3 >
V3 In(B92 4 VBT B2) (1 0)VEET T2

3
9 12

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x"2+4%x-2)"(1/2),x%)
[Out] 1/12%(6xx+4)* (3%x~2+4%x-2) ~(1/2)-5/9%1n(1/3% (3*x+2) *3~(1/2) +(3*x~2+4*x-2) ~(
1/2))*3~(1/2)

maxima [A] time = 2.98, size = 58, normalized size = 0.98

1 5 1
E\/3x2+4x—2x—§\/51og(2x/§\/3x2+4x—2 +6x+4)+5 3x2+4x-2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4*x-2)~(1/2),x, algorithm="maxima"
[Out] 1/2%sqrt(3*x~2 + 4*x - 2)*x - 5/9*sqrt(3)*log(2*sqrt(3)*sqrt(3*x~2 + 4*x -
2) + 6%x + 4) + 1/3%sqrt(3*x72 + 4*xx - 2)

time = 0.19, size = 48, normalized size = 0.81

1 543 ln(\/3x2+4x—2 + \/§(zx+2))
(—+§) V3x2+4x-2 - 5

mupad [B]

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + 3*x72 - 2)°(1/2),x)
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[Out] (x/2 + 1/3)*(4*x + 3%xx72 - 2)7(1/2) - (5%37(1/2)*log((4*x + 3*x™2 - 2)7(1/2
) + (37(1/2)*(3*x + 2))/3))/9

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f\/sz +4x -2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((3*x**2+4%x-2)**(1/2),x)
[Out] Integral(sqrt(3*x**2 + 4%x - 2), x)
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3111 [ V-2+4x-3x2 dx
Optimal. Leaf size=59

tan™! 2
(‘g \/_V‘ 322 ) ——(2 3x)V_3x2 + 4x - 2

[Out] 1/9*%arctan(1/3*(2-3%x)*37(1/2)/(-3*xx"2+4*x-2)"(1/2))*37(1/2)-1/6%(2-3*x)* (-
3kx"2+4%x-2) ~(1/2)

Rubi [A] time = 0.02, antiderivative size = 59, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number O WS _ ().214, Rules used = {612, 621, 204}

tan™! (—2_3x )
) 1
V; \/53"2%" 2 - 2@ -3xV=ae  4x -2

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrt[-2 + 4xx - 3*x72],x]

[Out] -((2 - 3*x)*Sqrt[-2 + 4*x - 3%xx72])/6 + ArcTan[(2 - 3*x)/(Sqrt[3]*Sqrt[-2 +
4xx - 3xx°2])1/(3*Sqrt[3])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]]1/Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[pb, 0]1)

Rule 612

Int[((a_.) + (b_)*(x) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
Y*¥(a + b*x + cxx72)7p)/(2xcx(2xp + 1)), x] - Dist[(px(b~2 - 4xaxc))/(2*c*x(2
*p + 1)), Int[(a + bxx + c*xx™2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1
f\/—2+4x 32 dx = —=(2 - 3x)V—2 + 4x - 322 — —f
6 V-2 + 4x - 3x2

1 1 4-6
= —(2-30)V2+4x-32 _—Subst(f—zdx,x, i )
6 3 —12-x V-2 + 4x — 3x?

tan™! (—2_3x )
V3 V=2+4x-3x2

33

1
= _6(2 —3x)V-2 +4x - 3x% +

Mathematica [A] time = 0.02, size = 54, normalized size = 0.92

2-3x
tan ' | —
VB2 +4x—2(3x-2) + V922 +12v6
6 343
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[-2 + 4*x - 3%x72],x]
[Out] ((-2 + 3*x)*Sqrt[-2 + 4*x - 3*x72])/6 + ArcTan[(2 - 3*x)/Sqrt[-6 + 12*x - 9
*x72]1/(3%Sqrt [3])

fricas [C] time = 0.85, size = 84, normalized size = 1.42

1 2i -3x2+4x-2 - 4] 1 -2iV3V-3x2+4x-
ﬁi\/glog 1\/5\/ 3x4+4x 6x+ )—Ei\/glog[ l\/— X4 +4x

X

1
V-3 +4x-2(3x-2)+
6 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+4xx-2)~(1/2),x, algorithm="fricas")

[Out] 1/6*sqrt(-3*x"2 + 4xx - 2)*(3*x - 2) + 1/18*I*sqrt(3)*log((2*I*sqrt(3)*sqrt
(=3%x"2 + 4*x - 2) - 6xx + 4)/x) - 1/18xI*sqrt(3)*log((-2xIxsqrt(3)*sqrt(-3
*x"2 + 4*%x - 2) - 6%x + 4)/%)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f\/—3x2+4x—2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+4xx-2)~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(-3*x~2 + 4*x - 2), x)

maple [A] time = 0.05, size = 46, normalized size = 0.78

5(-3)
\/5 arctan S W7
V=3x2+4x-2 | (—6x + 4) V-3x2 + 4x — 2
9 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-3*x"2+4xx-2)"(1/2),x)
[Out] -1/12%(-6%x+4)* (-3%x"2+4%xx-2)"(1/2)-1/9%3"(1/2) *arctan(3~(1/2)*x(x-2/3) / (-3x%
X 2+4xx-2)"(1/2))

maxima [C] time = 2.89, size = 46, normalized size = 0.78

1 1 1 1
E\/—3x2 +4x-2x+ 51’ 3 arsinh(i \/E(Bx—Z)) — 5\/—3x2+4x—2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+4xx-2)~(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(-3*x"2 + 4*x - 2)*x + 1/9*I*sqrt(3)*arcsinh(1/2*sqrt(2)*(3*x - 2))
- 1/3*sqrt(-3*x"2 + 4*x - 2)

mupad [B] time = 0.05, size = 36, normalized size = 0.61

1
5) V_3x2+4x-2

\3 asin(—\/E (3;_2) h) X
9 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((4xx - 3*x"2 - 2)7(1/2),x%)

[Out] (37(1/2)*asin((27(1/2)*(3*x - 2)*1i)/2))/9 + (x/2 - 1/3)*(4*x - 3*x"2 - 2)~
(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f\/—?)xz +4x -2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x**x2+4%xx-2)*x(1/2) ,%)
[Out] Integral(sqrt(-3*x**2 + 4xx - 2), x)
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3112 [ V-2+5x+3x2 dx

Optimal. Leaf size=62

1 49 tanh_l (\/_63(—\/-;57)
—(6x +5)V3x2 +5x -2 — 2V8 Vox +5x-2
12 24+/3

[Out] -49/72*arctanh(1/6%(5+6*x)*37(1/2)/(3%x"2+5%x-2)"(1/2))*37(1/2)+1/12x (5+6x*x
)* (3*xx"2+5xx-2) "~ (1/2)

Rubi [A] time = 0.01, antiderivative size = 62, normalized size of antiderivative

= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,
numberof rules _ 914, Rules used = {612, 621, 206}

integrand size

1 49 tanh_l (\/_63(—\/-;57)
—(6x +5)V3x2 +5x - 2 — 2V3 Vo452
12 24+/3

Antiderivative was successfully verified.
[In] Int[Sqrt[-2 + 5*x + 3*x72],x]

[Out] ((5 + 6*x)*Sqrt[-2 + Bxx + 3*x72])/12 - (49%ArcTanh[(5 + 6+*x)/(2*Sqrt[3]*Sq
rt[-2 + B*x + 3%x72])])/(24%Sqrt[3])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 612

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
)x(a + bxx + c*x72)7p)/(2xcx(2*p + 1)), x] - Dist[(p*(b™2 - 4xaxc))/(2xc*(2
*p + 1)), Int[(a + b*x + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rubi steps

1 49 1
f\/—2+5x+3x2 dx:—(5+6x)\/—2+5x+3x2——f dx
12 24J V24 5x+3x2
1 49 1 5+6
= E(5+6x)‘\/—2+5x+3x2 —ESubst(flz_x2 dx, x, ad )

-2 4+ 5x + 3x2
49 tanh ™! (ﬁ)
1 p—
= —(B+6x)V-2+5x + 3x2 — 23 V-2+5x+3x2
12 24+/3

Mathematica [A] time = 0.02, size = 55, normalized size = 0.89

6(6x + 5)V3x2 + 5x — 2 — 49V/3 log (2\/9x2 +15x— 6 +6x + 5))

Al
72



357

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-2 + 5*x + 3%x72],x]
[Out] (6%(5 + 6*x)*Sqrt[-2 + b*x + 3*x72] - 49*Sqrt[3]*Logl[b + 6%x + 2*Sqrt[-6 +

16xx + 9xx72]])/72

fricas [A] time = 0.97, size = 58, normalized size = 0.94

1 49
E\/3x2 +5x—2(6x+5)+m\/5log(—4\/§\/3x2 +5x—2(6x+5)+72x2+120x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+5%x-2)~(1/2),x, algorithm="fricas")
[Out] 1/12%sqrt(3*x72 + B*xx - 2)*(6%x + 5) + 49/144%sqrt(3)*log(-4*sqrt(3)*sqrt(3
*x72 + B*x - 2)*(6*x + B) + T2xx72 + 120%x + 1)

giac[A] time = 0.44, size = 54, normalized size = 0.87

1 49
E\/3x2+5x—2(6x+5)+ﬁ\/glog(|—2\/§(\/§x—\/3x2+5x—2)—5|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+5*x-2)7(1/2),x, algorithm="giac")
[Out] 1/12%sqrt(3*x~2 + b*x - 2)*(6*%x + 5) + 49/72xsqrt(3)*log(abs(-2*sqrt(3)*(sq
rt(3)*x - sqrt(3*x~2 + b*x - 2)) - 5))

maple [A] time = 0.05, size = 50, normalized size = 0.81

(3x+§)\/§
493 In|—2— 4 \3x2 +5x -2
3 +(6x+5)\/3x2+5x—2

B 72 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x~2+5%xx-2)"(1/2),x)
[Out] 1/12%(6xx+5)*(3*x"2+5%xx-2)"(1/2)-49/72*x1n(1/3*(3*x+5/2)*37(1/2) +(3*x"2+5*x—

2)7(1/2))*37(1/2)

maxima [A] time = 3.00, size = 58, normalized size = 0.94

1 49 5
E\/3x2+5x—2x—7—2\/510g(2\/§\/3x2+5x—2 +6x+5)+ﬁ\/3xz+5x—2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+5%x-2)~(1/2),x, algorithm="maxima")
[Out] 1/2%sqrt(3*x72 + Bxx - 2)*x - 49/72*xsqrt(3)*log(2*sqrt (3) *sqrt(3*x~2 + 5*x
- 2) + 6%x + 5) + 5/12%sqrt(3*x”2 + 5xx - 2)

mupad [B] time = 0.22, size = 48, normalized size = 0.77

\/5(3x+;)

493 In|V3x2+5x -2 +—
X 5 ’\/2—
(—+—) 3x°+5x 7

2 12

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((b*x + 3*x"2 - 2)7(1/2),x%)
[Out] (x/2 + 5/12)*(5*xx + 3*x72 - 2)7(1/2) - (49%37(1/2)*log((b*x + 3*x"2 - 2)~(1

/2) + (37(1/2)*(3%xx + 5/2))/3))/72
time = 0.00, size = 0, normalized size = 0.00

f\/3x2+5x—2 dx

sympy [F]

Verification of antiderivative is not currently implemented for this CAS

[In] integrate ((3*x**2+5xx-2)**(1/2) ,%)

[Out] Integral(sqrt(3*x**2 + b5xx - 2), x)
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3113 [ V-2+5x-3x2 dx

Optimal. Leaf size=39

-
Y v VP L i)
12 24+/3
[Out] 1/72*arcsin(-5+6*x)*37(1/2)-1/12%(5-6%x) *(-3%x"2+b5*%x-2)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 39, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number of rules _ () 914, Rules used = {612, 619, 216}

integrand size

T (T %ﬁ“
Antiderivative was successfully verified.
[In] Int[Sqrt[-2 + 5*x - 3%x72],x]
[Out] -((5 - 6*x)*Sqrt[-2 + 5*x - 3%x72])/12 - ArcSin[5 - 6*x]/(24*Sqrt[3])
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tla]ll/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)*(a + b*x + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*xcx(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] &% IntegerQ[4*p]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xa*xc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x]J, x, b
+ 2*xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 1 1
f‘\/—2+5x—3x2 dx = ——(5 - 6x) V-2 + 5x — 3x2 +—f dx
12 24 J -2 4 5x - 3x2

1
Subst( dx,x,5— 6x)
1 7Ny
= ——(5-6x)V—2+5x-322 - Vi
12 243
1 in1(5-6
N o o v Ll )
12 243

Mathematica [A] time = 0.02, size = 40, normalized size = 1.03

5 in"(5-6
(E__)\/_3x2+5x_2 _M

2 12 24+/3

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[-2 + 5*x - 3*x~2],x]
[Out] (-5/12 + x/2)*Sqrt[-2 + 5xx - 3*x72] - ArcSin[5 - 6x*x]/(24*Sqrt[3])

fricas [A] time = 0.92, size = 60, normalized size = 1.54

V3V-3x2+5x—-2(6x-5)
6(3x2-5x+2)

1 1
— /342 _ —5) - —
12‘/ 3x2+5x-2(6x-5) 72\/§arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x~2+5*%x-2)~(1/2),x, algorithm="fricas")

[Out] 1/12%sqrt(-3*x"2 + b*x - 2)*(6*x - 5) - 1/72*sqrt(3)*arctan(l/6*sqrt(3)*sqr
t(-3%x72 + Bb*x - 2)*(6*x - 5)/(3%x72 - b*x + 2))

giac [A] time = 0.53, size = 31, normalized size = 0.79

1 1
342 _ _ _ : _
12\/ 3x2+5x—-2(6x 5)+72\/§arcsm(6x 5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x~2+5xx-2)~(1/2),x, algorithm="giac")
[Out] 1/12%sqrt(-3*x"2 + 5*x - 2)*(6%x - 5) + 1/72xsqrt(3)*arcsin(6*x - 5)

maple [A] time = 0.04, size = 32, normalized size = 0.82

V3 arcsin (6x—5) (=6x +5) V=3x2 +5x -2

72 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-3*xx"2+5*x-2)"(1/2),x)
[Out] 1/72*arcsin(-5+6*x)*37(1/2)-1/12%(-6*xx+5) % (-3*x"2+5%x-2) ~(1/2)

maxima [A] time = 3.08, size = 41, normalized size = 1.05

1 1 5
5\/—3x2+5x—2x+ ﬁ\/garcsin(6x—5)—E\/—3x2+5x—2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+5xx-2)~(1/2),x, algorithm="maxima")

[Out] 1/2%sqrt(-3*x"2 + B*xx - 2)*x + 1/72xsqrt(3)*arcsin(6*x - 5) - 5/12%sqrt(-3*
X72 + Bb*x - 2)

mupad [B] time = 0.05, size = 30, normalized size = 0.77

\/§asin(6x—5) x 5
2 12

— + ———) V-3x2+5x-2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((5*x - 3*x~2 - 2)°(1/2),x)
[Out] (37 (1/2)*asin(6*x - 5))/72 + (x/2 - 5/12)*(5*x - 3%x~2 - 2)7(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/—3x2+5x—2 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x**2+5xx-2)**(1/2),x)

[Out] Integral(sqrt(-3*x**2 + Bxx - 2), x)
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1
114 d
3 f V5-6x+9x2 X

Optimal. Leaf size=14

%sinh_l (%(3x - 1))

[Out] 1/3*arcsinh(-1/2+3/2%x)

Rubi [A] time = 0.01, antiderivative size = 14, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number o 1Wes _ 0.143, Rules used = {619, 215}

integrand size

1 41

5 sinh ! (E(Sx - 1))
Antiderivative was successfully verified.

[In] Int[1/Sqrt[5 - 6%x + 9*x~2],x]

[Out] ArcSinh[(-1 + 3%x)/2]/3

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rtlb, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[bl]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b72 - 4*axc)) p), Subst[Int[Simp[l - x72/(b"2 - 4*ax*xc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1
= — Subst

1 1
L Dsw| [
f\/5—6x+9x2 36 e
144

1 (1
= 5 sinh ! E(—1+3x))

dx,x,—6 +18x

Mathematica [A] time = 0.01, size = 14, normalized size = 1.00

%sinh_l (%(3x - 1))

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[5 - 6%x + 9*x72],x]
[Out] ArcSinh[(-1 + 3%x)/2]/3

fricas [B] time = 0.90, size = 20, normalized size = 1.43

1
3 log(—3x+ VI9x2-6x+5 +1)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(9*x~2-6*x+5)~(1/2),x, algorithm="fricas")
[Out] -1/3%log(-3%x + sqrt(9*x~2 - 6%x + 5) + 1)

giac [B] time = 0.63, size = 20, normalized size = 1.43

1
3 log(—3x+ VI9x2-6x+5 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x~2-6%x+5)~(1/2),x, algorithm="giac")
[Out] -1/3%log(-3%x + sqrt(9*x~2 - 6*x + 5) + 1)

maple [A] time = 0.04, size = 9, normalized size = 0.64

. 3x 1
arcsinh (7 - —)

2
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(9*x"2-6*x+5)"(1/2),x)
[Out] 1/3*arcsinh(3/2*x-1/2)

maxima [A] time = 2.95, size = 8, normalized size = 0.57

1 3 1
3 arsinh (E X - E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x~2-6%x+5)~(1/2),x, algorithm="maxima"
[Out] 1/3%arcsinh(3/2*x - 1/2)

mupad [B] time = 0.20, size = 20, normalized size = 1.43

ln(3x+\/9x2—6x+5 —1)

3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(9%x"2 - 6%x + 5)~(1/2),x)
[Out] log(3*x + (9*%x~2 - 6%x + 5)7(1/2) - 1)/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx
f\/9x2—6x+5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x**2-6%x+5)**(1/2),x)
[Out] Integral(1/sqrt(9*x**2 - 6*x + 5), x)

363
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1
3115 [ ——dx

Optimal. Leaf size=10

1 +1
—sin"" |x + =
2° 2
[Out] 1/2*arcsin(1/2+x)

Rubi [A] time = 0.01, antiderivative size = 10, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of ules _ ().143, Rules used = {619, 216}

1 . 1
—sin" |x+ =
2 2

integrand size

Antiderivative was successfully verified.
[In] Int[1/Sqrtl[3 - 4*x - 4*x~2],x]
[Out] ArcSin[1/2 + x1/2
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*xc*x], x] /; FreeQl[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 1 1
——————dx = —|—Subst f
f\/3—4x—4x2 16 1-2

64
Lgint 1+x
= —sin" | =

25 12

dx,x,—4 — 8x

Mathematica [A] time = 0.01, size = 14, normalized size = 1.40
1 [
——sin | =(-2x -1
> sin (2( X ))

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[3 - 4xx - 4%x72],x]
[Out] -1/2%ArcSin[(-1 - 2*x)/2]

fricas [B] time = 1.05, size = 33, normalized size = 3.30

L V-4x2—4x+3Q2x+1)
p arctan 4x2+4x-3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(-4%x"2-4*x+3)~(1/2),x, algorithm="fricas")
[Out] -1/2%arctan(sqrt(-4*x72 - 4*xx + 3)*x(2xx + 1)/(4*x"2 + 4*x - 3))

giac [A] time = 0.52, size = 6, normalized size = 0.60
1]
5 aresin|x+ 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4*x"2-4*x+3)~(1/2),x, algorithm="giac")
[Out] 1/2*arcsin(x + 1/2)

maple [A] time = 0.05, size = 7, normalized size = 0.70

. 1
arcsin (x + 5)
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-4xx"2-4xx+3)"(1/2),x)
[Out] 1/2*arcsin(x+1/2)

maxima [A] time = 3.01, size = 8, normalized size = 0.80
1 1
—— arcsin |—x — =
5 arcs >

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4%x~2-4*x+3)~(1/2),x, algorithm="maxima"
[Out] -1/2%arcsin(-x - 1/2)

mupad [B] time = 0.13, size = 6, normalized size = 0.60
. 1
asin (x + >
2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3 - 4*xx~2 - 4xx)~(1/2),x)
[Out] asin(x + 1/2)/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
V-4x2 —4x + 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-4*x*x2-4*x+3)**x(1/2),x)

[Out] Integral(1l/sqrt(-4*x**2 - 4*x + 3), x)
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1
A1 d
3.116 ”f‘V—8+6x+9x2 X

Optimal. Leaf size=25

1 tanh-! ( 3x+1 )
~tan =
3 V9x2 + 6x — 8
[Out] 1/3*arctanh((143*x)/(9*x~2+6*x-8) " (1/2))

Rubi [A] time = 0.01, antiderivative size = 25, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {621, 206}

1
1 tanh ™! (—3x i )

3 V9x2 + 6x — 8

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-8 + 6xx + 9%x~2],x]

[Out] ArcTanh[(1 + 3#*x)/Sqrt[-8 + 6*x + 9*x~2]1]/3
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)~"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + c*x72]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rubi steps

1 1 6+18
f dx = 2 Subst ( f 5 dx, x, * )
V=8 + 6x + 912 36 —x V=8 + 6x + 9x2

1 1+3
:—tanh_l( X )

3 V-8 + 6x + 9x2

Mathematica [A] time = 0.00, size = 24, normalized size = 0.96
1
glog(\/9x2 +6x -8 +3x+1)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-8 + 6*x + 9*x~2],x]
[Out] Logl[l + 3*x + Sqrt[-8 + 6*x + 9xx~2]]1/3

fricas [A] time = 0.94, size = 20, normalized size = 0.80
1
-3 log(—3x +VIx2+6x-38 —1)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(9*x~2+6*x-8)~(1/2),x, algorithm="fricas")
[Out] -1/3%log(-3%x + sqrt(9*x~2 + 6*x - 8) - 1)

giac [A] time = 0.57, size = 21, normalized size = 0.84

—% log(|—3x+‘\/9x2+6x—8 —1|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x~2+6*x-8)"(1/2),x, algorithm="giac")
[Out] -1/3%log(abs(-3*x + sqrt(9%x~2 + 6%x - 8) - 1))

maple [A] time = 0.04, size = 30, normalized size = 1.20

\9 1n((9’“+3N§ + 922 +6x—8)

9
9

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(9*x"2+6*xx-8)"(1/2),x)
[Out] 1/9%97(1/2)*1n(1/9% (9*x+3)*9~ (1/2)+(9*x~2+6*xx-8) " (1/2))

maxima [A] time = 2.99, size = 22, normalized size = 0.88

1
3 log(18x+6\/9x2+6x—8 +6)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x~2+6xx-8)~(1/2),x, algorithm="maxima"
[Out] 1/3%log(18*x + 6%sqrt(9*x~2 + 6%x - 8) + 6)

mupad [B] time = 0.22, size = 20, normalized size = 0.80

ln(3x+\/9x2+6x—8 +1)

3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(6*%x + 9*x~2 - 8)~(1/2),x)
[Out] log(3*x + (6*%x + 9*x~2 - 8)~(1/2) + 1)/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx
f Vox2 + 6x — 8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(9*x**2+6%xx-8)**(1/2),x)

[Out] Integral(1/sqrt(9*x**2 + 6*x - 8), x)

367
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1
A17 d
3 f V2+4x+3x2 X

Optimal. Leaf size=18

sinh™ (
\3

[Out] 1/3*arcsinh(1/2*(2+3*x)*27(1/2))*37(1/2)

3x+2)

V2

Rubi [A] time = 0.01, antiderivative size = 18, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of tules _ ) 143, Rules used = {619, 215}

integrand size

. -1 {3x+2
sinh ( \/z)

V3

Antiderivative was successfully verified.

[In] Int[1/Sqrtl[2 + 4*x + 3%x~2],x]

[Out] ArcSinh[(2 + 3%*x)/Sqrt[2]]/Sqrt[3]
Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rtlb, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && PosQ[bl]

Rule 619
Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4

xc)/(b"2 - 4*axc))"p), Subst[Int[Simp[l - x72/(b"2 - 4*ax*xc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1

Subst f dx,x,4 + 6x
2
V2 + 4x + 3x2 2+/6
sinh™ (ﬂ)
_ V2
\3

Mathematica [A] time = 0.01, size = 18, normalized size = 1.00

. -1 [ 3x+2
sinh (f)

V3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[2 + 4xx + 3*x72],x]
[Out] ArcSinh[(2 + 3%x)/Sqrt[2]]/Sqrt[3]
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fricas [B] time = 0.96, size = 38, normalized size = 2.11

1
g\/51og(—«/§«/3x2+4x+2(3x+2)—9x2—12x—5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+4*x+2)~(1/2),x, algorithm="fricas")

[Out] 1/6*sqrt(3)*log(-sqrt(3)*sqrt(3*x~2 + 4*x + 2)*(3*%x + 2) - 9%x72 - 12*%x - 5
)

giac [B] time = 0.62, size = 33, normalized size = 1.83
1
-3 V3 1og(—\/§(«/§x— V32 +4x+2) —2)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3%x~2+4*x+2)~(1/2),x, algorithm="giac")
[Out] -1/3*sqrt(3)*log(-sqrt(3)*(sqrt(3)*x - sqrt(3*x~2 + 4*x + 2)) - 2)

maple [A] time = 0.05, size = 15, normalized size = 0.83

2
\/5 arcsinh (M)

3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x"2+4*x+2)~(1/2),x)
[Out] 1/3%3~(1/2)*arcsinh(3/2*%2~(1/2)*(x+2/3))

maxima [A] time = 2.88, size = 16, normalized size = 0.89

1 1
3 3 arsinh (E \/§(3x + 2))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"2+4*x+2)~(1/2),x, algorithm="maxima"
[Out] 1/3*sqrt(3)*arcsinh(1/2*sqrt(2)*(3*x + 2))

mupad [B] time = 0.22, size = 26, normalized size = 1.44

VB In(V3 (x+3)+ V324 ax+2)

3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*xx + 3*xx"2 + 2)°(1/2),%)
[Out] (37(1/2)x1og(3~(1/2)*(x + 2/3) + (4*xx + 3*xx"2 + 2)7(1/2)))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
V3x2 +4x + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x**2+4*x+2)**(1/2),x)

[Out] Integral(1l/sqrt(3*x**2 + 4*x + 2), x)
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1
A1 d
3.118 f V2+4x—-3x2 X

Optimal. Leaf size=19
sin™! ( 2o )
V10

V3

[Out] -1/3*arcsin(1/10%(2-3*x)*10"(1/2))*37(1/2)

Rubi [A] time = 0.01, antiderivative size = 19, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {619, 216}

. -1 [2-3x
i (2)

Vio
V3

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrtl[2 + 4*x - 3%x~2],x]

[Out] -(ArcSin[(2 - 3*x)/Sqrt[10]]1/Sqrt([3])
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b"2 - 4*axc))"p), Subst[Int[Simp[l - x72/(b"2 - 4*ax*xc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

Subst f ! - dx,x,4 — 6x
f—l dx = — T
V2 + 4x — 322 24/30
sin”! (2_3x)
__ V10
\3

Mathematica [A] time = 0.01, size = 19, normalized size = 1.00

. -1 (2-3x
Sin 1 (—)

Vio
V3

Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[2 + 4xx - 3*x72],x]
[Out] -(ArcSin[(2 - 3*x)/Sqrt[10]]1/Sqrt([3])
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fricas [B] time = 0.96, size = 40, normalized size = 2.11

VBV-32+4x+2@Bx-2)
3(3x2-4x-2)

—— V3 arctan
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x+2)~(1/2),x, algorithm="fricas")

[Out] -1/3#*sqrt(3)*arctan(1/3*sqrt(3)*sqrt(-3*x72 + 4*xx + 2)*(3*x - 2)/(3*x"2 - 4
*x - 2))

giac[A] time = 0.82, size = 16, normalized size = 0.84
S 3 arcsin | — VIO (31~ 2)
5 V3 aresin| x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x+2)7(1/2),x, algorithm="giac")
[Out] 1/3*sqrt(3)*arcsin(1/10*sqrt(10)*(3*x - 2))

maple [A] time = 0.05, size = 15, normalized size = 0.79

_2
\/§ arcsin [%J

3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3*x"2+4*x+2)"(1/2),x%)
[Out] 1/3%37(1/2)*arcsin(3/10%x107(1/2)*(x-2/3))

maxima [A] time = 2.93, size = 16, normalized size = 0.84

1 1
-3 3 arcsin (_E \/E(3x - 2))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3%x"2+4*x+2)7(1/2),x, algorithm="maxima")
[Out] -1/3*sqrt(3)*arcsin(-1/10*sqrt(10)*(3*x - 2))

mupad [B] time = 0.14, size = 16, normalized size = 0.84

\/3 asin (—\/E (6 x_4))

40
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x - 3*x72 + 2)7(1/2),x%)
[Out] (37(1/2)*asin((407(1/2)*(6%x - 4))/40))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
V-3x2 +4x +2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x**2+4*x+2)**(1/2),x)

[Out] Integral(l/sqrt(-3*x**2 + 4*x + 2), X)
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3.119 dx

L[' 1
V2+5x+3x2

Optimal. Leaf size=35

tanh ™ (—6x+5 )
24/3 V3x2+5x+2

V3

[Out] 1/3*arctanh(1/6*(5+6*x)*37(1/2)/(3*xx"2+5*xx+2)~(1/2))*3"(1/2)

Rubi [A] time = 0.01, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {621, 206}

integrand size

- 6x+5
tanh™ (—)
243 V3x2+5x+2

V3

Antiderivative was successfully verified.

[In] Int[1/Sqrt[2 + 5xx + 3*x72],x]
[Out] ArcTanh[(5 + 6%*x)/(2%Sqrt[3]*Sqrt[2 + B5*x + 3*x~2])]/Sqrt[3]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cx*x)/Sqrtla + b*x + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
1 1 5+ 6x
dx = 2 Subst ( f dx, x, )
f\/2+5x+3x2 12 - x2 V2 + 5x + 322
tanh ! (—5+6x )
_ 23 V2+5x+3x2
\3

Mathematica [A] time = 0.01, size = 28, normalized size = 0.80

log (2\/9x2 +15x + 6 +6x + 5)
V3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[2 + 5xx + 3*x72],x]
[Out] Logl[5 + 6%x + 2*Sqrt[6 + 15%x + 9*x~2]]/Sqrt[3]

fricas [A] time = 0.90, size = 38, normalized size = 1.09

1
g\/glog(él\/g\/?)xz+5x+2(6x+5)+72x2+12Ox+49)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x”~2+5*x+2)~(1/2),x, algorithm="fricas")
[Out] 1/6*sqrt(3)*log(4*sqrt(3)*sqrt(3*x~2 + b*x + 2)*(6*x + B5) + 72%xx"2 + 120%x

+ 49)
time = 0.80, size = 34, normalized size = 0.97

L5 log (|23 (V33— V3w B+ 2) -5

giac [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"2+5*xx+2)~(1/2),x, algorithm="giac")
[Out] -1/3x*sqrt(3)*log(abs(-2*sqrt(3)*(sqrt(3)*x - sqrt(3*x~2 + 5*x + 2)) - 5))

time = 0.04, size = 30, normalized size = 0.86

(3x+g)\/§
\3 In T+V3xz+5x+2

3

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*%xx~2+5xx+2)~(1/2),x)
[Out] 1/3%37(1/2)*1n(1/3%(3*x+5/2)*37(1/2)+(3*x"2+5*xx+2)~(1/2))

time = 3.01, size = 28, normalized size = 0.80

1
5\/§1og(2x/§\/3x2+5x+2 +6x+5)

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+5*x+2)~(1/2),x, algorithm="maxima"
[Out] 1/3*sqrt(3)*log(2*sqrt(3)*sqrt(3*x~2 + b*x + 2) + 6%x + b)

time = 0.24, size = 26, normalized size = 0.74

\3 ln(\/§ (x+g)+\/M)

3

mupad [B]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*x + 3*x"2 + 2)7(1/2),x)
[Out] (37(1/2)x1og(3~(1/2)*(x + 5/6) + (b*x + 3*xx"2 + 2)7(1/2)))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx
f\/3x2 +5x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x**2+5xx+2)**(1/2),x)

[Out] Integral(1l/sqrt(3*x**2 + B5*x + 2), x)
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1
.12 d
M0 [ st

Optimal. Leaf size=17
sin”! (;(5 - 6x))
V3

[Out] 1/3*arcsin(-5/7+6/7*x)*3~(1/2)

Rubi [A] time = 0.01, antiderivative size = 17, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {619, 216}

integrand size

sin”? (;(5 - 6x))

V3

Antiderivative was successfully verified.
[In] Int[1/Sqrt[2 + 5%x - 3*x~2],x]
[Out] -(ArcSin[(5 - 6%x)/7]/Sqrt[3])
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619
Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4

xc)/(b"2 - 4*axc))"p), Subst[Int[Simp[l - x72/(b"2 - 4*ax*xc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1

Subst f - dx,x,5 — 6x
f —1 dx = — s
V2 + 5x — 3x2 7v/3
sin”! (;(5 - 6x))
) V3

Mathematica [A] time = 0.01, size = 17, normalized size = 1.00

sin”? (%(5 - 6x))

V3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[2 + 5xx - 3*x72],x]
[Out] -(ArcSin[(5 - 6%x)/7]1/Sqrt[3])
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time = 0.85, size = 40, normalized size = 2.35

VBV-3x2+5x+2(6x-5)
6(3x2-5x-2)

fricas [B]

1
—— V3 arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+b5*x+2)~(1/2),x, algorithm="fricas")
[Out] -1/3#*sqrt(3)*arctan(1/6*sqrt(3)*sqrt(-3*x~2 + 5*x + 2)*(6%x - 5)/(3*x"2 - 5

*x = 2))
time = 0.66, size = 11, normalized size = 0.65

1 _ (6 5)
— V3 arcsin ;x——

giac [A]

3 7
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+b5*x+2)~(1/2),x, algorithm="giac")

[Out] 1/3*sqrt(3)*arcsin(6/7*x - 5/7)

time = 0.05, size = 12, normalized size = 0.71

. [6x 5
\/5 arcsm(7 - ;)

3

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3*x"2+5*xx+2)"(1/2),x)
[Out] 1/3%3°(1/2)*arcsin(6/7*x-5/7)

maxima [A] time = 3.00, size = 11, normalized size = 0.65

1 3 _ 6 +5
3 V3arcsin|-Zx+ 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3%x"2+5*x+2)7(1/2),x, algorithm="maxima")

[Out] -1/3%*sqrt(3)*arcsin(-6/7*x + 5/7)

time = 0.17, size = 11, normalized size = 0.65

. 6x 5
\/5 asm(7 - ;)
3

mupad [B]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*x - 3*x"2 + 2)7(1/2),x)
[Out] (37 (1/2)*asin((6*x)/7 - 5/7))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
V=3x2 +5x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x**2+5%xx+2)**(1/2),x)

[Out] Integral(1l/sqrt(-3*x**2 + 5xx + 2), x)
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1
d21 d
3 f V—=2+4x+3x2 X

Optimal. Leaf size=32

tanh ™! ( St )

V3 V32 +4x-2
\3

[Out] 1/3*arctanh(1/3*(2+3*x)*37(1/2)/(3*xx"2+4*x-2)"(1/2))*3"(1/2)

Rubi [A] time = 0.01, antiderivative size = 32, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {621, 206}

tanh ! (—3x+2 )
V3 V32 +4x-2

V3

Antiderivative was successfully verified.

integrand size

[In] Int[1/Sqrt[-2 + 4*x + 3*x~2],x]
[Out] ArcTanh[(2 + 3#*x)/(Sqrt[3]*Sqrt[-2 + 4xx + 3*x72])]/Sqrt[3]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cx*x)/Sqrtla + b*x + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1 4+6
f dx = 2 Subst ( f 5 dx, x, i )
V=2 + 4x + 3x2 12 —x V=2 + 4x + 3x2

tanh ! (—2+3x )
_ V3 V-2+4x+322

V3

Mathematica [A] time = 0.01, size = 26, normalized size = 0.81

log (V9x2 +12x -6 +3x + 2)
V3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-2 + 4*x + 3%x72],x]
[Out] Logl[2 + 3*x + Sqrt[-6 + 12xx + 9*x~2]]/Sqrt[3]

fricas [A] time = 0.87, size = 37, normalized size = 1.16

1
g«/§1og(\/§\/3x2+4x—2(3x+2)+9x2+12x—1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"2+4%x-2)~(1/2),x, algorithm="fricas")
[Out] 1/6*sqrt(3)*log(sqrt(3)*sqrt(3*x72 + 4xx - 2)*(3*x + 2) + 9%x™2 + 12%x - 1)

giac [A] time = 0.56, size = 34, normalized size = 1.06
1
3 V3 1og(|—\/§(\/§x— V322 + 4x —2) —2|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3%x~2+4*x-2)~(1/2),x, algorithm="giac")
[Out] -1/3*sqrt(3)*log(abs(-sqrt(3)*(sqrt(3)*x - sqrt(3*x~2 + 4*x - 2)) - 2))

maple [A] time = 0.04, size = 30, normalized size = 0.94

\3 1n((3x+2)\/§ + V3x2 4+ 4x — 2)

3
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x"2+4x*x-2)"(1/2),x)
[Out] 1/3%3"(1/2)*1n(1/3%(3%x+2)*3~(1/2)+(3*x"2+4%x-2)"(1/2))

maxima [A] time = 2.99, size = 28, normalized size = 0.88

1
5\/51og(2x/§\/3x2+4x—2 +6x+4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x"2+4*x-2)~(1/2),x, algorithm="maxima")
[Out] 1/3*sqrt(3)*log(2*sqrt(3)*sqrt(3*x~2 + 4*x - 2) + 6%x + 4)

mupad [B] time = 0.23, size = 26, normalized size = 0.81

V3 In(V3 (x+5)+ VB rax-2)

3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x + 3*x"2 - 2)7(1/2),x)
[Out] (37(1/2)*1og(3~(1/2)*(x + 2/3) + (4*x + 3*xx"2 - 2)7(1/2)))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx
f V3x2 +4x -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x**2+4*x-2)**(1/2),x)
[Out] Integral(1/sqrt(3*x**2 + 4*x - 2), x)
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1
122 d
3 ”f‘V—2+4x—3x2 X

Optimal. Leaf size=33

tan™! (—Z_Sx )
V3 V-3x2+4x-2

V3

[Out] -1/3*arctan(1/3*(2-3*x)*37(1/2)/(-3*x"2+4xx-2)~(1/2))*3~(1/2)

Rubi [A] time = 0.01, antiderivative size = 33, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {621, 204}

tan~! (—Z_Bx )
V3 V-3x2+4x-2

V3

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-2 + 4*x - 3*x"2],x]

[Out] -(ArcTan[(2 - 3*x)/(Sqrt[3]*Sqrt[-2 + 4xx - 3*x72])]1/Sqrt[3])
Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + c*x72]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rubi steps

1 1 4-6
f dx = 2Subst (f—zdx,x, ad )
V=2 + 4x — 3x2 —12 -x V=2 + 4x — 3x2

tan~! (—Z_Sx )
B V3 V-2+4x-3x2

V3

Mathematica [A] time = 0.01, size = 28, normalized size = 0.85

_ 2-3x
o (22
-9x2+12x-6

V3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-2 + 4xx - 3*x~2],x]
[Out] -(ArcTan[(2 - 3*x)/Sqrt[-6 + 12*x - 9*x~2]]1/Sqrt[3])

fricas [C] time = 0.93, size = 65, normalized size = 1.97

1 20V3V-3x2+4x-2 -6x+4)| 1 -2iV3V-3x2+4x-2 -6x+4
—gi\/glog iV3V-3x xx x J+€i\/§10g( iV3V-3x xx x
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x-2)7(1/2),x, algorithm="fricas")

[Out] -1/6%I*sqrt(3)*log((2*I*sqrt(3)*sqrt(-3*x~2 + 4*x - 2) - 6%x + 4)/x) + 1/6%
I*xsqrt (3)*log ((-2*%Ixsqrt(3)*sqrt(-3*x72 + 4*xx - 2) - 6*x + 4)/x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f 1
V-322+4x-2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+4*x-2)7(1/2),x, algorithm="giac")
[Out] integrate(1/sqrt(-3*x"2 + 4*x - 2), x)
maple [A] time = 0.04, size = 26, normalized size = 0.79
v (x-2)
3 arctan | ————=
\/_ arctan ( V-3x2+4x-2
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3*x"2+4*x-2)"(1/2),x%)
[Out] 1/3%3~(1/2)*arctan(3~(1/2)*(x-2/3)/(-3*x"2+4*xx-2)"(1/2))

maxima [C] time = 2.91, size = 16, normalized size = 0.48
1 1
—51' 3 arsinh(i \/5(3x—2))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(-3*x"2+4*x-2)"(1/2),x, algorithm="maxima"
[Out] -1/3*Ixsqrt(3)*arcsinh(1/2*sqrt(2)*(3*xx - 2))

mupad [B] time = 0.14, size = 17, normalized size = 0.52

_\/5 asin (\/E (%x - 1) 11)

3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x - 3*x"2 - 2)7(1/2),x)
[Out] -(37(1/2)*asin(27(1/2)*((3*x)/2 - 1)*1i))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
V-3x2 +4x -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x**2+4*x-2)**(1/2),x)
[Out] Integral(1l/sqrt(-3*x**2 + 4*x - 2), x)
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1
.12 d
B [ o

Optimal. Leaf size=35

tanh ™ (—6x+5 )
24/3 V3x2+5x-2

V3

[Out] 1/3*arctanh(1/6*(5+6*xx)*37(1/2)/(3*xx"2+5%x-2)"(1/2))*3"(1/2)

Rubi [A] time = 0.01, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {621, 206}

integrand size

- 6x+5
fanh ™ (2 )
243 V3x2+5x-2

V3

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-2 + 5xx + 3*x72],x]
[Out] ArcTanh[(5 + 6%*x)/(2*Sqrt[3]*Sqrt[-2 + 5*x + 3*x~2])]1/Sqrt[3]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cx*x)/Sqrtla + b*x + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 1 5+6
f dx = 2 Subst (f 5 dx, x, ox )
V=2 + 5x + 3x2 12 -x V=2 + 5x + 3x2

tanh ™! (—5+6x )
_ 24/3 V-2+5x+3x2

V3

Mathematica [A] time = 0.01, size = 28, normalized size = 0.80

log (2\/9x2 +15x -6 + 6x + 5)
V3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-2 + 5*x + 3*x72],x]
[Out] Logl[5 + 6%x + 2*Sqrt[-6 + 15*x + 9%x~2]]/Sqrt [3]

fricas [A] time = 1.03, size = 38, normalized size = 1.09

1
g«/§1og(4«/§x/3x2+5x—2(6x+5)+72x2+1zox+1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+5%x-2)7(1/2),x, algorithm="fricas")
[Out] 1/6%sqrt(3)*log(4*sqrt(3)*sqrt(3*x~2 + b*x - 2)*(6*x + B5) + 72*%x"2 + 120%x

+ 1)
time = 0.73, size = 34, normalized size = 0.97

- V) o

giac [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+5%x-2)~(1/2),x, algorithm="giac")
[Out] -1/3*sqrt(3)*log(abs(-2*sqrt(3)*(sqrt(3)*x - sqrt(3*x~2 + 5*x - 2)) - 5))

time = 0.04, size = 30, normalized size = 0.86

(3x+§)\/§
3 In T+\/3x2+5x—2

3

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x"2+5xx-2)"(1/2),x)
[Out] 1/3%37(1/2)*1n(1/3%(3*x+5/2)*37(1/2)+(3*x"2+5*xx-2)"(1/2))

time = 2.93, size = 28, normalized size = 0.80

1
5\/§1og(2x/§\/3x2+5x—2 +6x+5)

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x~2+5xx-2)"(1/2),x, algorithm="maxima"

[Out] 1/3*sqrt(3)*log(2*sqrt(3)*sqrt(3*x~2 + b*x - 2) + 6%x + b)

time = 0.23, size = 26, normalized size = 0.74

V3 In(V3 (x+2)+ V3T +5x-2)

3

mupad [B]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*x + 3*x"2 - 2)7(1/2),x)
[Out] (37(1/2)x1og(3~(1/2)*(x + 5/6) + (b*x + 3*xx"2 - 2)7(1/2)))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx
f V3x2 +5x -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3*x**2+5xx-2)**(1/2),x)

[Out] Integral(1l/sqrt(3*x**2 + B5*xx - 2), x)
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1
124 d
3 f V—=2+5x—-3x2 X

Optimal. Leaf size=13
sin™!(5 — 6x)
V3
[Out] 1/3*arcsin(-5+6%x)*37(1/2)

Rubi [A] time = 0.00, antiderivative size = 13, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

number O 1S — 0.143, Rules used = {619, 216}

integrand size
sin™1(5 — 6x)

V3

Antiderivative was successfully verified.
[In] Int[1/Sqrt[-2 + 5xx - 3*x~2],x]
[Out] -(ArcSin[5 - 6xx]/Sqrt[3])
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b~2 - 4xaxc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2%cxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps
1
f 1 dx:_Subst(f@dx,x,5—6x)
V=2 + 5x - 322 V3
3 _sin_1 (5-6x)
\3

Mathematica [A] time = 0.01, size = 13, normalized size = 1.00
sin"}(5 - 6x)

V3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-2 + 5*x - 3%x72],x]
[Out] -(ArcSin[5 - 6%*x]/Sqrt[3])

fricas [B] time = 1.02, size = 40, normalized size = 3.08

V3V-3x2+5x-2(6x-5)
6(3x2-5x+2)

—— Y3 arctan
3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(-3*x"2+5*x-2)~(1/2),x, algorithm="fricas")
[Out] -1/3#*sqrt(3)*arctan(1/6*sqrt(3)*sqrt(-3*x"2 + 5*x - 2)*(6*%x - 5)/(3*x"2 - 5
*x + 2))

giac [A] time = 0.64, size = 11, normalized size = 0.85

1
3 3 arcsin (6 x — 5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+5%x-2)"(1/2),x, algorithm="giac")

[Out] 1/3*sqrt(3)*arcsin(6*x - 5)

maple [A] time = 0.04, size = 12, normalized size = 0.92

V3 arcsin (6x - 5)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3*x"2+5%xx-2)"(1/2),x)
[Out] 1/3%37(1/2)*arcsin(6%*x-5)

maxima [A] time = 3.07, size = 11, normalized size = 0.85

1
3 3 arcsin (6 x — 5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x"2+5*x-2)7(1/2),x, algorithm="maxima"

[Out] 1/3*sqrt(3)*arcsin(6*x - 5)

mupad [B] time = 0.16, size = 11, normalized size = 0.85

V3 asin (6x-D5)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5xx - 3*xx"2 - 2)°(1/2),%)

[Out] (37 (1/2)*asin(6*x - 5))/3

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
V-3x2 +5x -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3*x**2+5%xx-2)**(1/2),x)

[Out] Integral(1l/sqrt(-3*x**2 + 5xx - 2), X)
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3125  [————dx

b2+4
\/ C tbx+cx?
4c

Optimal. Leaf size=22
. 1 =1 [ b+2cx
sinh”* (777)
v

[Out] arcsinh(1/2*%(2xc*xx+b)/c~(1/2))/c~(1/2)

Rubi [A] time = 0.01, antiderivative size = 22, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 27,

number of rules _ ) 074, Rules used = {619, 215}

integrand size

. 1 =1 [ b+2cx
sinh ( 2V )

Ve
Antiderivative was successfully verified.

[In] Int[1/Sqrt[(b™2 + 4xc)/(4*c) + b*x + c*x72],x]
[Out] ArcSinh[(b + 2x*c*x)/(2*Sqrtlc])]/Sqrt(c]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b"2 - 4*axc))"p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQl[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

Subst f ! dx,x,b+ 2cx
, 2
f ! dx = s
\/ e + bx + cx? 2
4c
.1 =1 [ b+2cx
B sinh ( e )
Ve

Mathematica [A] time = 0.03, size = 22, normalized size = 1.00

. 1. —1 [ b+2cx
snh” (57

Ve

Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[(b~2 + 4xc)/(4*c) + b*xx + c*x72],x]
[Out] ArcSinh[(b + 2*c*x)/(2%Sqrt[c])]/Sqrt[c]



385

time = 0.89, size = 137, normalized size = 6.23

fricas [B]
2 cx+b) \/—_C 4c2x2 44 bex+b2+4c
c
422 +4 bex+b2+4 ¢ y/—c¢ arctan
log (—4 ?x? —4bex — b2 - 2cx + b)\/E\/ - -2 c) 422 +4bex+b2+4c
-
c

2+c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((b~2+4xc)/c+4xb*x+4*c*x~2)~(1/2) ,x, algorithm="fricas")

[Out] [1/2%1log(-4*c™2*%x"2 - 4*bkcxx — b™2 - (2kc*xx + b)*sqrt(c)*sqrt((4*c™2xx"2 +
4xbxc*x + b2 + 4xc)/c) - 2xc)/sqrt(c), -sqrt(-c)*arctan((2xc*x + b)*sqrt(
—c)*sqrt ((4*c™2*x72 + 4xb*cxx + b™2 + 4x*c)/c)/(4*c™2%x"2 + 4xb*c*xx + b™2 +

4xc))/c]

giac [B] time = 0.75, size = 46, normalized size = 2.09
Verification of antiderivative is not currently implemented for this CAS.

log (|(2 Vex - \/4cx2 +4bx + bzfc )\/E +b
) Ve

[In] integrate(2/((b~2+4*c)/c+4xb*x+4*c*x~2)~(1/2),x, algorithm="giac")
[Out] -log(abs((2*sqrt(c)*x - sqrt(4*c*xx™2 + 4*bxx + (b72 + 4*c)/c))*sqrt(c) + b)
)/sqrt(c)

maple [B] time = 0.08, size = 51, normalized size = 2.32

b2 +4c

(4cx+2b) V4 \/ ’
\/Zln(—zL\/E + «/4cx% + 4bx + -

2+/c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(2/((b"2+4%*c)/c+4xbxx+4*xc*xx~2)"(1/2),%)
[Out] 1/2%1n(1/4*(4*xcxx+2xb)*4~(1/2)/c”(1/2)+((b~2+4x*c) /c+dxbxx+4dxcxx~2) " (1/2))*4

~(1/2)/c”(1/2)

maxima [A] time = 1.40, size = 16, normalized size = 0.73

. ( 2cx+b )
arsinh
2 e

Ve
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((b~2+4xc)/c+4xb*x+4*c*x~2)~(1/2) ,x, algorithm="maxima")

[Out] arcsinh(1/2*(2*c*x + b)/sqrt(c))/sqrt(c)

mupad [B] time = 0.42, size = 40, normalized size = 1.82

b+2 b2+4
ln( S CC+4bx+4cx2)

Ve
Ve
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(2/((4*c + b~2)/c + 4*bxx + 4*xc*x~2)"(1/2),x%)
[Out] log((b + 2*c*x)/c”(1/2) + ((4*c + b~2)/c + 4*b*xx + 4xc*xx"2)7(1/2))/c~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1

Zf\/ﬁ dx

+ 4bx + 4cx? + 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((b**2+4*c)/c+a*xbxx+4*xcxx**2)**(1/2) ,%)

[Out] 2xIntegral(1l/sqrt(b**2/c + 4xb*x + 4kcxx**2 + 4), x)
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3126 [ ———dx

~b2+4
\/ € tbx—cx?
4c

Optimal. Leaf size=23

sin_l b—2cx
2c

\/E

[Out] -arcsin(1/2x(-2%c*x+b)/c~(1/2))/c~(1/2)

Rubi [A] time = 0.01, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 30,

number of rules _ ) 067, Rules used = {619, 216}

)

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrt[(-b~2 + 4xc)/(4*c) + b*x - cxx~2],x]
[Out] -(ArcSin[(b - 2*c*x)/(2*Sqrtlc])]/Sqrtlcl)
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b"2 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1
w2

Subst f dx,x,b—2cx

Mathematica [A] time = 0.03, size = 23, normalized size = 1.00

sin_l b—2cx
2c

Ve

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[(-b~2 + 4xc)/(4*c) + bxx - c*x72],x]
[Out] -(ArcSin[(b - 2*c*x)/(2xSqrt[c])]/Sqrtlc]l)
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fricas [B] time = 1.00, size = 141, normalized size = 6.13

2,2 _ 2_
(2cx—b)\/E [_4cx 4bccx+b 4c

2x2— 2 arctan
V-c log (4 c?x? — 4 bex + b? — (2 cx — b)/—c \/—4C AbersbTAe 2c) 1 Abext P4

c

2¢ ’ \c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((-b~2+4*c)/c+4*xbxx-4*c*x~2)~(1/2),x, algorithm="fricas")

[Out] [-1/2*%sqrt(-c)*log(4*c™2+x"2 - 4xbxc*x + b~2 - (2%c*x - b)*sqrt(-c)*sqrt(-(
4%Cc72%x"2 - 4xbkxc*x + b"2 - 4xc)/c) - 2xc)/c, —arctan((2xc*x - b)*sqrt(c)*s

qrt (- (4*c™2%x72 - 4*bxc*x + b72 - 4%c)/c)/(4*c™2xx"2 - 4*bxc*x + b72 - 4*c)
)/sqrt(c)]

giac [B] time = 1.08, size = 53, normalized size = 2.30

10g(|(2\/—_cx— 4o + 4by - )\/——c n b)
] =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((-b~2+4xc)/c+4*xb*x—-4*c*xx~2)~(1/2),x, algorithm="giac")

[Out] -log(abs((2*sqrt(-c)*x - sqrt(-4*c*x”2 + 4xb*x - (b~2 - 4x*c)/c))*sqrt(-c) +
b)) /sqrt(-c)

maple [B] time = 0.09, size = 44, normalized size = 1.91

Z(X—%)\/E

2_4
—4c x2+4bx—¥

\/E

Verification of antiderivative is not currently implemented for this CAS.

arctan

[In] int(2/((-b~2+4xc)/c+4*b*x-4*c*x~2)"(1/2),x)
[Out] 1/c”(1/2)*arctan(2*xc”(1/2)*(x-1/2*b/c)/ (dxc*xx~2+4xb*xx— (b~ 2-4*c)/c)~(1/2))

maxima [A] time = 3.08, size = 19, normalized size = 0.83

. ( 2cx—b)
arcsm | —

2e
Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((-b~2+4*c)/c+4*xbxx-4*c*x”"2)7(1/2),x, algorithm="maxima")
[Out] -arcsin(-1/2*%(2xc*x - b)/sqrt(c))/sqrt(c)

mupad [B] time = 0.41, size = 46, normalized size = 2.00

ln(b_zcx +\/4bx+ 46—;b2 —4cx2)

v
V=
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(2/(4xbxx + (4*c - b~2)/c - 4*xc*x"2)"(1/2),x%)
[Out] log((b - 2%c*x)/(-c)~(1/2) + (4xb*x + (4*c - b72)/c - 4xc*xx"2)7(1/2))/(-c)~
(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

Zf ! dx
=

_r + 4bx — 4cx? + 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((-b**2+4%c)/c+axbxx—-4*xckx**2)*x(1/2),%)

[Out] 2*Integral(1l/sqrt(-b**2/c + 4*bxx - 4*c*kx*x*2 + 4), x)
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3127 [————dx

Optimal. Leaf size=20

[Out] -arcsin((-2xc*xx+b)/c~(1/2))/c~(1/2)
Rubi [A] time = 0.01, antiderivative size = 20, normalized size of antiderivative

= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 28,
number of rules _ 5 071, Rules used = {619, 216}

sin_l b—2cx
Ve

Ve

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrt[(-b"2 + c)/(4*c) + b*x - c*xx"2],x]
[Out] -(ArcSin[(b - 2*c*x)/Sqrtlcl]/Sqrtlcl)

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b"2 - 4*axc))"p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQl[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1
2

1 ==
f dx = -
\/—b2+c c

+ bx — cx?
4c

Subst f dx,x,b—2cx

Mathematica [A] time = 0.03, size = 20, normalized size = 1.00

sin_l b—2cx
Ve

\/E

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[(-b"2 + c)/(4*c) + b*x - c*xx"2],x]
[Out] -(ArcSin[(b - 2*c*x)/Sqrtlcl]/Sqrtlc]l)
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fricas [B] time = 0.94, size = 143, normalized size = 7.15

2,2 _ 2_
(ZCX—b)\/E [_4cx 4Cbcx+b

—c log (8 c?x? — 8 bcx + 2b? — 2 (2 cx — b)+/—c _4dddbette ) arctan 4224 bex+b?—c
&

c

2¢ ’ \c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((-b~2+c)/c+4*b*xx-4*c*x~2)~(1/2),x, algorithm="fricas")

[Out] [-1/2*%sqrt(-c)*log(8*c™2%x"2 - 8xbxc*x + 2*b~2 - 2% (2*c*x - b)*sqrt(-c)*sqr
t(-(4*c™2*x"2 - 4xbxc*x + b™2 - c)/c) - c)/c, —arctan((2xc*x - b)*sqrt(c)*s

qrt (- (4*c™2%x72 - 4*bxc*x + b™2 - c)/c)/(4*c™2*x"2 - 4xb*cxx + b2 - c))/sq
rt(c)]

giac [B] time = 0.82, size = 53, normalized size = 2.65
log ( )

Verification of antiderivative is not currently implemented for this CAS.

(2\/—_cx—\/—4cx2+4bx—$)\/——c +b
\-c

[In] integrate(2/((-b~2+c)/c+4*b*x-4*cxx~2)~(1/2),x, algorithm="giac")

[Out] -log(abs((2*sqrt(-c)*x - sqrt(-4*c*x”2 + 4xb*x - (b"2 - c)/c))*sqrt(-c) + b
))/sqrt(-c)

maple [B] time = 0.08, size = 44, normalized size = 2.20

Z(X—%)\/E

arctan

2_
—4c¢ x2+4bx— l%

\/E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(2/((-b~2+c)/c+4*b*x-4*c*x"2) " (1/2),x)
[Out] 1/c”(1/2)*arctan(2*xc”(1/2)*(x-1/2*b/c)/(-d*xc*xx~2+4*b*x—(b~2-c)/c)~(1/2))

maxima [A] time = 2.89, size = 19, normalized size = 0.95

. ( 2cx—b)
arcsm | —

Ve
Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((-b"2+c)/c+4*b*x-4*c*xx~2)7(1/2),x, algorithm="maxima")
[Out] -arcsin(-(2*c*x - b)/sqrt(c))/sqrt(c)

mupad [B] time = 0.40, size = 44, normalized size = 2.20

b-2cx -2 5
ln(\/__c +\/T+4bx—4cx)
V=
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(2/((c - b72)/c + 4*bxx - 4*cxx~2)7(1/2),x)

[Out] log((b - 2%c*x)/(-c)~(1/2) + ((c - b™2)/c + 4xbxx - 4xcxx"2)"(1/2))/(-c)~(1
/2)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

1
2J
b2
\/—? +4bx — 4cx? +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(2/((-b**2+c)/c+axbxx—4*xc*xx**2)**(1/2) ,%)

[Out] 2*Integral(1l/sqrt(-b**2/c + 4*bxx - 4*c*kx*x*2 + 1), x)
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3128 [ ———dx

(2+3x+x2)3/

Optimal. Leaf size=19
2(2x + 3)

Va2 +3x+2

[Out] -2*%(3+2%x)/(x"2+3*x+2)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 19, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 12,

number of rules _ ) 083, Rules used = {613}

integrand size
2(2x + 3)

Va2 +3x+2

Antiderivative was successfully verified.

[In] Int[(2 + 3*x + x72)"(-3/2),x]
[Out] (-2%(3 + 2*x))/Sqrt[2 + 3*x + x~2]
Rule 613

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[(-2x(b +
2%c*x))/((b™2 - 4xaxc)*Sqrtla + b*x + c*x72]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 2(3 + 2x)
f 3 N = ——=
(2+3x+x2) V2 +3x + x2

Mathematica [A] time = 0.01, size = 19, normalized size = 1.00

2(2x + 3)

Va2 +3x+2

Antiderivative was successfully verified.

[In] Integrate[(2 + 3*x + x72)7(-3/2),x]
[Out] (-2%(3 + 2%x))/Sqrt[2 + 3*x + x72]
fricas [B] time = 0.88, size = 38, normalized size = 2.00

2(2x + Va2 +3x +2(2x +3) + 6x + 4)

xX2+3x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x"2+3%x+2)7(3/2),x, algorithm="fricas")
[Out] -2%x(2%x72 + sqrt(x™2 + 3*x + 2)*(2*x + 3) + 6%x + 4)/(x72 + 3*x + 2)

giac [A] time = 0.83, size = 17, normalized size = 0.89

2(2x+3)

Vx2 +3x+2



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x"2+3*x+2)7(3/2),x, algorithm="giac")
[Out] -2%x(2*x + 3)/sqrt(x™2 + 3*x + 2)

maple [A] time = 0.05, size = 24, normalized size = 1.26

_2(x+2)(x+1)(2x+3)

3

(x2 + 3x + 2)E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x"2+3*x+2)~(3/2),x)
[Out] -2 (x+2)* (x+1)*(2%x+3) / (x"2+3*x+2) " (3/2)
maxima [A] time = 1.34, size = 26, normalized size = 1.37

4 x 6
V2 +3x+2 Vx2+3x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x"2+3*x+2)7(3/2),x, algorithm="maxima")
[Out] -4*x/sqrt(x”2 + 3*x + 2) - 6/sqrt(x™2 + 3*x + 2)

mupad [B] time = 0.05, size = 15, normalized size = 0.79

4(x+§)

_\/x2+3x+2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*x + x72 + 2)7(3/2),x)
[Out] -(4*x(x + 3/2))/(3*x + x72 + 2)7(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

W

(xz + 3x + 2)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x*x2+3*x+2)**(3/2),%)
[Out] Integral((x**2 + 3xx + 2)**x(-3/2), x)
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1
3.129 dx
f (27—24x+4x2)3/ 2

Optimal. Leaf size=23
3-x
9V4x2 — 24x + 27

[Out] 1/9%(3-x)/(4*x~2-24*x+27)"(1/2)

Rubi [A] time = 0.00, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 14,

numberofrules _ 4 171, Rules used = {613}

integrand size
3-x
9V4x2 — 24x + 27

Antiderivative was successfully verified.

[In] Int[(27 - 24xx + 4*x~2)"(-3/2),x]
[Out] (3 - x)/(9%Sqrt[27 - 24*x + 4%x72])
Rule 613

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[(-2*(b +
2%c*x))/((b~2 - 4xaxc)*Sqrt[a + bxx + c*x"2]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4xaxc, 0]

Rubi steps

1 3-x
f 35 X =
(27 - 24 + 422) 9V27 — 24x + 4x2

Mathematica [A] time = 0.01, size = 23, normalized size = 1.00
3-x
9V4x2 - 24x + 27

Antiderivative was successfully verified.

[In] Integrate[(27 - 24x*x + 4*x72)7(-3/2),x]
[Out] (3 - x)/(9*Sqrt[27 - 24*x + 4*x~2])

fricas [B] time = 1.19, size = 41, normalized size = 1.78

4x2 +2VAx2 —24x +27 (x —3) — 24 x + 27
18 (4x2 - 24x +27)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(4*x~2-24%x+27)~(3/2),x, algorithm="fricas")

[Out] -1/18%(4xx"2 + 2%sqrt(4*x™2 - 24*x + 27)*(x - 3) - 24*x + 27)/(4%x72 - 24x*x
+ 27)

giac[A] time = 0.77, size = 17, normalized size = 0.74
x-3
9V4x2 - 24x+27




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(4*x~2-24*x+27)~(3/2),x, algorithm="giac")
[Out] -1/9%(x - 3)/sqrt(4*xx~2 - 24xx + 27)

maple [A] time = 0.05, size = 28, normalized size = 1.22

_(2x—3) 2x-=9)(x -3)

9 (4x2 — 24x + 27)E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x"2-24%x+27)"(3/2),%)
[Out] -1/9%(2xx-3)*(2*x-9)* (x-3) / (4xx~2-24%x+27) " (3/2)
maxima [A] time = 1.24, size = 30, normalized size = 1.30

X 1
- +
OVAX2 —24x+27 3V4x2—24x+27

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(4*x~2-24%x+27)~(3/2),x, algorithm="maxima")

[Out] -1/9%x/sqrt(4*x~2 - 24*xx + 27) + 1/3/sqrt(4*x”"2 - 24*x + 27)

mupad [B] time = 0.06, size = 17, normalized size = 0.74

x—3
9VAx2 —24x +27

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(4*x"2 - 24x*xx + 27)°(3/2),x)
[Out] -(x - 3)/(9%(4xx~2 - 24xx + 27)°(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

(4x2 —24x + 27)§

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(4*x**2-24xx+27)**(3/2) ,%)
[Out] Integral ((4xx**2 - 24xx + 27)**(-3/2), x)
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X
3130 | —— dx

Optimal. Leaf size=23
5-2x

9V-x2 —4x+5

[Out] 1/9%(5-2xx)/(-x"2-4*x+5)~(1/2)

Rubi [A] time = 0.00, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 16,

number of rules _ 0.062, Rules used = {636}

integrand size
5-2x

9V-x2 -4x+5

Antiderivative was successfully verified.

[In] Int[x/(5 - 4%x - x72)7(3/2),x]
[Out] (5 - 2xx)/(9*Sqrt[5 - 4*x - x72])
Rule 636

Int[((d_.) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)7(3/2), x_Symbo
1] :> Simp[(-2*(bxd - 2*axe + (2xc*d - bxe)*x))/((b”"2 - 4xaxc)*Sqrt[a + b*x
+ cxx72]), x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b
~2 - 4xaxc, 0]

Rubi steps

f X J 5-2x
X= ——
(5—4x—x2)3/2 9V5 — 4x — x?

Mathematica [A] time = 0.05, size = 23, normalized size = 1.00
5-2x

9V-x2 —4x+5

Antiderivative was successfully verified.

[In] Integrate[x/(5 - 4*x - x72)7(3/2),x]
[Out] (5 - 2*x)/(9%Sqrt[5 - 4*x - x72])
fricas [A] time = 0.86, size = 29, normalized size = 1.26

V-x2-4x+5Q2x-5)

9(x2+4x—5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(-x"2-4*x+5)~(3/2),x, algorithm="fricas")
[Out] 1/9%sqrt(-x"2 - 4%x + B)*(2%x - B5)/(x"2 + 4*x - b)
giac [A] time = 0.61, size = 29, normalized size = 1.26

V-x2-4x+5Q2x-5)

9(x2+4x-5)




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(-x"2-4*x+5)~(3/2),x, algorithm="giac")
[Out] 1/9%sqrt(-x"2 - 4%x + B)*(2%x - B5)/(x"2 + 4*x - b5)

maple [A] time = 0.05, size = 26, normalized size = 1.13

(x+5)(x-1)(2x-5)

9 (—x2 —dx + 5)E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(-x"2-4xx+5)~(3/2),x)
[Out] 1/9*%(x+5)*(x-1)*(2*x-5)/(-x"2-4*x+5)~(3/2)

maxima [A] time = 1.34, size = 30, normalized size = 1.30

2x 5

- +
9V-x2-4x+5 9V-x2-4x+5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(-x"2-4xx+5)~(3/2),x, algorithm="maxima"
[Out] -2/9*x/sqrt(-x"2 - 4*x + 5) + 5/9/sqrt(-x"2 - 4*x + 5)

mupad [B] time = 0.05, size = 19, normalized size = 0.83

2x-5

9V-x2-4x+5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(5 - x72 - 4*xx)~(3/2),x%)
[Out] -(2%x - 5)/(9%(5 - x72 - 4%x)~(1/2))
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f i dx

(- (x—1)(x +5))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(-x**2-4*x+5)*%(3/2),%)
[Out] Integral(x/(-(x - 1)*(x + 5))*x*(3/2), x)
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1
3131 | —— dx

Optimal. Leaf size=43

2(x + 2) xX+2

+
243V-x2 —4x+5 7 (~a2 - 4x + 5)3/2

[Out] 1/27%(2+x)/(-x"2-4*x+5)~(3/2)+2/243*% (2+x) / (-x"2-4*x+5)~(1/2)

Rubi [A] time = 0.01, antiderivative size = 43, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 14,

humber of rules _ 1,143, Rules used = {614, 613}

integrand size

2(x +2) x+2

+
243V-x2 —4x+5 7 (-2 - ax+ 5)3/2

Antiderivative was successfully verified.

[In] Int[(5 - 4*xx - x~2)"(-5/2),x]

[Out] (2 + x)/(27%(5 - 4*%x - x72)7(3/2)) + (2%(2 + x))/(243*%Sqrt[5 - 4*x - x72])
Rule 613

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[(-2*(b +
2%c*x))/((b72 - 4xaxc)*Sqrtla + b*x + c*x72]), x] /; FreeQ[{a, b, c}, x] &&
NeQ[b~2 - 4xaxc, 0]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2%c*x
)x(a + b*xx + c*xx”2)7(p + 1))/ ((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xc*(2*p +
3))/((p + D)*x(d"2 - 4*a*xc)), Int[(a + b*x + c*x”2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4x*p]

Rubi steps
1 2+x 2 1
f dx = +—f dx
5/2 32 32
(5—4x—x2)/ 27(5—4x—x2)/ 27 (5—4x—x2)/
2+Xx 22+ x)

+
27(5-4x-2)"  243V5—dx -2

Mathematica [A] time = 0.01, size = 31, normalized size = 0.72

(x +2) (222 + 8x - 19)
B )3/2

243 (—x2 —4x+5

Antiderivative was successfully verified.

[In] Integrate[(5 - 4*x - x72)7(-5/2),x]
[Out] -1/243*((2 + x)*(-19 + 8*x + 2*x72))/(5 - 4*x - x72)7(3/2)
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fricas [A] time = 0.89, size = 49, normalized size = 1.14

(2x3 +12x2—3x—38) —x2—4x+5
243 (x4 +8x3 +6x2 —40x+25)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-x"2-4xx+5)~(5/2),x, algorithm="fricas")
[Out] -1/243%(2*%x"3 + 12%x72 - 3%x - 38)*sqrt(-x"2 - 4xx + 5)/(x74 + 8%x"3 + 6%x~

2 - 40%x + 25)
giac[A] time = 0.78, size = 36, normalized size = 0.84
(2(x+6)x—3)x—38)V—x2—-4x+5

243 (x2 +4x- 5)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-x"2-4xx+5)~(5/2),x, algorithm="giac")
[Out] -1/243%((2%x(x + 6)*x - 3)*x - 38)*sqrt(-x"2 - 4*xx + 5)/(x72 + 4*x - 5)72

maple [A] time = 0.04, size = 36, normalized size = 0.84

(x +5) (x = 1) (22 + 1222 - 3x - 38)

5
243 (—x? - 4x + 5)?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-x"2-4xx+5)"(5/2),x)
[Out] 1/243%(x+5)*(x-1)*(2*x~3+12*%x"2-3*x-38) / (-x"2-4*x+5) ~(5/2)

maxima [A] time = 1.41, size = 59, normalized size = 1.37

2x 4 X 2
V=2 " ) " F* 3
243 V—x=—-4x+5 243V-x“—-4x+5 27(—x2—4x+5)2 27(—x2—4x+5)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(-x"2-4*x+5)~(5/2),x, algorithm="maxima")
[Out] 2/243*x/sqrt(-x"2 - 4xx + 5) + 4/243/sqrt(-x"2 - 4*x + 5) + 1/27*xx/(-x"2 -
4xx + 5)7(3/2) + 2/27/(-x"2 - 4*xx + 5)7(3/2)

mupad [B] time = 0.03, size = 29, normalized size = 0.67

(4x+8) (8x% +32x - 76)
- )3/2

3888 (—x2 —4x +5
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5 - x72 - 4xx)"(5/2),x%)
[Out] -((4*x + 8)*(32%x + 8xx"2 - 76))/(3888*(5 - x72 - 4%x)~(3/2))
time = 0.00, size = 0, normalized size = 0.00

1
f dx

(—x2 —4x + 5)

sympy [F]

NG
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-x**2-4xx+5)**(5/2),x)
[Out] Integral ((-x**2 - 4*x + 5)**(-5/2), x)
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3.132 f (a + bx + sz)P dx

Optimal. Leaf size=122

p-1
optl _—Vb2—4ac +b+2cx P ((1 by + sz)P+1 r +1:p 42 b+2cx+ Vb2 —4ac
Vb2—4ac 2b1 (7P P P " 2Vb2—4ac

(p +1)Vb? - dac

[Out] -27(1+p)*(c*x"2+b*x+a)” (1+p)*hypergeom([-p, 1+pl, [2+p],1/2%(b+2*c*xx+(-4*a*c
+b72)7(1/2) )/ (m4*axc+b™2) 7 (1/2) ) * ((-b-2*cxx+(-4*a*xc+b™2) " (1/2) )/ (-4*a*xc+b~2
)7(1/2)) 7 (-1-p) / (1+p) / (=4*a*xc+b~2) ~(1/2)

Rubi [A] time = 0.04, antiderivative size = 122, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 12,
number of rules _ ) 183, Rules used = {624}

integrand size

-p-1
—Vp2— 1 Vp2—
op+1 (_—bz :Z“C:M“) (a +bx + cxz)p+ oF (—P, p+Lp+2; —M;x%z T e )
Vo-—4&ac —&ac
(p +1)Vb? — 4ac

Antiderivative was successfully verified.
[In] Int[(a + b*x + c*xx"2)7p,x]

[Out] -((27(1 + p)*x(=((b - Sqrt[b~2 - 4*akxc] + 2*xcxx)/Sqrt[b~2 - 4*axc]))"(-1 - p
)*(a + b*x + c*x72)7(1 + p)*Hypergeometric2Fi[-p, 1 + p, 2 + p, (b + Sqrt[b
T2 - 4xaxc] + 2%cxx)/(2xSqrt[b~2 - 4xaxc])])/(Sqrt[b~2 - 4*xaxc]*(1 + p)))

Rule 624

Int[((a_.) + (b_)*(x_) + (c_)*(x)"2)"(p_), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, -Simp[((a + b*x + c*x72)7(p + 1)*Hypergeometric2Fi[-p, p + 1
, pt+t2, (b+ g+ 2xcxx)/(2%q)])/(gx(p + 1)*((q - b - 2*c*xx)/(2%q)) " (p + 1)
), x]1 /; FreeQ[{a, b, c, p}, x] && NeQ[b~2 - 4xa*xc, 0] && !IntegerQ[4x*p]

Rubi steps
_l_p
—Vb2—dac +2cx 1+p b+Vb2—4ac +2cx
21+p (_b—) a+bx+cx?) " ,F (—P,l +P;2+P;—)
[(a+br+ee) ar=- Wt ( ) B
Vb2 —4ac (1 +p)

Mathematica [A] time = 0.14, size = 126, normalized size = 1.03

Vb2—4ac +b+2cx ! —b—2cx+Vb2-4ac
p—l _ 2 p _ . .
2 ( Vb —4ac + b+ 2cx) (—b2—4uc ) (a+ x(b+ cx))P ,F; ( pr+Lp+2; v )

cp+1)
Antiderivative was successfully verified.

[In] Integratel[(a + b¥x + c*x~2) p,x]

[Out] (27(-1 + p)*(b - Sqrt[b~2 - 4xaxc] + 2*c*kx)*(a + x*(b + c*x)) p*Hypergeomet
ric2F1[-p, 1 + p, 2 + p, (-b + Sqrt[b~2 - 4*axc] - 2*c*x)/(2%Sqrt[b~2 - 4x*a
*xc])])/(cx(1 + p)*((b + Sqrt[b~2 - 4*akxc] + 2*xcxx)/Sqrt[b~2 - 4*axc]) p)



fricas [F] time = 1.07, size = 0, normalized size = 0.00

integral ((cx2 +bx + a)p, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a) p,x, algorithm="fricas")
[Out] integral((c*x"2 + b*x + a)”p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(cxz +bx + a)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a) p,x, algorithm="giac")
[Out] integrate((c*x~2 + b*x + a)7p, X)

maple [F] time = 1.23, size = 0, normalized size = 0.00

f(cx2 +bx + a)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x~2+b*x+a) p,x)
[Out] int((c*x~2+b*x+a) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f (cx2 +bx + a)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a) p,x, algorithm="maxima")
[Out] integrate((c*x”2 + b*x + a)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f(cx2 +bx+a)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*x + c*xx"2)7p,x)
[Out] int((a + b*x + c*x~2)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(a +bx + sz)’” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+bkx+a)**p,x)

[Out] Integral((a + b*x + Ckx**2)**p, X)
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3.133 f (3 +4x + 5x2)p dx

Optimal. Leaf size=37
1 3 1
“P-l11p 2),Fy|=,—p;=;—— 2)?
57 11(5x +2), 1(2, pisi-g G+ ))

[Out] 57 (-1-p)*117p*(2+5*x)*hypergeom([1/2, -pl, [3/2],-1/11%(2+5%x)~2)

Rubi [A] time = 0.02, antiderivative size = 37, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number o 1ules _ ).167, Rules used = {619, 245}

integrand size

1
57 111P(5x + 2) ,F;

3 1
2,2 2
> p,z, 11(5x+2) )

Antiderivative was successfully verified.

[In] Int[(3 + 4xx + 5%x~2)7p,x]

[Out] 57(-1 - p)*117p*x(2 + 5*x)*Hypergeometric2F1[1/2, -p, 3/2, -(2 + 5xx)~2/11]
Rule 245

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*x"n)/a)], x] /; FreeQ[{a, b, n, p}, x] && 'IGtQ[p
, 0] && !'IntegerQ[1/n] && !ILtQ[Simplify[1/n + pl, 0] && (IntegerQ[pl ||
GtQla, 01)

Rule 619

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b"2 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 2\P
f(3 +4x + 5x2)’7 dx = 5 (5—1—P11P) Subst (f (1 + 2—4) dx,x,4 + 10x]

1 3 1
=5"1P11P(2 + 5x) ,F; | =, —p; =; —— (2 + 5x)?
( x) 2 1(2 Pi5 11( x))

Mathematica [A] time = 0.01, size = 37, normalized size = 1.00

1
5P 111P(5x + 2) ,F4 (

3 1
-2 2
X p,z, 11(5x+2) )

Antiderivative was successfully verified.

[In] Integrate[(3 + 4*x + 5%x~2)7p,x]

[Out] 57(-1 - p)*117p*(2 + 5%x)*Hypergeometric2F1[1/2, -p, 3/2, -1/11%(2 + 5*x)"2
]

fricas [F] time = 0.93, size = 0, normalized size = 0.00

integral ((5 X2 +4x+ 3)p, x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((5*x~2+4*x+3) p,x, algorithm="fricas")
[Out] integral((5*x~2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(5x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((5*x~2+4*x+3) p,x, algorithm="giac")
[Out] integrate((5*x~2 + 4*x + 3)7p, X)

maple [F] time = 3.09, size = 0, normalized size = 0.00

f(sz +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((5*x~2+4%x+3) p,x)
[Out] int((5*x~2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(5x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((5*x~2+4*x+3) p,x, algorithm="maxima")
[Out] integrate((5%x~2 + 4xx + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f(5x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + 5%x"2 + 3)7p,x)
[Out] int((4*x + 5*xx~2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (sz +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((5xx**2+4*x+3)**p,x)

[Out] Integral((5xx**2 + 4%x + 3)**p, X)
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3.134 f (3 +4x + 4x2)p dx

Optimal. Leaf size=32

1 3 1
2P 12x + 1), F; [=, -p; =; —=(2x + 1)?
(2x + )21(2 Pis 2(x+))

[Out] 27 (-1+p)*(1+2*x)*hypergeom([1/2, -p]l, [3/2],-1/2%(1+2%x)~2)

Rubi [A] time = 0.01, antiderivative size = 32, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number OIS — (.167, Rules used = {619, 245}

integrand size

1 3 1
p-1 oy 2
2 (2x+1)2F1(2, Pigi 2(2x+1))
Antiderivative was successfully verified.
[In] Int[(3 + 4%x + 4%xx72)7p,x]
[Out] 27(-1 + p)*(1 + 2xx)*Hypergeometric2F1[1/2, -p, 3/2, -(1 + 2x*x)~2/2]
Rule 245

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*xx"n)/a)], x] /; FreeQ[{a, b, n, p}, x] & 'IGtQ[p
, 0] & !'IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0])

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

2\P
f(3 +4x + 4x2)p dx = 273 Subst (f (1 + ;C—Z) dx,x,4 + Sx)

1 3
= 271+P(1 + 2x) ,F; (

1
Z 0T 2
> p,z, 2(1+2x))

Mathematica [A] time = 0.01, size = 32, normalized size = 1.00

1 1
2p_3(8x + 4:) 2F1 (E, -p,; E, —3—2(8x + 4)2)

Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x + 4xx72)7p,x]
[Out] 27(-3 + p)*(4 + 8xx)*Hypergeometric2F1[1/2, -p, 3/2, -1/32x(4 + 8%x)~2]

fricas [F] time = 0.89, size = 0, normalized size = 0.00

integral ((4 x? +4x+ 3)p, x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((4*x"2+4*x+3) p,x, algorithm="fricas")
[Out] integral((4*x"2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(4x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((4*x~2+4*x+3) p,x, algorithm="giac")
[Out] integrate((4*x~2 + 4*x + 3)7p, X)

maple [F] time = 3.28, size = 0, normalized size = 0.00

f(4x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x~2+4%x+3)7p,x)
[Out] int((4*x~2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(4x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((4*x~2+4%x+3) p,x, algorithm="maxima")
[Out] integrate((4*x~2 + 4xx + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f(4x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + 4%x"2 + 3)7p,x)
[Out] int((4*x + 4*xx~2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (4x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((4*x**2+4%x+3)**p,x)

[Out] Integral((4xx**2 + 4*x + 3)**p, X)
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3.135 f (3 +4x + 3x2)p dx

Optimal. Leaf size=37
1 3 1
-p-15p - p . 2
37P7'5P(3x + 2) ,F4 (2, p; X 5(3x +2)

[Out] 37 (-1-p)*57p*(2+3*x)*hypergeom([1/2, -p]l, [3/2],-1/5%(2+3%x)~2)

Rubi [A] time = 0.02, antiderivative size = 37, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number OIS — (.167, Rules used = {619, 245}

integrand size

1 3 1
PP (Bx +2),F | 5, -pi i -2 2)?
37P5P(3x + 2) oF4 > Pig 5(3x+ )
Antiderivative was successfully verified.
[In] Int[(3 + 4%x + 3*x72)7p,x]
[Out] 37(-1 - p)*57p*x(2 + 3x*x)*Hypergeometric2F1[1/2, -p, 3/2, -(2 + 3%*x)~2/5]
Rule 245

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*xx"n)/a)], x] /; FreeQ[{a, b, n, p}, x] & 'IGtQ[p
, 0] & !'IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0])

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 2\F
f (3+4x +3x2) dx = > (3175) Subst ( f (1 + ;—O) dx,x, 4 + 6x)

1 3
= 371°P5P(2 + 3x) ,F; (

1
-, 2
> p,z, 5(2+3x))

Mathematica [A] time = 0.01, size = 37, normalized size = 1.00
1 3 1
-p-1lgp -y . 2
37P7*5P(3x + 2) ,F4 (2, pigi 5(3x+2) )

Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x + 3*x72)7p,x]
[Out] 37(-1 - p)*57p*x(2 + 3xx)*Hypergeometric2F1[1/2, -p, 3/2, -1/56%(2 + 3xx)~2]

fricas [F] time = 1.00, size = 0, normalized size = 0.00

integral ((3 x? +4x+ 3)p, x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4*x+3) p,x, algorithm="fricas")
[Out] integral((3*x~2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(3x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4*x+3) p,x, algorithm="giac")
[Out] integrate((3*x~2 + 4*x + 3)7p, X)

maple [F] time = 2.55, size = 0, normalized size = 0.00

f(3x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3*x~2+4*x+3)7p,x)
[Out] int((3*x~2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(3x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3*x~2+4*x+3) p,x, algorithm="maxima")
[Out] integrate((3*x72 + 4xx + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f(3x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + 3*x"2 + 3)7p,x)
[Out] int((4*x + 3*x"2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (3x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3xx**2+4*x+3)**p,x)

[Out] Integral((3xx**2 + 4*x + 3)**p, X)
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3.136 f (3 +4x + 2x2)p dx

Optimal. Leaf size=21
1 3 5
(.X' + 1) 2F1 (E, -p; E, —Z(X + 1) )

[Out] (1+x)*hypergeom([1/2, -pl,[3/2],-2%(1+x)"2)

Rubi [A] time = 0.01, antiderivative size = 21, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number of rules _ 167, Rules used = {619, 245)

integrand size
1 3

+1),F; | =, —p; =5 —2(x +1)?

(x )212P2 (x ))

Antiderivative was successfully verified.

[In] Int[(3 + 4xx + 2*x~2)7p,x]

[Out] (1 + x)*Hypergeometric2F1[1/2, -p, 3/2, -2x(1 + x)~2]
Rule 245

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*x"n)/a)], x] /; FreeQ[{a, b, n, p}, x] && 'IGtQ[p
, 0] && !IntegerQ[1/n] && 'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp]l ||
GtQla, 0])

Rule 619
Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4

xc)/ (b2 - 4xaxc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4xaxc), x]7p, x], X, b
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

p 1 K2\
f(3+4x+2x2) dx:ZSubst f(1+§) dx,x,4+4x)

1 3
_ I 2
=1+x),F (2, p,z, 2(1 + x) )

Mathematica [A] time = 0.01, size = 21, normalized size = 1.00
1 3
(x + 1) 2F1 (E, -p; E, —2(x + 1)2)

Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x + 2xx72)7p,x]
[Out] (1 + x)#*Hypergeometric2F1[1/2, -p, 3/2, -2x(1 + x)~2]

fricas [F] time = 0.71, size = 0, normalized size = 0.00

integral ((2 X2 +4x+ 3)p, x)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((2*x~2+4*x+3) p,x, algorithm="fricas")
[Out] integral((2*x~2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(2x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x~2+4*x+3) p,x, algorithm="giac")
[Out] integrate((2*x~2 + 4*x + 3)7p, x)

maple [F] time = 3.22, size = 0, normalized size = 0.00

f (2x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*x"2+4xx+3) p,x)
[Out] int((2*x~2+4*x+3) p,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f(2x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2%x~2+4%x+3) p,x, algorithm="maxima")
[Out] integrate((2*x~2 + 4*x + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.05

f(2x2+4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + 2%x"2 + 3)7p,x)
[Out] int((4*x + 2*xx~2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(sz +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*x**2+4*x+3)**p,x)

[Out] Integral ((2*x**2 + 4%x + 3)¥*p, x)

411



412

3.137 f (3 +4x + xz)p dx

Optimal. Leaf size=54

1
22+1(2x 271 (x2 + dx +3) " ,F (—p, palp+2; %)

p+1

[Out] -27(1+2%p)*(-2-2%x) " (-1-p) * (x"2+4*x+3) ~ (1+p) *hypergeom([-p, 1+p], [2+p],3/2+
1/2*x)/(1+p)

Rubi [A] time = 0.01, antiderivative size = 54, normalized size of antiderivative

= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 10,
number of nles _ 0.100, Rules used = {624}

integrand size

e p+l x+3
2% (20 = 2P (2 +4x +3) HF (—p,p +1Lp+2; 7)

p+1

Antiderivative was successfully verified.
[In] Int[(3 + 4*x + x72)7p,x]

[Out] -((27(1 + 2*p)*(-2 - 2xx)~ (-1 - p)*(3 + 4*x + x72)7(1 + p)*Hypergeometric2F
1[-p, 1 +p, 2 +p, 3+ x)/21)/(1 + p))

Rule 624

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, -Simp[((a + bxx + c*x72)"(p + 1)*Hypergeometric2Fi[-p, p + 1
,pt+t2, (b+ g+ 2xcxx)/(2%q)])/(gqx(p + 1)*((q - b - 2*c*x)/(2%q)) " (p + 1)
), x1] /; FreeQ[{a, b, c, p}, x] && NeQ[b~2 - 4*xaxc, 0] && !IntegerQ[4xp]

Rubi steps

1
21+20(=2 = 2x)71 (3 + 4x + x2) "R (—p,l + ;2 +p; %)

f(3+4x+x2)pdx=— 5y

Mathematica [A] time = 0.02, size = 48, normalized size = 0.89

2(x +1)(x +3)7 (2 + 4x + 3) HFy (—p,p F1p+2; 3 (- 1))

p+1
Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x + x72) 7p,x]

[Out] (27p*x(1 + x)*(3 + 4xx + x72) p*Hypergeometric2F1[-p, 1 + p, 2 + p, (-1 - x)
/21)/((1 + p)*(3 + x)7p)

fricas [F] time = 1.01, size = 0, normalized size = 0.00

integral ((xz +4x+ 3)p, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"2+4*x+3) p,x, algorithm="fricas")



[Out] integral((x~2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+4*x+3) p,x, algorithm="giac")
[Out] integrate((x”2 + 4xx + 3)7p, x)

maple [F] time = 1.02, size = 0, normalized size = 0.00

f(xz + 4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+4*x+3) p,x)
[Out] int((x"2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"2+4*x+3) p,x, algorithm="maxima")
[Out] integrate((x”2 + 4*x + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f(x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + x"2 + 3)7p,x)
[Out] int((4*x + x"2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(xz + 4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**2+4xx+3)%*p,x)

[Out] Integral ((x**2 + 4%x + 3)%*p, x)
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3138  [(3+4x)Pdx

Optimal. Leaf size=18
(4x + 3)P*1
4p +1)

[Out] 1/4%(3+4*x)~(1+p)/(1+p)

Rubi [A] time = 0.00, antiderivative size = 18, normalized size of antiderivative =

f rul
1.00, number of steps used = 1, number of rules used = 1, integrand size =7, number of rules

= 0.143, Rules used = {32}

integrand size

(4x + 3)r+1
4p +1)
Antiderivative was successfully verified.
[In] Int[(3 + 4*x)7p,x]
[Out] (3 + 4*x)~(1 + p)/(4x(1 + p))
Rule 32

Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rubi steps

(3 + 4x)1*P

f(3+4x)7"dx: T

Mathematica [A] time = 0.01, size = 17, normalized size = 0.94
(4x + 3)P*1
4p +4

Antiderivative was successfully verified.

[In] Integrate[(3 + 4*x)7p,x]
[Out] (3 + 4*x)~(1 + p)/(4 + 4%p)

fricas [A] time = 0.88, size = 19, normalized size = 1.06

(4x +3)(4x+3)
4(;9 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+4*x) p,x, algorithm="fricas")
[Out] 1/4*%(4xx + 3)"px(4xx + 3)/(p + 1)

giac [A] time = 0.62, size = 16, normalized size = 0.89

(4x + 3"
4(;9 +1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((3+4*x)"p,x, algorithm="giac")
[Out] 1/4*%(4*xx + 3)~(p + 1/(p + 1)

maple [A] time = 0.04, size = 17, normalized size = 0.94

(4x + 3)erl
4p +4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3+4*x)"p,x)
[Out] 1/4%(3+4%x)~(p+1)/(p+1)

maxima [A] time = 1.25, size = 16, normalized size = 0.89
(4x+3)Y +1
4(p+1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+4*x) p,x, algorithm="maxima")
[Out] 1/4x(4*x + 3)"(p + 1D/(p + 1)

mupad [B] time = 0.39, size = 32, normalized size = 1.78

In(4 x+3)

" if p=-1
@x+3P*t | B
4(pe) if p#-1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x + 3)7p,x)
[Out] piecewise(p == -1, log(4*x + 3)/4, p ~= -1, (4*xx + 3)"(p + 1D/(4x(p + 1)))

sympy [A] time = 0.06, size = 20, normalized size = 1.11

(4x+3)’ngl
p+1

forp # -1

log (4x + 3) otherwise
4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+4*x)**p,x)
[Out] Piecewise(((4*x + 3)*x*x(p + 1)/(p + 1), Ne(p, -1)), (log(4*x + 3), True))/4
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3.139 f (3 + 4x — xz)p dx

Optimal. Leaf size=31

1 31
T2~ %) ,F (

T e . a2
> Pz x))

[Out] -7"p*(2-x)*hypergeom([1/2, -p],[3/2],1/7*(2-x)72)

Rubi [A] time = 0.01, antiderivative size = 31, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number OIS — (.167, Rules used = {619, 245}

integrand size

1 31
~7P(2 — e (D — )2
Antiderivative was successfully verified.
[In] Int[(3 + 4*x - x72)7p,x]
[Out] -(7"p*x(2 - x)*Hypergeometric2F1[1/2, -p, 3/2, (2 - x)72/7])
Rule 245

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*xx"n)/a)], x] /; FreeQ[{a, b, n, p}, x] & 'IGtQ[p
, 0] & !'IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0])

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

P 1 x2\V
f(3 +4x—x2) dx = —(5719 Subst[f(l - %) dX,x,4—2xD

1 31
=-7P(2-x),F (E/ Pigin(2- x)z)

Mathematica [A] time = 0.01, size = 26, normalized size = 0.84

1 31

7P(x - 2) oF; (5, P55 2)2)

Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x - x72)7p,x]
[Out] 77p*(-2 + x)*Hypergeometric2F1[1/2, -p, 3/2, (-2 + x)~2/7]

fricas [F] time = 1.06, size = 0, normalized size = 0.00

integral ((—xz +4x+ 3)p, x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+4*x+3) p,x, algorithm="fricas")
[Out] integral((-x"2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(—xz +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+4*x+3)7p,x, algorithm="giac")
[Out] integrate((-x"2 + 4xx + 3)7p, x)

maple [F] time = 1.13, size = 0, normalized size = 0.00

f(—xz + 4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"2+4*x+3) p,x)
[Out] int((-x"2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(—xz +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+4*x+3)7p,x, algorithm="maxima"
[Out] integrate((-x"2 + 4*x + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f(—xz +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x - x~2 + 3)7p,x)
[Out] int((4*x - x”2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(—x2 + 4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((-x**2+4*x+3)**p,x)

[Out] Integral((-x**2 + 4*x + 3)**p, x)
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3.140 f (3 +4x — 2x2)p dx

Optimal. Leaf size=31

1 32
57(1-x),F (

ez a2
> Piysd x))

[Out] -57p*(1-x)*hypergeom([1/2, -p],[3/2],2/5%(1-x)72)

Rubi [A] time = 0.01, antiderivative size = 31, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number OIS — (.167, Rules used = {619, 245}

integrand size

1 32
=51 = x)2F4 (E’ Pi5is- X)z)

Antiderivative was successfully verified.

[In] Int[(3 + 4xx - 2*x72)7p,x]

[Out] -(57p*(1 - x)*Hypergeometric2F1[1/2, -p, 3/2, (2x(1 - x)~2)/5])
Rule 245

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*xx"n)/a)], x] /; FreeQ[{a, b, n, p}, x] & 'IGtQ[p
, 0] & !'IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0])

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

P 1 x2\F
f(3 + 4x — 2x2) dx = _(ZSP Subst (f (1 - E) dx,x,4 — 4x))

1 32
= -5/(1-x),F (EI—P; > 5(1 - X)Z)

Mathematica [A] time = 0.01, size = 26, normalized size = 0.84

1 32

5°(x — 1) o F4 (51 LA 1)2)

Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x - 2xx72)7p,x]
[Out] 57p*(-1 + x)*Hypergeometric2F1[1/2, -p, 3/2, (2x(-1 + x)~2)/5]

fricas [F] time = 1.01, size = 0, normalized size = 0.00

integral ((—2 x?+4x+ 3)p, x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+4*x+3) p,x, algorithm="fricas")
[Out] integral((-2*x~2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(—sz +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x~2+4xx+3) p,x, algorithm="giac")
[Out] integrate((-2*x"2 + 4*x + 3)7p, x)

maple [F] time = 1.12, size = 0, normalized size = 0.00

f(—2x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-2*x"2+4*x+3) p,x)
[Out] int((-2%x"2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(—sz +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-2*x"2+4xx+3) p,x, algorithm="maxima"
[Out] integrate((-2*x"2 + 4*x + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f(—ZxZ +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x - 2%x"2 + 3)7p,x)
[Out] int((4*x - 2*xx"2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(—sz +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((-2*x**2+4%x+3)**p,x)

[Out] Integral((-2*x**2 + 4xx + 3)**p, X)

419



420

3.141 f (3 + 4x — 3x2)p dx

Optimal. Leaf size=38

1 31
37 113r(2 — — _p- = — 22
37P7113P(2 3x)2F1(2, p,2,13(2 3x))
[Out] -37(-1-p)*137p*(2-3*x)*hypergeom([1/2, -p]l, [3/2],1/13*%(2-3*x)"2)

Rubi [A] time = 0.01, antiderivative size = 38, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number o 1ules _ ).167, Rules used = {619, 245}

integrand size

1 31
-3 113r(2 — Fil=,-p;=; —
37P713F(2 - 3x) 5 1(2 P51s

(2- 3x)2)
Antiderivative was successfully verified.
[In] Int[(3 + 4xx - 3*x~2)7p,x]

[Out] -(37(-1 - p)*137p*(2 - 3%*x)*Hypergeometric2F1[1/2, -p, 3/2, (2 - 3%x)~2/13]
)

Rule 245

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*x"n)/a)], x] /; FreeQ[{a, b, n, p}, x] && 'IGtQ[p
, 0] && !IntegerQ[1/n] && 'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp]l ||
GtQla, 0])

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4xaxc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

p
f(3 +4x — 3x2)p dx = — (% (3‘1‘P13P) Subst (f (1 - ;—;) dx,x,4 — 6x])

1 31
= _3-1-r13r(2 - E = —p:-Z- 22— 2
377132 3x>21(2, P52 3x>)

Mathematica [A] time = 0.01, size = 37, normalized size = 0.97

1 31
-p-113p - .. 2
37P7113P(3x - 2) ,F; (2, p,2,13(2 3x) )

Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x - 3%x72) 7p,x]
[Out] 37(-1 - p)*137p*(-2 + 3*x)*Hypergeometric2F1[1/2, -p, 3/2, (2 - 3*x)~2/13]

fricas [F] time = 0.95, size = 0, normalized size = 0.00

integral ((—3 X2 +4x+ 3)p, x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+4*x+3) p,x, algorithm="fricas")
[Out] integral((-3*x~2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(—?)xz +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x~2+4xx+3) p,x, algorithm="giac")
[Out] integrate((-3*x"2 + 4*x + 3)7p, x)

maple [F] time = 1.08, size = 0, normalized size = 0.00

f(—3x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-3*x"2+4*x+3) p,x)
[Out] int((-3*x"2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(—3x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x"2+4xx+3)"p,x, algorithm="maxima"
[Out] integrate((-3*x"2 + 4*x + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f(—3x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x - 3*x"2 + 3)7p,x)
[Out] int((4*x - 3*x"2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(—sz +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-3*x**2+4%x+3)**p,x)

[Out] Integral ((-3*x**2 + 4xx + 3)**p, X)
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3.142 f (3 +4x — 4x2)p dx

Optimal. Leaf size=35

22711 - 2x) ,F; (1 (1- 2x)2)

””24

[Out] -27(-1+2xp)*(1-2*x)*hypergeom([1/2, -p]l, [3/2],1/4*%(1-2%x)"2)

Rubi [A] time = 0.01, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number OIS — (.167, Rules used = {619, 245}

integrand size

31

1
—22P—1(1—2x)2F1( , p,i 4

-1- 2x)2)

Antiderivative was successfully verified.

[In] Int[(3 + 4*x - 4%x72)7p,x]

[Out] -(27(-1 + 2xp)*(1 - 2xx)*Hypergeometric2F1[1/2, -p, 3/2, (1 - 2*x)~2/4])
Rule 245

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*xx"n)/a)], x] /; FreeQ[{a, b, n, p}, x] & 'IGtQ[p
, 0] & !'IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0])

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4x*axc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4*axc), x]7p, x], x
+ 2xcxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

f (3+dx - 4x2) dx = —(2—3+2P Subst ( f ( - x—4) dx, x4 - 8x]]
3

1
= -271%2r(1 - 2x) ,F4 (2 —p; = =(1 - 2x)2)

1
24

Mathematica [A] time = 0.01, size = 35, normalized size = 1.00

3

1
—2273(4 - 8x) ,F4 ( , =P = > e

(4 8x)2)

Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x - 4xx72)7p,x]
[Out] -(27(-3 + 2xp)*(4 - 8xx)*Hypergeometric2F1[1/2, -p, 3/2, (4 - 8%x)~2/64])

fricas [F] time = 0.89, size = 0, normalized size = 0.00

integral ((—4 x?+4x+ 3)p, x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x"2+4*x+3) p,x, algorithm="fricas")
[Out] integral((-4*x~2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(—4x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+4xx+3) p,x, algorithm="giac")
[Out] integrate((-4*x"2 + 4*x + 3)7p, x)

maple [F] time = 1.04, size = 0, normalized size = 0.00

f(—4x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-4*x~2+4*x+3) p,x)
[Out] int((-4*x"2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(—4x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-4*x~2+4xx+3)"p,x, algorithm="maxima"
[Out] integrate((-4*x~2 + 4*x + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f(—4x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x - 4%x"2 + 3)7p,x)
[Out] int((4*x - 4*x"2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(—4x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((—4*x**2+4%x+3)**p,x)

[Out] Integral ((—4*x**2 + 4xx + 3)**p, X)
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3.143 f (3 + 4x — 5x2)p dx

Optimal. Leaf size=38

1 31
—5P"119r(2 — — _p- = — B2
57P7119P(2 5x)2F1(2, p,2,19(2 5x))
[Out] -57(-1-p)*197p*(2-5*x)*hypergeom([1/2, -p]l, [3/2],1/19%(2-5%x)"2)

Rubi [A] time = 0.01, antiderivative size = 38, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number o 1ules _ ).167, Rules used = {619, 245}

integrand size

1 31
5P 119 (2 - 5x) ,F1 | =, —p; =5 —
5 (2 - 5x)2F 5 Pizig

(2- 5x)2)
Antiderivative was successfully verified.
[In] Int[(3 + 4xx - 5%x”~2)7p,x]

[Out] -(57(-1 - p)*197p*(2 - b%*x)*Hypergeometric2F1[1/2, -p, 3/2, (2 - 5*x)~2/19]
)

Rule 245

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, -((b*x"n)/a)], x] /; FreeQ[{a, b, n, p}, x] && 'IGtQ[p
, 0] && !IntegerQ[1/n] && 'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp]l ||
GtQla, 0])

Rule 619

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx((-4
xc)/(b~2 - 4*axc))”p), Subst[Int[Simp[1 - x72/(b"2 - 4xaxc), x]7p, x], x, b
+ 2xcxx], x] /; FreeQ[{a, b, ¢, p}, x] && GtQ[4*a - b~2/c, 0]

Rubi steps

1 2\P
f(3 +4x - 5x2)P dx = — (E (5—1—P19P) Subst (f (1 - ;_6) dx,x,4 — 10x]]

1 31
= _5-1-r19r(2 — E = —p:Z- 22— 2
5771972 5x>21(2, P55 5x>)

Mathematica [A] time = 0.01, size = 37, normalized size = 0.97

1 31
57771197 (5x - 2) o (E’ Pinig@- 5X)2)

Antiderivative was successfully verified.

[In] Integratel[(3 + 4*x - 5*x72) 7p,x]
[Out] 57(-1 - p)*197p*(-2 + 5*x)*Hypergeometric2F1[1/2, -p, 3/2, (2 - 5*x)~2/19]

fricas [F] time = 0.89, size = 0, normalized size = 0.00

integral ((—5 X2 +4x+ 3)p, x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-5*x"2+4*x+3) p,x, algorithm="fricas")
[Out] integral((-5*%x~2 + 4*x + 3)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(—5x2 +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-5*x"2+4xx+3) p,x, algorithm="giac")
[Out] integrate((-5*x"2 + 4*x + 3)7p, x)

maple [F] time = 1.05, size = 0, normalized size = 0.00

f(—5x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-5*x"2+4*x+3) p,x)
[Out] int((-5*x"2+4*x+3) p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(—sz +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-5*x"2+4xx+3) p,x, algorithm="maxima"
[Out] integrate((-5%x"2 + 4*x + 3)7p, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f(—SxZ +4x+3)pdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((4*x - 5%x"2 + 3)7p,x)
[Out] int((4*x - 5*x~2 + 3)7p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(—5x2 +4x + 3)p dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-B*x**2+4%x+3)**p,x)

[Out] Integral ((-5*x**2 + 4xx + 3)**p, X)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in the
test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(x "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(x antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
IIAII ,
llBll] s
"c"1,
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||c|| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)

(*1 = rational functionx)

(¥2 = algebraic functionx)
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(¥3 = elementary functionx)

(x4 = special functionx)

(*5 = hyperpergeometric function*)
(¥6 = appell functionx)

(x7 = rootsum functionx)

(¥8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]11,
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]1]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunction(Q[Head [expnl],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expnl],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]l===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LoglIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

},funcl]

HypergeometricFunctionQ[func_] :=

Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]
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AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]

429

4.0.2 Maple grading function

# File:

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser
#Nasser

03/22/2017 Use Maple leaf count instead since buildin
03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
GradeAntiderivative := proc(result,optimal)

local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then

return "B";

fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",

ExpnType_optimal) ;

fi;
# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns
# "F" if the result fails to integrate an expression that
# is integrable
# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal
# antiderivative
# "A" if result can be considered optimal
#This check below actually is not needed, since I only
#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";

end if;

if ExpnType_result<=ExpnType_optimal then
if debug then

print ("ExpnType_result<=ExpnType_optimal");

fi;




if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves
# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
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# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' *~') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:
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AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum”™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]
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def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print ("expn=",expn, "type (expn)=",type (expn))

if is_atom(expn) :
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' "~ ')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' % ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(1l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum) :
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType
,Apply[List,expnl],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9
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#main function
def grade_antiderivative(result,optimal):

leaf _count_result = leaf_count(result)
leaf_count_optimal

leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
e
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
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else:
return False
else:
return False

def is_elementary_function(func):

debug=False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec', 'csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',

'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma','log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

def is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False
except AttributeError as error:

return False

def expnType (expn) :

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational) :
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType (expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.argsl[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType(

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType(expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))

return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)

elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1)  #max(5,ml1)
elif is_appell_function(expn.operator()):
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ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,m1)  #max(6,ml)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

tree_size(result) #leaf_count(result)
tree_size(optimal) #leaf_count(optimal)

leaf count_result
leaf_count_optimal

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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